
guram gogiSvili, Teimuraz vefxvaZe

ia mebonia, lamara qurCiSvili

gamomcemloba inteleqti
Tbilisi 

m a T e m a t i k a

XI klasi

maswavleblis wigni
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OPYme-11 klasis maTematikis saxelmZRvanelos koncefcia

me-11 klasis maTematikis saxelmZRvanelo agebulia maTematikis axali stan-

dartis moTxovnaTa sruli SesabamisobiT. gaTvaliswinebulia saSualo safexur-

ze maTematikis swavlebis miznebi: daexmaros moswavles gaakeTos informirebuli 

da gaazrebuli arCevani; moemzados umaRlesi ganaTlebis misaRebad, an SromiT 

bazarze gasasvlelad; ganiviTaros XXI saukunisTvis saWiro kompetenciebi.

mniSvnelovani yuradReba gavlili masalis gameorebas eTmoba. axali Teme-

bis gacnobac codnis gameorebisa da gaRrmavebis saSualebiT xdeba. magaliTad, 

funqciaTa axali klasebis (trigonometriuli, maCvenebliani, logariTmuli) 

Seswavla ZiriTadi samizne cnebis _ funqciis cnebis Sesaxeb warmodgenebis ga-

meorebasa da gaRrmavebas eyrdnoba. yovel axal samizne cnebasTan dakavSire-

buli sakiTxebi aRiwereba detalurad, moswavleTaTvis gasagebi cxovrebiseul 

viTarebasTan axlos mdgomi magaliTebiT.

magaliTad, trigonometriuli funqciebis Seswavla iwyeba im movlenebis aR-

weriT, romlebic bunebaSi periodulad meordeba, ganvixilavT periodulobis  

magaliTebs xelovnebaSi, arqiteqturaSi. perioduli procesebis aRwerisas maTe-

matikuri meTodebis gamoyenebas mivyavarT perioduli funqciebis ganxilvamde. 

perioduloba ganxilulia wrewirze wertilis Tanabari moZraobis magaliTze 

da Semodis trigonometriuli funqciebi, romelTa saSualebiT aRiwereba mra-

vali perioduli procesi; mniSvnelovania am konteqstSi harmoniuli rxevebis 

ganxilva da Sesabamisi funqciebis warmodgena. maCvenebliani da logariTmuli 

funqciebis ganxilvac maTi praqtikuli gamoyenebebis mixedviT mimdinareobs.

Cveni SemoqmedebiTi Tavisufleba morgebulia standartis moTxovnebze, 

romlebic maTematikis swavla-swavlebis miznebTan, meTodikur orientirebTan 

da SefasebasTan aris dakavSirebuli.

saxelmZRvanelos Sinaarsi me-11 klasis standartiT dadgenili samizne cne-

bebis Sesabamisadaa SerCeuli da xels uwyobs saSualo safexuris ZiriTadi 

miznebis miRwevas. davalebebi isea SerCeuli, rom maswavlebelma moswavleTa 

miRwevaTa donis gansazRvrisas Tanamedrove meTodikuri Teoriebi gamoiyenos 

(magaliTad, ganmaviTarebeli Sefasebisas moswavleTa miRwevebis doneebi solo 

taqsonomiis gamoyenebiT gansazRvros).

saxelmZRvanelo gankuTvnilia moswavleTa akademiuri mzaobis yvela donisT-

vis. bevria martivi amocanebi, ZiriTadad, gavlili masalidan. kvlav vamaxvilebT 

yuradRebas gantolebebisa da utolobebis amoxsnebis dakavSirebaze Sesabamisi 

funqciebis TvisebebTan (zrdadoba, perioduloba, Seqcevadoba da a. S.). 
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me-11 klasis saxelmZRvanelos Taviseburebebi dakavSirebulia sivrculi 

geometriis sakiTxebis Tanamimdevrul gadmocemasTan. am gadmocemas vukavSi-

rebT planimetriis aqsiomur agebas, aqsiomebis Sesaxeb swori warmodgenebis 

formirebas da axali, sivrculi warmodgenebis Camoyalibebas da amis saSuale-

biT, sivrculi geometriis agebas. moswavleebs unda SevuqmnaT swori warmod-

genebi geometriis agebis Sesaxeb; aqsioma aris winadadeba, romelic WeSmarita-

daa gamocxadebuli da masze dayrdnobiT mtkicdeba maTematikuri winadadebebi 

(Teoremebi). zogierTi Teoremis sxvadasxva damtkicebis warmodgena xels uwyobs 

moswavleTa analitikuri azrovnebis ganviTarebas. 

maTematikis me-11 klasis saxelmZRvanelo 7 Tavisgan Sedgeba. yoveli Tavi 

iwyeba Sesabamisi kompleqsuri davalebis wardgeniT. es davalebebi Sesabamisi 

Tavis samizne cnebebs ukavSirdeba. masze muSaoba TavSi warmodgenili sakiTxe-

bis Seswavlis paralelurad unda mimdinareobdes. am process xels uwyobs Ta-

vis SinaarsSi CarTuli amocanebi, romlebic exmareba moswavleebs kompleqsuri 

davalebis SesrulebaSi.

Cveni saxelmZRvanelos Taviseburebaa amocanebis or nawilad dayofa _ 

saklaso da saSinao samuSaoebis cal-calke warmodgena. saSinao davalebis amo-

canebi, xSirad, klasSi ganxilulis analogiuria _ analogiis aRmoCena da ga-

moyenebac erT-erTi mniSvnelovani inteleqtualuri unaria. Tumca, mxolod 

analogiebiT moqmedeba, cxadia, SemoqmedebiTi zrdis xelSemwyob garemos ver 

qmnis. amitom, am sakiTxsac viTvaliswinebT _ saSinao davalebebis, proeqtebis 

Sesruleba moiTxovs moswavleebisgan SemoqmedebiT saqmianobas, ZiriTadi samiz-

ne cnebebis karg gaazrebas.

vcdilobT teqstis mecnierul sandoobasTan erTad davicvaT masalis ga-

dacemis `simkacris~ zomieri done, misawvdomoba. magaliTad, sworad unda iyos 

aRwerili aqsiomisa da Teoremis gansxvavebuloba, aqsiomis cnebis swori Ca-

moyalibeba; vimeorebT aucilebel da sakmaris pirobebs da am terminebis enaze 

teqstebis Camoyalibebas. 

yoveli paragrafis bolos Semajamebeli daskvnebia. warmodgenili mimarTu-

lebebi (ricxvebi, albaToba da statistika, simravleebi da logika, geometria, 

algebra) erTmaneTTan mWidro kavSirSia gadmocemuli (magaliTad, geometriu-

li debulebebis dasabuTebisas viyenebT logikis sxvadasxva wess; xdomilobebi, 

xdomilobebze moqmedebebi simravleTa Teoriis gamoyenebiTaa warmodgenili; 

veqtoruli analizi da koordinatTa meTodi geometriuli debulebebis dasa-

buTebisas gamoiyeneba). calkea gamoyofili teqstebi istoriuli faqtebis, ter-

minebis warmoSobisa da saintereso maTematikuri faqtebis Sesaxeb (rubrika _ 

`s~ da `Cveni leqsikoni~). savarjiSoTa sistemebi isea mofiqrebuli, rom isini 

Teoriuli masalis Seswavlis stimulicaa; zogierTi Teoriuli sakiTxi savar-

jiSoTia warmodgenili. Tumca, es gadaxvevebi, ZiriTadad, saklaso amocanebSi 

gvxvdeba. aTobiTi sistemis Taviseburebebis (poziciuroba, aTobiToba) gameore-

bisa da gaRrmavebis gziT, ganvixilavT sxva poziciur sistemebsac, roca fuZe 

SeiZleba iyos, magaliTad, 2 an 8. am sistemebis codna mniSvnelovania teqnolo-

giebis siRrmiseuli SeswavlisTvis moswavleTa Sesamzadeblad.
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gaTvaliswinebulia mdgradi ganviTarebis principebis uzrunvelyofa da 

genderuli Tanasworobis gaTvaliswineba _ maTematika erTnairad misawvdomia 

yvela adamianisTvis, ganurCevlad sqesisa _ amas mowmobs istoriuli magaliTe-

bi warmatebuli qali da kaci maTematikosebisa, romelTa istoriebsac saTanado 

adgils vuTmobT (maT Soris, Cveni eris warmatebul warmomadgenlebs).

maswavleblis wignis mokle mimoxilva

maswavleblis wignis daniSnulebaa, maTematikis standartis Sesabamisad, me-

11 klasSi rekomendebuli samizne cnebebis (Sesabamisoba, funqcia, geometriuli 

obieqtebi, sidideebi, zomebi, xdomiloba, albaToba, monacemebi) Sesabamisi masa-

lis swavlebisTvis saWiro meTodikuri rekomendaciebi miawodos maswavlebels. 

wigni exmareba maswavlebels saswavlo procesis dagegmvasa da warmarTvaSi, mi-

wodebulia damatebiTi masala Semajamebeli werebis Casatareblad, maT Sesafa-

seblad.

yoveli Temis mixedviT gansazRvrulia mkvidri warmodgenebi, romlebic Te-

mis Seswavlisas unda Camoyalibdes moswavlis xangrZliv mexsierebaSi.

miTiTebulia Sesabamisi sakvanZo SekiTxvebi; am SekiTxvebze pasuxebis moZieba 

exmareba moswavles samizne cnebebis ukeT gaazrebaSi.

maswavleblis wignSi Tavebisa da paragrafebis numeracia da dasaxelebebi 

emTxveva moswavlis saxelmZRvaneloSi SemoRebul numeraciasa da dasaxelebebs. 

ZiriTadi aqcenti unda keTdebodes saswavlo procesSi moswavlis aqtiuri Cab-

mis aucileblobaze. swavleba Ziebisa da dasabuTebis gziT unda mimdinareobdes; 

moswavle, rogorc wesi, Tavad unda aRmoaCendes WeSmaritebas motivirebuli si-

tuaciis dagegmvis saSualebiT; mTavaria kvlevis procesi; ara marto pasuxebis 

mosmena kiTxvaze: `ra~, aramed, kiTxvaze _ `rogor~, an _ `kidev rogor~. amasTa-

nave, mniSvnelovania imis codnac _ `ratom~ _ pasuxebi kiTxvaze _ `es risTvis 

mWirdeba~. am mimarTulebiT muSaobis warmarTvaSi maswavleblis saxelmZRvanelo 

dagexmarebaT. aucilebelia moswavleTa Semzadeba momavali profesiuli saqmia-

nobisTvis, demokratiul procesebSi aqtiuri monawileobisTvis.

maswavleblis wigni exmareba maswavlebels Sefasebis indikatorebis gan-

sazRvraSi, ganmaviTarebeli Sefasebis ganxorcielebaSi. mniSvnelovani aqcenti 

kompleqsur davalebebze keTdeba. kompleqsuri davalebebis Sesrulebis xarisxi 

aisaxeba ganmaviTarebel da, SesaZlebelia, ganmsazRvrel Sefasebebzec. maswav-

lebelma SefasebisTvis SeiZleba gamoiyenos masalis aTvisebis doneebis Taname-

drove klasifikaciis nimuSebi. magaliTad, solo (SOLO) taqsonomiis principi 

da miRwevebis 5 donis daxasiaTeba maswavlebelma SeiZleba moiZios Cvens saxelm-

ZRvaneloebSi (X klasis maswavleblis wignebi).



10

DON'T C
OPY

amjeradac, am doneebis Sesabamisad, CamovayalibebT kriteriumebs yoveli 

samizne cnebis gaazrebis Sesamowmeblad, Sesabamisad, Camoyalibdeba ganmaviTa-

rebeli Sefasebis komentari.

maswavlebels kvlav SevaxsenebT: solo taqsonomiis doneebi mxolod da mxo-

lod maswavleblisTvis gankuTvnili instruqciaa, isini exmareba maswavlebels 

miRebuli Sedegebis gaanalizebaSi. gakeTebuli analizis gamoyenebiT, maswavle-

beli moswavles awvdis komentars imasTan dakavSirebiT, Tu raSi aqvs winsvla, 

ra aqvs gasaumjobesebeli da rogor unda gaaumjobesos.

maswavlebelma SeiZleba gamoiyenos Sefasebis instrumentebi, romlebic iT-

valiswinebs saerTaSoriso Semfaseblebis strategiebs (TIMSS, PISA da sxva).

amasTanave, maswavleblebs SevaxsenebT, rom ganmaviTarebeli Sefaseba uwyve-

tad mimdinareobs; is unda iwyebodes saSinao davalebis ganxilvisas, saklaso 

amocanebis amoxsnisas.

am procesis ganxorcielebaSi pedagogs maswavleblis wigni exmareba. masSi 

warmodgenilia amocanebis amoxsnebis sxvadasxva xerxi. maswavleblis wignSi aR-

werilia axal masalaze gadasvlisa da Sesabamisi amocanebis ganxilvis procesi. 

aqvea Semajamebeli werebis sarekomendacio nimuSebic, romlebic daxmarebas ga-

giwevT aRniSnuli werisTvis mzadebasa da Sedegebis ganxilvaSi.
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standartis Sedegebis miRwevaTa da Sinaarsis
 urTierTkavSiris matrica

Temebis 
CamonaTvali

standartis Sedegebi  
(moswavlem unda 
SeZlos)

samizne 
cnebebi

kompleqsuri 
davaleba

trigonometriuli 
funqciebi da period-
uli procesebi; er-
Teulovani wrewiri, 
ZiriTadi trigonome-
triuli igiveobebi; 
trigonometriuli 
funqciebi da maTi 
grafikebi; harmoni-
uli rxevebi;
 umartivesi trigono-
metriuli gantole-
bebi. 

perioduli procesebis 
aRwera, trigonome-
triuli funqciebis 
Tvisebebis gamoyeneba; 
umartivesi trigonome-
triuli gantolebebis 
amoxsna grafikebis 
gamoyenebiT, harmoni-
uli rxevebis aRwera 
trigonometriuli 
funqciebiT.

 

Sesabamisoba, 
grafiki, fun-
qcia, funqciis 
grafiki, peri-
oduli pro-
cesebi; trig-
onometriuli 
funqciebi. 

rxeviTi pro-
cesebi da tri-
gonometriuli 
funqciebi.

trigonometriuli 
Tanafardobebi sam-
kuTxedSi; sinusebisa 
da kosinusebis Teo-
remebi.
 

gamoiyenos trinogo-
metriuli funqciebi 
da daamyaros kavSiri 
samkuTxedis elemen-
tebs Soris; gamoiyenos 
samkuTxedSi trigo-
nometriuli Tanafar-
dobebi praqtikuli 
amocanebis amoxsnisas.

geometriuli 
obieqtebi, zome-
bi; geometriul 
obieqtebTan 
dakavSirebu-
li sidideebis 
gazomva (sigrZe, 
farTobi).

trigonometri-
is sxvadasxva 
gamoyeneba.

veqtorebi, moqmedebe-
bi veqtorebze.

ori veqtoris ska-
laruli namravli da 
misi gamoyeneba.

veqtorebisa da 
veqtorebze moqmede-
bebis gamoyenebiT geo-
metriuli amocanebis 
amoxsna, amocanebis 
amoxsna fizikidan.

veqtori. veqtorebis sxva-
dasxva gamoyene-
ba (geometriuli 
debulebebis 
dasabuTeba, moZ-
raobis aRwera).

sxvadasxva poziciuri 
sistema; ricxvebi da 
moqmedebebi ricxveb-
ze. n-uri xarisxis 
fesvi; racionalur-
maCvenebliani xarisxi; 
gamosaxulebebis gar-
daqmnis magaliTebi.

poziciuri sistemis 
Taviseburebebis 
aRwera da gaazreba; 
sxvadasxva poziciuri 
sistemis mniSvnelobis 
aRwera; ricxviTi gamo-
saxulebis gardaqmna.

naturaluri 
ricxvebi da maTi 
Caweris siste-
mebi; namdvili 
ricxvebi, ricx-
viTi gamoTvle-
bi.

ricxvebis Cawe-
ris sxvadasxva 
wesi _ Tvlis 
sistemebi.
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maCvenebliani da log-
ariTmuli funqciebi; 
logariTmis Tvisebe-
bi; maCvenebliani da 
logariTmuli gan-
tolebebi da utolo-
bebi.

Sesaswavli movlenidan 
gamomdinare sidideebs 
Soris funqciuri kav-
Siris damyareba; log-
ariTmuli da maCven-
ebliani funqciebis 
Tvisebebis gamoyeneba 
sxvadasxva konteqstSi 
cvlilebaTa gasaana-
lizeblad; grafikebis 
gamoyenebiT maCveneb-
liani da logariTmu-
li gantolebebisa da 
utolobebis amoxsna.

Sesabamisoba, 
grafiki, fuq-
cia, gantoleba, 
utoloba.

maCvenebliani da 
logariTmuli 
funqciebi da 
maTi zogierTi 
gamoyeneba.

simravleTa Teoriis 
elementebi; debule-
baTa dasabuTebis 
xerxebi.
mimarTebebi sivrceSi: 
wrfeebs Soris, wrfe-
sa da sibrtyes Soris, 
sibrtyeebs Soris; 
kuTxe sibrtyeebs 
Soris, kuTxe wrfesa 
da sibrtyes Soris, 
orwaxnaga kuTxe; 
sibrtyisadmi marTobi 
da daxrili, sami mar-
Tobis Teorema.

simravleTa Teoriaze 
dayrdnobiT, logi-
kuri msjelobiTa da 
dasabuTebiT amocanis 
formulireba, prob-
lemis gadaWra.
stereometriis sa-
wyisebis Seswavlisas 
aqsiomebis Camoyali-
beba da maTi Sesabamisi 
gamoyeneba. geometriu-
li debulebebis dasa-
buTeba logikis wesebis 
gamoyenebiT; aucilebe-
li da sakmarisi pirobe-
bis gamoyeneba.

simravle; 
ricxviTi sim-
ravleebi.
geometriuli 
obieqtebi, 
mimarTebebi geo-
metriul obieq-
tebs Soris.

stereometriis 
Tvisebebi da 
maTi praqtikuli 
gamoyenebebi.

monacemebis Segrove-
ba, klasifikacia, war-
modgena; Semajamebeli 
ricxviTi maxasiaTe-
blebi; kombinatori-
kis wesebi, kombina-
torikis formulebi. 
xdomilobaTa sivrce, 
xdomilobis albaTo-
ba; operaciebi xdomi-
lobebze, xdomiloba-
Ta jamis albaToba.

sakvlevi Temis gan-
sazRvra, kvlevis 
degegmva, monacemebis 
Segroveba, damuSaveba, 
analizi, warmodgena; 
xdomilobis albaTobis 
Sefaseba.

monacemebi, xdo-
miloba, alba-
Toba.

albaTobis praq-
tikuli gamoye-
nebebi.
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trigonometriuli funqciebi

Temebi: perioduli procesebi da perioduli funqciebi; trigonometriuli fun-

qciebi.

saaTebis savaraudo raodenoba: 20 sT

Temis farglebSi dasamuSavebeli sakiTxebi: trigonometriuli funqciebis Tvi-

sebebi, grafikebi; trigonometriuli gantolebebi.

samizne cnebebi 

da maTTan dakav-

Sirebuli mkvidri 

warmodgenebi

sakiTxebi
sakvanZo 

SekiTxvebi

kompleqsuri  

davaleba

Sesabamisoba, funq-

cia, funqciis peri-

oduloba, periodu-

li funqciebi. 

rxeviTi procesebi 

SeiZleba aRiweros 

trigonometriuli 

funqciebiT; trigo-

nometriuli fun-

qciebis grafikebi 

gvexmareba umar-

tivesi trigonome-

triuli gantole-

bebis amoxsnaSi.

sinusi, kosinusi, tan-

gensi _ Tvisebebi, 

grafikebi. umartivesi 

trigonometriuli gan-

tolebis amoxsnis for-

mulebi.

ra funqciebiT 

SeiZleba aRvw-

eroT rxeviTi 

procesebi? ra 

daxmarebas gvi-

wevs grafikebi 

trigonometri-

uli gantole-

bebis amonaxsnis 

formulebis 

miRebaSi?

rxeviTi pro-

cesebi da tri-

gonometriuli 

funqciebi.

Sefasebis indikatorebi: moswavlem unda SeZlos sidideebis warmodgena Sesa-

bamisi ricxviTi maxasiaTeblebiT (maT. saS. 1); algebrul gamosaxulebebs Soris 

kavSiris damyareba; cxovrebaSi mimdinare movlenis maTematikuri modelireba; 

Sesaswavli movlenidan gamomdinare, cvlad sidideTa Soris funqciuri kavSiris 

damyareba da warmodgena sxvadasxva formiT; funqciis gamoyeneba sxvadasxva kon-

teqstSi cvlilebaTa gasaanalizeblad da realuri movlenis modelirebisTvis 

(maT. saS. 2; maT. saS. 3). 

bunebaSi mimdinare harmoniuli rxevebis modelireba trigonometriuli funqcie-

bis daxmarebiT.



14

DON'T C
OPY

1.1. perioduli procesebi da perioduli funqciebi.

pirvel Tavs viwyebT perioduli procesebisa da perioduli funqciebis gan-

xilvas. maswavlebelma SeiZleba sakiTxebis gadacemis Tanamimdevrobis saxelm-

ZRvanelosgan gansxvavebuli varianti airCios. pirvel paragrafSi ganxiluli sa-

kiTxebis nawili moswavleebisTvis nacnobia; magaliTad, isini icnoben namdvili 

ricxvis mTel da wilad nawilebs; amitom Sesabamisi sakiTxebiT dawyeba winare 

codnis win wamowevasac emsaxureba; magaliTad, SeiZleba daviwyoT wiladi nawi-

lis Tvisebebis ganxilva da davukavSiroT periodulobis gansazRvrebas; winare 

codnis gaaqtiureba funqciis cnebis gaazrebasTan aris dakavSirebuli; para-

grafis mTavari nawili perioduli funqciis gansazRvrebaa. moswavleebs unda 

avuxsnaT, rom bunebaSi mimdinare movlenebi, xSirad, garkveuli periodulobiT, 

ganmeorebadobiT gamoirCeva da maT aRsawerad da Sesaswavlad Seiqmna maTema-

tikuri aparati _ perioduli funqciebi. masalis warmodgenis procesi moswav-

leTa aqtiuri monawileobiT mimdinareobs, maT SeiZleba daasaxelon procesebi, 

romlebic periodulobiT gamoirCeva. ZiriTadi samizne cneba funqciaa; mniSvne-

lovani momenti perioduli funqciis gansazRvreba da aseTi funqciis pirveli 

magaliTebis warmodgenaa. periodulobis gansazRvrebisas, mTavaria nulisgan 

gansxvavebuli l ricxvis arseboba, romlisTvisac gansazRvris aridan aRebul 

yovel x-Tan erTad x–l da x+l ricxvebic ekuTvnis gansazRvris ares. amasTanave, 

    f(x)=f(x+l).
iqve vasabuTebT, rom sruldeba tolobac:

    f(x–l)=f(x).
perioduli funqciis grafikis agebis ilustrireba daexmareba moswavleebs 

trigonometriuli funqciebis grafikebis agebis gaazrebaSi.

savarjiSoebiT mimdinareobs periodulobis, perioduli funqciis Sesaxeb 

codnis ganmtkiceba. gansazRvrebebis gamoyenebiT, moswavleebi advilad poulo-

ben `testebis~ pasuxebs.

aq yuradsaRebia 8  testi; [ x
5 ] gviCvenebs 5-is jeradebis raodenobas x ricx-

vamde, am raodenobis 5 t tevadobis avtomanqanebi SeiZleba iyos sakmarisi x t 

tvirTis gadasazidad, Tu x iyofa 5-ze, winaaRmdeg SemTxvevaSi sakmarisi iqneba 

[ x
5 ]+1 raodenobis avtomanqana. 

avtomanqanebis sakmarisi raodenoba ar SeiZleba iyos [ x
5 ] –1.

9  radgan {x}=x–[x], amitom [x]+{x}=x.

mTeli da wiladi nawilebis Sesaxeb codnis ganmtkicebas, emsaxureba 10 - 12  

amocanebi. magaliTebi: [–12,4]=–13; [–6,(4)]=–7; {–0,43}=–0,43–[–0,43]=–0,43+1=0,57.

Tu {x}= 1
2 , maSin x SeiZleba iyos, magaliTad, 2 1

2 ; –3,5. x=n+ 1
2 , n∈Z.

13  es amocana SeiZleba amovxsnaT sawinaaRmdegos daSvebis meTodiT; davuS-

vaT sawinaaRmdego, moiZebneba iseTi n0 mTeli ricxvi, romlisTvisac (x0+n0l)∈D(f).
maSin perioduli funqciis Tvisebebis Tanaxmad, (x0+n0l)–n0l ekuTvnis f-is gan-

sazRvris ares; x0∈D(f), miviReT winaaRmdegoba.

14  a) Tu D(f) (f-is gansazRvris are) Seicavs, magaliTad, x0-s, maSin nebismieri 
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naturaluri n-isTvis, x0+nl∈D(f) da x0–nl∈D(f). aq l funqciis periodia.

b) yoveli x0∈D(f) ricxvisTvis zemoT aRwerili wesiT gansazRvruli mimdev-

robebisTvis gvaqvs:

f(x0)=f(x0+nl)=f(x0–nl) _ nebismieri n∈N-isTvis.

g) amocanaSi miTiTebulia, rom f(x)-is gansazRvris are namdvil ricxvTa R 

simravlea da misi periodia l. ganvixiloT funqcia f(ax); Tu x∈R, maSin u=ax∈R da 

f(u) aris perioduli funqcia, periodiT l; u+l∈R, u–l∈R da f(u+l)=f(u). 

Tu x∈R, maSin x+ l
a∈R da x– l

a∈R. amasTanave, nebismieri x-sTvis R-dan, gvaqvs:

   f(a(x+ l
a ))=f(u+l)=f(u)=f(ax).

es niSnavs imas, rom l
a  aris periodi y=f(ax) funqciis.

d) Tu l1 periodia, maSin periodi iqneba kl1; amrigad,

   f(x+kl1+nl2)=f(x+nl2).
analogiurad, f-is periodia, nl2. amitom 

   f(x+nl2)=f(x).

15  perioduli funqcia ar SeiZleba iyos klebadi, an zrdadi, radgan, Tu 

x0∈D(f) da l aris periodi, maSin

   x0–l<x0<x0+l da 

   f(x0–l)=f(x0)=f(x0+l).
periodul funqcias an ara aqvs nuli, an aqvs nulebis usasrulo raodenoba; 

Tu x0 nulia, maSin nuli iqneba x0+nl, n∈Z.

16  ganvixiloT y=[x] funqcia. gansazRvris are _ D(y)=R; 

mniSvnelobaTa simravle _ E(y)=Z; Tu x1<x2, maSin y(x1)≤y(x2) 
_ funqcia araklebadia.

funqcia ar aris perioduli, [n; n+1) saxis yovel 

SualedSi funqcia mudmivia, misi mniSvneloba aris n.

17  a) {x+ 1
3 }= 1

2 .

aqedan, cxadia, x+ 1
3  = 12 +m, m nebismieri mTeli ricxvia; x= 16 +m, m∈Z.

 g) {2x+ 2
5 }= 1

3 , aqedan, cxadia, 

    2x+ 2
5  = 13 +m, m∈Z; 

    2x= – 1
15+m, m∈Z; 

    x= – 1
30+m

2 , m∈Z.
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18  a) n∈N, p martivia da p<n. p-s jeradebis raodenobaa [ n
p ];

b) p2-is jeradebis raodenobaa [ n
p2 ], Tu n<p2, maSin [ n

p2 ]=0; 

g) p3-is jeradebis raodenobaa [ n
p3 ], Tu n<p3, maSin [ n

p3 ]=0.

d) unda vipovoT is β ricxvi, romlisTvisac pβ Sedis n!=1⋅2⋅3⋅...⋅n ricxvis kanoni-

kur daSlaSi; p aris gamyofi p-s yvela jeradisa 1-dan n-mde, maTi raodenobaa  

[ n
p ]. es ricxvi iqneboda β, Tu n<p2. winaaRmdeg SemTxvevaSi, p-ze iyofa kidev  

[ n
p2 ] raodenobis ricxvi, p-ze SeiZleba iyofodes kidev [ n

p3 ] raodenobis ricxvi 

(Tu p3≤n).

cxadia, β=[ n
p ]+[ n

p2 ]+[ n
p3 ]+...

Sekreba Sewydeba p-s im xarisxze, romelic metia n-ze.

sasurvelia, Tu moswavleebi ganixilaven n-is sxvadasxva mniSvnelobas da Se-

ecdebian daadginon, magaliTad, ra maCvenebliT Sedis n!-is kanonikur daSlaSi 

ricxvi 2, ricxvi 5.

19  avagoT y=2{x} da y=1– x2  funqciebis grafike-

bi da vipovoT gadakveTis wertilebis raodenoba _ 

grafikebs aqvs gadakveTis xuTi wertili.

moswavleTa yuradReba gavamaxviloT im faqtze, 

rom (–2; 2) wertili ar ekuTvnis y=2{x}-is grafiks, anu 

x=–2 ar aris gantolebis fesvi; x=2 aris fesvi.

20  aq moswavleebi iTvaliswineben 14  amocanis erT-erT Sedegs. am Sedegis 

gaTvaliswinebiT, funqciis periodi iqneba ricxvi: 36+(–1)⋅24=12.

saSinao davalebis `testebSic~ perioduli funqciebis Tvisebebis gaTva-

liswinebiT, advilad moiZebneba pasuxebi. amocanebis nawili klasSi amoxsnili 

amocanebis analogiuria. Tumca, moswavleebisgan xSirad, damatebiT msjelobas 

moiTxovs.

9  es amocana 14  amocanis analogiuria, Tumca, damatebiT msjelobas 

moiTxovs. unda gaviTvaliswinoT periodulobis yvela moTxovna; magaliTad, 

moTxovna, romelic gansazRvris ares ukavSirdeba; vTqvaT, X aris y=f(x) funqciis 

gansazRvris are, maSin y=f(ax+b) funqciis gansazRvris X0 are Seicavs im x ricx-

vebs, romlebisTvisac u=ax+b∈X. y=f(u) periodulia, periodiT l, maSasadame, nebi-

smieri u∈X-isTvis gvaqvs: u+l∈X, u–l∈X da f(u+l)=f(u). Tu x∈X0, maSin x+ l
a
∈X0 da x– l

a

–3 –2 –1 1 2 3
y=1– x

2

2
y

x

A1 A2 A3 A4

A5
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∈X0 (winaaRmdeg SemTxvevaSi, a(x+ l
a

)+b=ax+b+l=u+l da a(x– l
a

)+b=ax+b–l=u–l ar iqne-

bodnen X-is elementebi, rac ewinaaRmdegeba pirobas: u+l∈X, u–l∈X). amasTanave, 

gvaqvs: f(a(x+ l
a

)+b)=f(ax+b+l)=f(u+l)=f(u)=f(ax+b). maSasadame,  l
a

 aris y=f(ax+b) funqci-

is periodi.

moswavleebis umravlesoba mxolod bolo tolobis warmodgeniT Semoifar-

gleba; SevaxsenoT periodulobis yvela moTxovna.

10  ganvixiloT, magaliTad, kvadratuli funqcia; SeiZleba gamoviyenoT 

grafiki, Tvisebebi.

Tumca, SeiZleba ase vimsjeloT:

Tu vigulisxmebT, rom arsebobs iseTi l≠0, romlisTvisac nebismieri x-isTvis, 

x+l∈R, x–l∈R da ax2+bx+c=a(x+l)2+b(x+l)+c, maSin gveqneba 2ax⋅l+al2+bl=0; 2ax+al+b=0; 

maSasadame, l-is mniSvneloba damokidebulia x-ze. kvadratuli funqcia ar aris 

perioduli.

11  3x+2,4=0,2+m, m∈Z,
    3x=m–2,2,

     x= m
3

 –  11
15

, m∈Z.

12  nulebis raodenobas am CanawerSi gansazRvravs 5-is umaRlesi xarisxi, 

romelic 200!-is gamyofia. amrigad, sakmarisia vipovoT xarisxis maCvenebeli, 

romliTac ricxvi 5 Sedis 200!-Si:

  β=[ 200
5

]+[ 200
25

]+[ 200
125

]=40+8+1=49.

am amocanis amoxsnisas, moswavleebi iyeneben klasSi amoxsnili 18  amocanis 

Sedegs.

14  da 15  amocanebis analogiurebi klasSi amoixsna.

15  radgan 5 da 8 periodia, amitom (–3)⋅5+2⋅8 periodia, e. i. 1 periodia.
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1.2. trigonometriuli funqciebi

paragrafis Teoriuli nawili winare codnis gaaqtiurebasac Seicavs; sibrty-

is geometriuli  gardaqmna _ mobruneba O centris garSemo α kuTxiT, kuTxis 

radianuli da gradusuli zomebi da maT Soris kavSirebi, maxvili kuTxis trigo-

nometriuli funqciebi _ wina wlebSi gavlili sakiTxebia; codnis Sejamebas da 

gaRrmavebas paragrafis mniSvnelovani nawili eTmoba; Sesabamisad, muSaoba SeiZ-

leba warvmarToT interaqtiuli meTodiT, moswavleTa aqtiuri CarTulobiT; ma-

galiTad, moswavleebi ixseneben maxvili kuTxis trigonometriul funqciebs _ 

maxvili kuTxeebis simravlis namdvil ricxvTa simravleSi asaxvebs, romlebiTac 

sinusi, kosinusi da tangensi SemovitaneT.

mobrunebac ufro gaRrmavebuli saxiT ganixileba _ vukavSirebT kuTxis 

radianul zomas, Sesabamisobas namdvil ricxvTa simravlesa da wrewiris wert-

ilebs Soris _ yovel t ricxvs vuTanadebT wrewirze im Pt wertils, romlis Se-

sabamisi P0Pt rkalis radianuli zoma t ricxvis tolia; P0=(1; 0).
standartiT moiTxoveba erTeulovani wrewiris daxmarebiT trigonometriu-

li funqciebis SemoReba; moswavleebs, amasTanave, SevaxsenebT, rom Pt wertilis 

wrewirze moZraobisas, misi gegmili Ox (Oy) RerZze asrulebs rxeviT moZraobas; 

amitom SeiZleba kompleqsur davalebaze fiqri da Sesabamisi masalis moZieba.

`testebze~ pasuxebis moZieba dakavSirebulia Zveli da axali masalis Sesaxeb 

codnis ganmtkicebasTan _ mobrunebis gansazRvra, kuTxis radianuli da gradu-

suli zoma, kavSirebi am zomebs Soris; trigonometriuli funqciebis (sinusis da 

kosinusis) mniSvnelobaTa simravleebis codna gvexmareba swrafad davadginoT 

`testebis~ pasuxebi.

miTiTebebi zogierTi amocanis amosaxsnelad

10  SeiZleba gamoviyenoT – π
2

 kuTxiT mobrunebis koordi-

natebiT gamosaxvis formulebi; 

 x ′=y
    y′= –x
maswavlebelma, wrfivi algebris kursidan unda icodes 

Cven mier ganxilul marTkuTxa koordinatTa sistemaSi nebis-

mieri α kuTxiT mobrunebis formulebi:

 x ′=xcosα–ysinα
 y ′=xsinα+ycosα.
	 α= –  π

2
 SemTxveva SeiZleba calke ganvixiloT da miviRoT zemoT miTiTebu-

li formulebi:

maSasadame, y=2x–1 wrfe aisaxeba x ′=–2y ′–1 wrfeze;

anu, miiReba wrfe:

 y= – 1
2

x– 1
2

.

y

x

(x; y)

(x′; y′)
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11   l2 da l1 Sesabamisad, A′A″ da AA′ monakveTebis Suama-

rTobebia. radgan OA=OA′=OA″,^ amitom arsebobs mobrune-

ba O wertilis garSemo, romelic A wertils asaxavs A″	
wertilze. am mobrunebis kuTxe ar aris damokidebuli 

A wertilis arCevaze. vTqvaT, ∠AOM=β, maSin ∠A′OM=β, 

∠A′ON=∠A″ON=α–β. amrigad, 

∠AOA″=2β+2(α–β)=2α.

maSasadame, saZiebeli mobrunebaa R0
2α.

12  cxadia,^ A1 Seesabameba ricxvs: t1= π
2

:3= π
6

; A1( 
3

2
;  1

2
);

A2 _ t2–s, t2= 2π
6

;  A2=( 1
2

;  3
2

)
orive SemTxvevaSi gamoviyeneT marTkuTxa sam-

kuTxedSi  π
6

-is toli maxvili kuTxis mopirdapire 

kaTetis Tviseba; A3=(0; 1); sxva wertilebis koordi-

natebi SeiZleba vipovoT wrfis mimarT, an wertilis 

mimarT simetriebis gamoyenebiT. 

 A4=(– 1
2

; 3
2

);  A5=(– 3
2

;  1
2

); 

 A6=(–1; 0);  A7=(– 3
2

; – 1
2

);

 A8=(– 1
2

; – 3
2

); A9=(0; –1);

 A10=( 1
2

; – 3
2

); A11=( 3
2

; – 1
2

); A12=(1; 0);

b)  sin(– π
6

)=– 1
2

, cos(– π
6

)=  3
2

, tg(– π
6

)= – 1
3

,

gamoviyeneT A11-is koordinatebi.

13  b) sin(– 11π
2

)=sin(– 11π
2

+6π)=sin π
2

=1; cos(– 11π
2

)=0.

14  b) 
2sin 

π
3 soc 

π
3  

sin π
4

 
 – 3 2

2
 ⋅tg	

π
3  =

2⋅ 3
2
⋅ 
1
2  

 2
2

 
 – 3 2

2
⋅ 3  =  3

2
– 3 6

2  = 6
2  – 3 6

2 =– 6 .

15  aq viTvaliswinebT, rom π ≈ 3,14,  π
2

 ≈ 1,57.

SeiZleba gamoviyenoT gradusul zomaze gadasvla. 1 rad ≈	 570; 2 radiani ≈ 
1140 _ meore meoTxedSia.

16  unda visargebloT formuliT: rkalis sigrZe l=Rα, sadac α aris kuTxis 

zoma radianebSi. Tu R=15, l=5, maSin α=	
5
15 =	

1
3  (radiani).

A1

A2

A3A4

A5

A6

A7

A8 A9
A10

A11

A12

N

M

O
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17   a) π
4

 wamis Semdeg α=π
4

 rad.

b) 2π
3

 wT = 40π wm; α=40π rad, wertili daemTxveva 

P0-s.

18   a) t=π+2πk; b) α=π
6

+2πk; d) α= – π
2

+2πk, k∈Z.

19   sint=1; t=π
2

+2πk, k∈Z,
   cost= –1; t=π+2πk, k∈Z,
   tgt=0; t=πk, k∈Z.

20   |sint|≤1;

   3 >1, amitom 1+ 3
2

>1;

   sint=1+ 3
2

 toloba SeuZlebelia.

21   moswavlis msjeloba ar aris swori; perioduloba niSnavs, rom arsebobs 

T≠0 ricxvi, iseTi, rom gansazRvris aridan aRebuli nebismieri x ricxvisTvis 

sruldeba toloba f(x+Τ)=f(x). 

a) am SemTxvevaSi, SeamowmeT sin(t+2π
3

)=sint toloba. magaliTad, roca t=0.

b) SeamowmeT cos(t+π)=cost toloba, roca t=0.

22   g(t+Τ)=kf(t+T)+b=kf(t)+b=g(t).

23   vTqvaT, k>0 da g(x)=f(kx); 

    g(x+ T
k

)=f(k(x+ T
k

))=f(kx+Τ)=f(kx)=g(x), T
k

 periodia.

vTqvaT, Τ1<
T
k

 da periodia. maSin gvaqvs: 

     g(x+Τ1)=g(x),   
     f(kx+kΤ1)=f(kx)                      (1)

magram kT1<T; Τ ki umciresi periodia. 

miviReT winaaRmdegoba, e. i. (1) SeuZlebelia.

analogiur Sedegs miviRebT k<0 SemTxvevaSic.

24   cos3x-is periodia 2π
3

;   cos4x-is _ 2π
4

.

   2π=3⋅2π
3

,   2π=4⋅2π
4

2π orive Sesakrebis periodia; es ricxvi jamis periodicaa. 2π _ umciresi 

dadebiTi periodicaa:

  cos3x-is periodebia k⋅2π
3

, k∈Z;             (2)

  cos4x-is _ k⋅2π
4

, k∈Z;                         (3)

 (2) da (3) saxis ricxvebSi umciresia 2π.

P0
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25   aq viTvaliswinebT: |sinx|≤1; |cosx|≤1; 0≤cos2x≤1.

  g) 5sin2t+4cos2t=sin2t+4sin2t+4cos2t =sin2t+4.
udidesi mniSvnelobaa 5,  umciresi mniSvneloba 4.

saSinao davalebis amocanebis umravlesoba klasSi amoxsnili amocanebis ana-

logiuria. Tumca, zogjer damatebiT msjelobas da gansxvavebuli formulebis 

gamoyvanas moiTxovs.

magaliTad, 13 amocanaSi moswavlem SeiZleba 

isargeblos  π
2

-iT mobrunebis formulebiT. es for-

mulebi paragrafis Teoriul nawilSia ilustrirebu-

li; x′=–y, y′=x.

19  80 km/sT = 80	000
60

 =  4	000
3

 m/wT; 

    75 sm = 0,75 m; wrewiris sigrZea: 2πR=0,75π (m);

srul brunvaTa ricxvi:

     [  4	000
3⋅0,75π

]=565 (bruni).

23  sin(– 111π
4

)=sin(–27 3
4
π)=sin(–28π+ π

4
)=sin π

4
 = 2

2
.

24  vTqvaT, h (x)=f(x)+g(x); h(x+Τ)=f(x+T)+g(x+T)=f(x)+g(x)=h(x).

25  a) Τ= 2π
3

; 

 e) 2sin3x+3cos2x _ visargebloT analogiuri amocanis SedegiT saklaso 

davalebidan;

	 T=2π (T1= 2π
3

; T2= 2π
2

; T1 da T2-is `umciresi saerTo jeradi~ aris 2π).
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1.3. trigonometriuli funqciebis Tvisebebi

winare codnis gaaqtiureba trigonometriuli funqciebis gansazRvrebebis 

CamoyalibebiT iwyeba; moswavleebi yuradRebas amaxvileben erTeulovan wre-

wirze moZravi wertilis Sesabamisobaze namdvil ricxvTan _ rkalis radianul 

(an gradusul) zomasTan. wrewiris yoveli Pt wertili t ricxvs warmogvidgens; 

amasTanave, es wertili yvela im t ricxvis Sesabamisia, romlebic erTmaneTisgan 

2π-is jeradiT gansxvavdeba; Pt wertilis koordinatebiT Semodis t ricxvis si-

nusi da kosinusi.

nebismieri t ricxvisTvis arsebobs mobruneba, romlis radianuli zoma t ricx-

viT gamoisaxeba; t ricxvis sinusi da kosinusi ewodeba t radianis toli kuTxis 

sinussa da kosinuss; t ricxvis sinusi am ricxvis Sesabamisi Pt wertilis ordi-

natia, kosinusi _ abscisa. im t ricxvebisTvis, romlebisTvisac cost≠0, ganvsaz-

RvravT tgt-s:

     tgt= sint
cost

.

gansazRvrebidan gamomdinareobs trigonometriuli funqciebis periodulo-

ba; sinusi da kosinusi namdvil ricxvTa R simravleze gansazRvruli periodu-

li funqciebia. marTlac, Pt da Pt+2πn, n∈Z wertilebi erTmaneTs emTxveva. amitom 

sinusi da kosinusi 2π periodis trigonometriuli funqciebia; axal sakiTxebs 

tangensis periodulobis ganxilviT viwyebT; moswavleebs gavacnobT tangensebis 

RerZs da am RerZis saSualebiT tangensis warmodgenas, amas mosdevs tangensis 

periodulobis Cveneba. moswavleebisTvis TvalsaCinoa, rom tangensis umcire-

si dadebiTi periodi π ricxvia; yvela moswavlem unda SeZlos sinusis (kosinu-

sis) umciresi dadebiTi periodis dasaxeleba da damtkiceba, rom 2π umciresi 

dadebiTi periodia. aq kidev erTxel gaiazreben periodulobis gansazRvrebas. 

trigonometriuli funqciebis erTeulovani wrewiriT gansazRvreba gvexmareba 

maTi sxva Tvisebebis daxasiaTebaSi: nulebis simravleebis warmodgenaSi. sinusis 

nulebia πk, k∈Z ricxvebi, kosinusis _  π
2

+πk, k∈Z ricxvebi, tangensis _ πk, k∈Z 
ricxvebi.

 erTeulovani wrewiri gvexmareba meoTxedebis mixedviT trigonometriuli 

funqciebis niSnebis dadgenaSi; luwobisa da kentobis dafiqsirebaSi. aq moswav-

leebi ixseneben luwi da kenti funqciebis gansazRvrebebs da adgenen trigono-

metriuli funqciebis luwobas an kentobas.

paragrafSi warmodgenili masala sjobs nawilebad dayoT da sxvadasxva ga-

kveTilze gaanawiloT. bolo nawili dayvanis formulebs daeTmoba; warmodge-

nilia ramdenime SemTxveva; isini dawvrilebiT aris ganxiluli. yvela formulis 

Canawers Tan erTvis wesi, romliTac es formulebi moicema. wesis gamoyeneba 

SeiZleba ramdenime magaliTis ganxilviT warmoadginoT.

amocanebis saSualebiT mimdinareobs trigonometriuli funqciebis Tvise-

bebis Sesaxeb codnis ganmtkiceba. amocanebis ganxilvac sxvadasxva gakveTilze 

mogiwevT. Tumca, sasurvelia, Sejamebis saxiT, `testebi~ erT gakveTilze ganix-

iloT; isini exeba trigonometriuli funqciebis niSnebs, periodulobis, luwo-

bisa da kentobis, monotonurobis sakiTxebs. magaliTad, dayvanis formulebis 
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gamoyenebiT, moswavle advilad poulobs pasuxs 13  `testSi~: sin 5π
6

=sin(π– π
6

); 

dasaxeleba ar icvleba, niSani dadebiTia (kuTxe  5π
6

 II meoTxedSia); maSasadame, 

virCevT: sin 5π
6

= 1
2

.

kalkulatoris gamoyenebis Sesaxeb Teoriul nawilSi warmodgenili magali-

Ti exmareba moswavleebs 18  amocanis amoxsnaSi.

17  v) amocanaSi gasaTvaliswinebelia, rom t=3 ≈ 3⋅570=1710, t=3 radianis toli 

kuTxe meore meoTxedis kuTxea, sin3>0, cos3<0, tg3<0.

19  tgα ar aris gansazRvruli α=π
2

+πk, k∈Z ricxvebisTvis.

Tu π≤α≤2π, maSin {π
2

+πk, k∈Z} simravlidan am pirobas akmayofilebs π
2

+π ricx-

vi, α=3π
2

.

20  3) cost= – 3
2

 ; kosinusi uaryofiTia, magaliTad, II meoTxedSi.

cosπ
6

= 3
2 , cos(π– π

6
)=–cosπ

6
 = – 3

2 ; amrigad, cos 5π
6

 = – 3
2 .

 kosinusi uaryofiTia III meoTxedSic, cos(π+π
6

)= – 3
2 ; maSasadame, t SeiZleba 

iyos: 5π
6

, 7π
6

.

21  sin2t+cos2t=1; cos2t=1– 16
25

; cos2t= 9
25

, radgan π
2

<t<π, cost<0, cost= – 3
5

.

22  d) y(x)=sinx+cosx,
  y(–x)=–sinx+cosx,
arc luwia da arc kenti.

  v) y(x)=(x2–1)cosx,
  y(–x)=((–x)2–1)cos(–x)=(x2–1)cosx,
  y(x) luwi funqciaa.

aq moswavleebma SeiZleba gaiTvaliswinon: luwi funqciebis jamica da nam-

ravlic luwia; kenti funqciebis namravli luwi funqciaa; kenti da luwi fun-

qciebis namravli kenti funqciaa. SeiZleba klasSi am debulebebis ganxilva da 

dasabuTeba.

24  1 (rad) ≈ 570, 570>10,

  tg1–tg10>0 (tangensi I meoTxedSi zrdadia).

25  am amocanis amoxsnisas moswavleebi iTvaliswineben trigonometriuli 

funqciebis monotonurobis Sualedebs; magaliTad, II meoTxedSi kosinusi kleba-

di funqciaa, cos 6π
7

<cos 5π
6

 (z) davaleba); tangensi IV meoTxedSi zrdadi funqciaa

 tg(– π
3

)<tg(– π
6

) (k) davaleba).
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26  aq gasaTvaliswinebelia, rom cos1<1, sin2<1, 

2 radiani II meoTxedis kuTxea, tg2<0, tg2<1.

tg π
8

 ≈ tg 3,14
8

 ≈ tg0,39<tg0,8, radgan  π
8

 da 0,8 I meoTxedis kuTxeebia da I meoTxedSi 

tangensi zrdadia.

27  unda davadginoT dasaxelebuli kuTxeebi romeli meoTxedebisaa.

magaliTad, g) –19860=(–5)⋅3600–1860 _ II meoTxedi, tg(–19860)<0;

 20070=5⋅3600+2070 _ III meoTxedi, cos20070<0;

 –20060=(–5).3600–2060 _ II meoTxedi, sin(–20060)>0;  namravli dadebiTia.

d) sin 135π
3

cos(– 128π
6

)tg 247π
5

 =0, radgan sin 135π
3

 =sin(45π)=sinπ=0.

28  b) 16sin π
6

cos π
3

tg 4π
3

tg π
3

=16⋅ 1
2
⋅ 1

2
⋅( 3 )⋅ 3 =12.

29  viyenebT dayvanis formulebs; magaliTad, b) amocanaSi: 

   tg(2700–α)= sin(270–α)
cos(270–α)

= –cosα
–sinα

 =  1
tgα

;

  sin1300=sin(900+400)=cos400,   cos3200=cos400,     sin2700= –1,
  tg(1800– α)=–tgα,	 	 	 cos500=sin400,   sin2200=sin(1800+400)= –sin400,   cos3600=1.
amrigad, miviRebT:

   
 

1
tgα⋅cos400⋅cos400⋅(–1)⋅(–tgα) 

sin 400⋅(–sin 400)⋅1
 = – cos2400

sin2400
 = – 1

tg2400

maswavlebelma gaiTvaliswinos, rom standartis Sesabamisad, mxolod sinusi, 

kosinusi da tangensi ganixileba; amitom `kotangensis~ nacvlad gveqneba xolme 

_  
1

tgα.

30  am amocanis mixedviT, moswavleebi msjeloben, rom dayvanis formulis 

gamoyenebiT, yovelTvis SeiZleba [0;  π
4

]-Si moTavsebuli argumentis trigonome-

triul funqciaze `gadasvla~; magaliTad,

cos6000=cos(6000–3600)=cos2400=cos(2700–300)= –sin300= –sin π
6

.

saSinao davalebis amocanebis amoxsnebic Teoriuli masalis codnas ey-

rdnoba; trigonometriuli funqciebis niSnebi meoTxedebis mixedviT, luwoba 

da kentoba, perioduloba, dayvanis formulebi, trigonometriul funqciaTa 

monotonuroba _ am sakiTxebis Sesaxeb codnis gamoyenebiT, advilad amoixsneba 

yvela amocana.
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Semajamebeli wera #1

Tema: perioduli procesebi da perioduli funqciebi, trigonometriuli 

funqciebi.

samizne cnebebi: sidideebi, Sesabamisoba, funqcia (sidideebs Soris damo-

kidebuleba), grafiki.

Sefasebis indikatorebi: moswavlem unda SeZlos sidideebis warmodgena 

Sesabamisi ricxviTi maxasiaTeblebiT (maT.saS.1); algebrul gamosaxulebaTa So-

ris kavSiris damyareba, funqciis gamoyeneba sxvadasxva konteqstSi cvlilebaTa 

gasaanalizeblad da realuri movlenis modelirebisTvis (maT.saS.2; maT.saS.3).

amocanebis nimuSebi:
1  SeadareT sin2000cos1700tg200tg1200 gamosaxulebis mniSvneloba 0-s, pasuxi 

daasabuTeT.

2  CamoTvlilTagan romelia luwi funqcia, romeli _ kenti, romeli _ arc 

luwi da arc kenti. 

a) y=2sin4x;  b) y= 2sin4x
x

; g) y= 2sin4x
x–1

; d) y= 2sin4x
x2

; e) y= 2sin4x
x2–1

 ?

3  cnobilia, rom sint= –0,6 da  3π
2
≤t≤2π. ipoveT cost da tgt.

4  gaamartiveT: cos2( 3π
2

 –α)+cos2(2π+α)–sin2( 29π
6

).

5  ipoveT (sin 31π
6

 –cos 23π
3

)tg 19π
4

 gamosaxulebis mniSvneloba.

6  IV meoTxedis A(0,5; y0) wertili Zevs erTeulovan wrewirze, romlis cen-

tri O(0; 0) wertilia.  π
2
	 kuTxiT mobrunebis Sedegad A wertili aisaxa B wer-

tilze. ipoveT B wertilis koordinatebi da MOB kuTxis radianuli zoma, Tu M 

wertilis koordinatebia (1; 0).

7  cnobilia, rom f(x) funqcia periodulia Τ=1,5 periodiT da [0; 1,5) Sualed-

Si f(x)=2x–3. warmoadgineT am funqciis grafiki da gamoTvaleT f(1)+f(10,2)+f(–5).

pasuxebi: 1  <0. 2  luwia b); kentia a), d), e); arc luwia, arc kenti g).  

3  0,8; –0,75. 4  cos2 29π
6

=cos2(5π– π
6

)=cos2 π
6

=0,75. 5  1. 6  B( 3
2 ;  1

2
); ∠MOB= π

6
.

7  –2,6.
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miTiTeba. 6  A Zevs erTeulovan wrewirze, amitom 0,52+y0
2=1. radgan A wer-

tili IV meoTxedSia, amitom y0= – 3
2 . B( 3

2 ;  1
2

), ∠MOB= π
6

.

7  f(1)=2⋅1–3= –1; f(10,2)=f(10,2–1,5⋅6)=f(1,2)= –0,6; f(–5)=f(–5+4⋅1,5)=f(1)= –1.

ganmsazRvreli Sefasebis rubrika:

1  Tanamamravlebidan zogierTis niSnis gansazRvra Sefasdes 0,5 quliT, 

mTliani gamosaxulebis niSnis gansazRvra _ 1 quliT.

2  ori mainc funqciis luw-kentovnebis dadgena Sefasdes 0,5 quliT, yvelas 

dadgena _ 1 quliT.

3  davalebis sworad Sesruleba Sefasdes 1 quliT, mcire xarvezebis SemTx-

vevaSi _ 0,5 quliT.

4  0,5 quliT Sefasdes gamosaxulebis pirveli ori Sesakrebis jamis 1-Tan 

tolobis dadgena; saboloo saxemde miyvana. Sefasdes 1 quliT.

5  gamosaxulebaSi funqciaTa periodulobis gaTvaliswinebiT kuTxeTa day-

vanis formulebis gamosayeneblad xelsayreli formiT warmodgena Sefasdes 1 

quliT; dayvanis formulebis gamoyeneba _ 0,5 quliT, gamosaxulebis ricxviTi 

mniSvnelobis miReba _ kidev 0,5 quliT. sul _ 2 qula. 

6  y0-is povna Sefasdes 1 quliT, B wertilis koordinatebis dadgena _ 0,5 

quliT, kidev 0,5 quliT Sefasdes MOB kuTxis radianuli zomis dadgena. sul _ 

2 qula.

7  funqciis grafikis ageba Sefasdes 1 quliT, gamosaxulebis mniSvnelobis 

povna _ kidev 1 quliT. sul _ 2 qula.

kidev erTxel aRvniSnavT Semajamebeli weris Sedegebis ganxilvis mniSvn-

elobas. ganmsazRvreli Sefasebis Semdeg, codnis gaRrmavebisa da gamyarebis 

mizniT, iseve, rogorc yvela akademiuri aqtivobis dros, mivmarTavT ganmavi-

Tarebel Sefasebas. es mogvcems SesaZleblobas movisminoT moswavleTa mosaz-

rebebi Semajamebeli weris sakiTxebze, maTi amoxsnis gzebze, sirTulis doneze, 

ganmsazRvreli Sefasebebis obieqturobis aRiarebaze moswavleTa mier, maTTvis 

bundovani da rTuli sakiTxebis daZlevis gzebze _ ra midgomebiT SevZlebT 

SeniSnuli xarvezebis gamosworebas, ra miRwevebi warmoCinda da rogor gavamyar-

oT isini. ganmaviTarebelma Sefasebam unda itvirTos am sakiTxTa klasSi sajaro 

ganxilva.

1  amocanis ganxilvisas kidev erTxel, moswavleTa aqtiuri CarTulobiT, 

gaixseneT sin, cos da tg funqciebis gansazRvrebebi, maTi mniSvnelobebi zogierTi 

gamorCeuli maxvili kuTxis SemTxvevaSi; gamorCeuli yuradReba dauTmeT day-
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vanis formulebs, saTanado wess; trigonometriul funqciaTa niSnebs sakoor-

dinato meoTxedebSi. Sedegic ar daayovnebs _ daadgenen mocemuli namravlis 

niSans.

2  amocanis ganxilvamde mimarTeT moswavleebs gaixsenon luw da kent fun-

qciaTa gansazRvrebebi, moswavleebi xSirad mimarTaven xolme mxolod f(–x)-is 

kvlevas da ar aqceven yuradRebas gansazRvris aris simetriulobas. magaliT-

ad, f(x)=x2+1 luwi funqciaa, magram f(x)=x2+1, x∈[0; +∞) arc luwia da arc kenti. 

yuradRebiT moismineT moswavleTa mosazrebebi CamoTvlil funqciaTa luw-ken-

tovnebis Sesaxeb.

3  amocanis ganxilvisas xazgasmiT warmoaCineT ZiriTad trigonometriul 

igiveobaTa mniSvneloba _ maTi daxmarebiT SesaZlebeli xdeba erTi raime fun-

qciis mixedviT dadgindes sxva funqciaTa mniSvnelobebi, aqve ganixileT niSnebis 

SerCevis sakiTxic sakoordinato meoTxedebis mixedviT; kidev erTxel isaubreT 

sajarod kuTxis radianuli da gradusuli zomebis Sesaxeb.

4  da 5  amocanebis ganxilvisas, funqciaTa gamartivebisas, warmoCindeba 

dasaxelebul funqciebs Soris cnobili kavSirebis aqtualuroba. kidev erTxel 

mouwevs klass dayvanis formulebisa da maTTan dakavSirebuli wesis, agreTve 

zogierTi kuTxis SemTxvevaSi trigonometriuli funqciebis mniSvnelobaTa gax-

seneba.

6  amocanis ganxilva ukavSirdeba marTkuTxa koordinatTa sistemas, masSi 

warmodgenil wrewirs, wrewirze mdebare wertils, asaxvas _ sibrtyis dadebi-

Ti kuTxiT mobrunebas saTavis garSemo, mocemuli wertilis saxes am asaxvisas, 

kuTxeTa radianul zomebs. amitom mogiwevT yuradRebiT, interaqtiul reJimSi 

ganixiloT es sakiTxebi _ isini mniSvnelovan rols TamaSoben sxva sakiTxebis 

kvlevaSic.

7  amocanis Sinaarsis yvela detali mTeli klasis SemoqmedebiTi CarTu-

lobiT unda ganixilebodes. mxolod aseTi midgomiT SeZlebs klasi miTiTebuli 

grafikis agebas. meore sirTule am amocanaSi funqciis mniSvnelobaTa dadgenas 

ukavSirdeba, rac perioduli funqciis mkafiod aRqmis gareSe SeuZlebelia. am 

ganxilvaSi wamyvani roli maRali mzaobis moswavleebs daakisreT. isini ara mar-

to sakiTxis gadaWras, aramed Tavisi naazrevis sxvebisTvis gadacemis xelovne-

basac unda euflebodnen.

rogorc yoveli ganmaviTarebeli Sefaseba, es Sefasebac mkafio warmodgenas 

SegiqmniT aRniSnul sakiTxebSi moswavleTa codnis donisa da maTi unarebis Ses-

axeb. am Sefasebis dros gakeTebuli Tqveni Canawerebi realuri viTarebis Sesax-

eb karg samsaxurs gagiwevT klasSi Semdgomi muSaobis dagegmvisas.
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axla bolo aqtivobis mixedviT warmogidgenT solo taqsonomiis akademiuri 

miRwevebis doneebs dakonkretebuli formiT. 

1. prestruqturuli done. ar icnobs (an icnobs Zalian bundovnad) funqciis 

cnebas, miT umetes luw da kent, periodul funqciaTa cnebebs, sakoordinato 

sibrtyisa da geometriuli gardaqmnebis cnebebs. ver ayalibebs mkafiod amoca-

naTa pirobebs.

2. unistruqturuli done. moswavle icnobs sin, cos da tg funqciaTa gansaz-

Rvrebebs maxvili kuTxis SemTxvevaSi, Tumca zogad gansazRvrebaze aramkafio 

warmodgena aqvs; uWirs funqciis mniSvnelobis gamoTvla, dayvanis formulis ga-

moyeneba. zogjer warmatebiT axerxebs kuTxis radianuli da gradusuli zomebis 

dakavSirebas; erTveba funqciis grafikis agebis procesSi, Tumca mxolod frag-

mentulad.

3. multistruqturuli done. moswavle erTveba yvela sakiTxis ganxilvaSi, 

Tumca maT bolomde miyvanas zogjer ver axerxebs. icnobs ganxilul cnebebs, 

iyenebs dayvanis formulebs da axerxebs trigonometriul funqciaTa mniSvne-

lobebis gamoTvlas. misTvis ucxo ar aris funqciis grafikis agebis Tema, Tumca 

mocemuli perioduli funqciis grafikis agebis dasruleba damoukideblad ver 

SeZlo.

4. mimarTebiTi done. moswavlem kargad gaarTva Tavi Semajamebeli weris 

davalebebs; trigonometriuli funqciebis Tvisebebis gamoyenebiT, maTi mniS-

vnelobebis gamoTvliT amoxsna amocanebi. zogad principebs kargad usadagebs 

konkretul amocanebs da awarmoebs kvlevas, analizs. mis mier miRebuli Sede-

gebi sarwmunoa.

5. gafarToebuli abstraqtuli done. moswavle yoveli amocanis amoxsni-

sas avlens sakiTxis Rrma codnas da igrZnoba rom is ufro rTuli davalebebis 

gadaWrasac warmatebiT gaarTmevda Tavs, kerZod, ufro rTuli perioduli fun-

qciis grafiksac aagebda. mniSvnelovania, rom misi amoxsnis stili aris mkafio, 

mkacrad struqturirebuli, iZleva amocanis amoxsnis sxvadasxva gzas da axdens 

maT SedarebiT analizs. Tvals adevnebs msmenelTa reaqcias mis msjelobaze da 

adekvaturad reagirebs yovel gamoxmaurebaze.
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1.4. trigonometriuli funqciebis grafikebi

saSinao davalebis ganxilvisas, ^yuradRebas vamaxvilebT amocanebze, rom-

lebic trigonometriuli funqciebis Tvisebebis codnas ukavSirdeba. am codnas 

axali masalis axsna eyrdnoba. 

moswavleebs vTxovoT, Camoayalibon trigonometriuli funqciebis yvela 

Tviseba. viwyebT sinusiT; moswavleebi asaxeleben gansazRvris ares, mniSvnelo-

baTa simravles, uTiTeben Tvisebebs: kentobas (kosinusis SemTxvevaSi, luwobas), 

periodulobas. yvela am Tvisebis gaTvaliswinebiT, aigeba Sesabamisi grafiki. 

gvexmareba erTeulovani wrewiri da masze aRebuli Pt wertilebi, romlebsac 

argumentis t mniSvnelobebs vuTanadebT da, erTeulovani wrewiris daxmarebiT, 

advilad vpoulobT trigonometriuli funqciis Sesabamis mniSvnelobas _ mim-

dinareobs wrewiris wertilebis `gadatana~ ricxviT wrfeze; amasTanave, viwyebT 

[0; 2π] SualediT da am Sualedis 16 tol nawilad dayofis Sedegad miRebuli wer-

tilebis ordinatebi iZleva sinusis mniSvnelobebs. gantolebis amoxsnis proce-

si, romelic samizne cnebas ukavSirdeba, aRiwereba detalurad, moswavleTaTvis 

gasagebi meTodiT. es procesi umartivesi trigonometriuli gantolebebis amo-

naxsnTa simravlis gaazrebis kargi winapirobaa.

mniSvnelovania e. w. sakvanZo wertilebis gamoyofa _ maqsimumisa da mini-

mumis wertilebi, nulebi _ grafikis gaazrebisTvis mniSvnelovani momentebia. 

maswavleblis daxmarebiT, moswavleebi ixseneben funqciis Sesabamis Tvisebebs _ 

zrdadobasa da klebadobas, maqsimumisa da minimumis (eqstremumis) wertilebs, 

nulebs. maswavlebeli, `s~ (sxvadasxva) rubrikis gamoyenebiT, acnobs moswavleebs 

kidev sam  trigonometriul funqcias, romlebic sinusis, kosinusisa da tangen-

sis saSualebiT ganisazRvreba.

`testebze~ pasuxebis SerCeva moiTxovs grafikebis warmodgenas da Sesabamisi 

Tvisebebis codnas.

miTiTebebi zogierTi amocanis amosaxsnelad.

5  Oy RerZidan  5π
6

-iT daSorebuli wertilebis abscisebia  5π
6

 da – 5π
6

;  

sin 5π
6

 =  1
2

, sin(– 5π
6

)= –  1
2

. saZiebeli wertilebia: ( 5π
6

;  1
2

) da (– 5π
6

; – 1
2

).

6  vTqvaT, sinusoidas y= 3
2  wrfes Tan gadakveTis wertilebia A da B; ma-

Sin, cxadia, A=(t1;  3
2 ), sadac 0<t1< π

2
. maSasadame, t1= π

3
, radgan sin π

3
=  3

2 ; B=(t2;  3
2 ),  

 π
2

<t2<π, radgan 0< π
3

< π
2

, amitom  π
2

<π– π
3

<π da sin(π– π
3

)=sin π
3

= 3
2 ; maSasadame,  

t2= 2π
3

.
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7  viyenebT y=sinx funqciis grafiks da wina amocanis amoxsnisas Catarebul 

msjelobas: gvaqvs ori fesvi, x1= π4  da x2= 3π4 . 7 - 9  amocanebi SeiZleba moswav-

leebs damoukidebel samuSaod SevTavazoT da amoxsnaTa analizi ganmaviTarebe-

li Sefasebis gansaxorcieleblad gamoviyenoT.

7 - 9  amocanebis amoxsnisas moswavleebi iyeneben y=sinx-isa da y=cosx-is 

grafikebs.

8  amocanis amoxsna iwyeba wina ori amocanis msjelobis gameorebiT, Sede-

gad, viRebT x-is or mniSvnelobas: x1= π6  da x2= 5π6 . Semdeg viyenebT periodulobas 

da warmovadgenT x-is yvela mniSvnelobas ori saxiT: 

 x= π6 +2πn, n∈Z; 

 x= 5π6 +2πn, n∈Z.

ar aris aucilebeli am ori formulis erTi formuliT warmodgena.

10  y=a wrfe a-s nebismieri mniSvnelobisTvis kveTs y=tgx funqciis grafiks.

11  viyenebT y=cosx funqciis grafiks; y= 12  wrfe grafikis im nawils, romelic 

[–π; π] Sualeds Seesabameba, or wertilSi kveTs, maTi abscisebia:  x1= π3   da  x2= – π3 .

maSasadame, periodulobis gaTvaliswinebiT, yvela is x ricxvi, romlis kosi-

nusi  12 -ia, ase Caiwereba:  x=± π3 +2πn, n∈Z.

12  moswavleebs gavaxsenebT, rom gadakveTis wertilebis abscisebia: x1= π6 ,  

x2= 5π6 ; grafikidan kargad Cans, rom am ricxvebs Soris mdebare nebismieri ricx-

visTvis gvaqvs: sinx> 12 . anu, [0; 2π] SualedSi x-is yvela mniSvneloba, romlisTvi-

sac sinx> 12 , moicema pirobiT:  π6 <x< 5π6 . periodulobis gaTvaliswinebiT, x-is yve-

la mniSvneloba, romlisTvisac WeSmaritia sinx> 12  utoloba, moicema formuliT:  

π
6 +2πn<x< 5π6 +2πn, n∈Z. moswavleebi uTiTeben Sesabamis intervalebs grafikze.

13  grafikidan Cans, rom y= 2
2  wrfisa da y=sinx funqciis grafikebis gada-

kveTis im wertilebis abscisebi, romlebic [ π2 ;  5π2 ] SualedSia, aris  π2 + π4  da  

 5π2  – π4 ; sin( π2 + π4 )=cos π4 = 2
2

; sin(5π
2  – π4 )=cos π4  = 2

2
.
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maSasadame, sinx< 2
2 , roca x ekuTvnis Sualeds: ( 3π4 ;  9π4 ). periodulobis gaT-

valiswinebiT, sinx< 2
2  utoloba sruldeba x-is yvela mniSvnelobisTvis, rom-

lebic ekuTvnis Sualedebs ( 3π4 +2πn;  9π4 +2πn), n∈Z.

14  grafikidan Cans, rom cosx> 1
2

 x-is im mniSvnelobebisTvis [–π; π] Suale-

didan, romlebic akmayofileben pirobas: – π3<x< π3 . gaviTvaliswinoT, rom y= 12

kveTs y=cosx-is grafiks [–π; π] SualedSi, roca x= – π3  da x= π3 : 

     cos(– π3)= 1
2

; cos π3= 1
2

.

periodulobis gaTvaliswinebiT, x-is yvela mniSvneloba, romlisTvisac  

cosx> 1
2

, moicema pirobiT: – π3+2πn<x< π3+2πn, n∈Z.

15  am amocanis amoxsnisas viyenebT suraTs:

y= 1
2

 wrfe y=cosx-is grafiks A da B wertilebze kveTs, am wertilebis abscise-

bia, Sesabamisad, x1= π3  da x2=2π– π3= 5π3 , radgan cos π3  = 1
2

, cos(2π– π3)= 1
2

.

maSasadame, [0; 2π] SualedSi cosx< 1
2

, roca  π3<x< 5π3 ; utolobis yvela amonaxsni 

ase warmoidgineba

     π3+2πk<x< 5π3 +2πk, k∈Z.

Tu klasSi dawvrilebiT amovxsniT yvela amocanas, maSin moswavleebs ar 

gauWirdebaT saSinao davalebis Sesruleba, grafikebis gaazreba, grafikebis ga-

moyeneba gantolebebisa da utolobebis amonaxsnTa simravleebis dasadgenad. sa-

survelia, es amocanebic dawvrilebiT gavarCioT da ganmaviTarebeli Sefasebis 

gansaxorcieleblad gamoviyenoT.

am paragrafis kargad SeswavliT, safuZveli eyreba umartivesi trigonome-

triuli gantolebebis amonaxsnTa simravleebis gaazrebas.
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1.5. trigonometriuli gantolebebi

winare codnis gaaqtiureba saSinao davalebis Semowmebis paralelurad mim-

dinareobs; ganxilulia umartivesi trigonometriuli gantolebebis kerZo SemTx-

vevebi. nebismieri umartivesi trigonometriuli gantolebis ganxilva erTnairi 

sqemiT mimdinareobs _ viyenebT trigonometriuli funqciebis grafikebs da 

formulebis miRebis grafikul meTods; magaliTad, sinx=m gantolebis amoxsnas 

vukaSirebT y=m da y=sinx funqciebis grafikebis gadakveTis wertilebis povnas. 

samwuxarod, skolaSi damkvidrda trigonometriuli gantolebis ganxilvis aras-

wori tendencia _ iwereboda trigonometriuli gantoleba, magaliTad, sinx=m, 

Semdeg _ yvela amonaxsnTa formula: x=(–1)karcsinm+πk,  k∈Z; es formula yovelg-

vari dasabuTebis gareSe iwereboda, Semdeg ganixileboda sxvadasxva tipis trig-

onometriuli gantoleba da misi amoxsnis xerxi. saganmanaTleblo stan dartisa 

da erTiani erovnuli gamocdebis moTxovnebi ar iTvaliswinebs umartivesisgan 

gansxvavebuli tipis gantolebis ganxilvas, radgan skolaSi bevri axali, ideurad 

ufro mdidari masala Semovida. samwuxarod, zogierTi maswavlebeli TviTnebu-

rad amcirebs geometriuli gardaqmnebis, albaTobisa da statistikis, logikisa 

da simravleTa Teoriis ganxilvisTvis gankuTvnil dros da met dros uTmobs 

sxvadasxva tipis trigonometriuli gantolebis amoxsnis `meTodebis~ Seswavlas 

(e. w. erTgvarovani, erT funqciaze dayvanadi, jamis namravlad da namravlis ja-

mad gadasaqcevi formulebis gamoyenebis). maswavleblebsac sasertifikacio ga-

mocdebze umartivesi trigonometriuli gantolebebis ganxilva im saxiT moeTx-

ovebaT, ra saxiTacaa warmodgenili es Tema Cven saxelmZRvaneloSi.

mniSvnelovania arcsinm, arccosm da arctgm ricxvebis kargad gaazreba; am sakiTxs 

Cven X klasSic SevexeT,^ roca mxolod maxvili kuTxis trigonometriul fun-

qciebs ganvixilavdiT.

`testebiTa~ da amocanebiT ganvimtkicebT codnas umartivesi trigonome-

triuli gantolebebis amoxsnis Sesaxeb.

amocanebis nawili arcsinm, arccosm da arctgm ricxvebis gamoTvlebs ukavSir-

deba.

klasSi vasabuTebT arcsinm-isa da arccosm-is mniSvnelovan Tvisebebs (dava leba 
5 ):

   arcsin(–m)= –arcsinm da arccos(–m)=π–arccosm.

Tu aRvniSnavT: arcsin(–m)= α;  –arcsinm=β; maSin moswavle advilad gaiazrebs 

msjelobas: sinα= –m; sin(–β)=m, saidanac sinβ= –m; amrigad sinα=sinβ.

amasTanave,  – π2≤α≤ π2 , – π2≤β≤ π2 .

radgan [– π2 ;  π2 ] SualedSi yovel mniSvnelobas –1-dan 1-mde sinusi erTxel 

iRebs (am SualedSi sinusi zrdadia), amitom α=β; arcsin(–m)= –arcsinm.

analogiurad, Tu arccom(–m)=α; π–arccosm=β, maSin cosα= –m, cosβ=cos(π–arccosm)= 
=–cos(arccosm)= –m.

amrigad cosα=cosβ.



33

DON'T C
OPY

garda amisa, 0≤α≤π;  0≤β≤π.  amitom α=β, radgan [0; π]  SualedSi kosinusi kle-

badia da yovel mniSvnelobas erTxel iRebs.

6  es amocana wina amocanis analogiurad ixsneba; viTvaliswinebT arctg-is 

gansazRvrebas da tangensis zrdadobas (– π2;  π2 ) SualedSi.

  tg(arctg(–m))=–m;
  tg(–arctgm)= –m.

  – π2<arctg(–m)< π2; – π2<–arctgm< π2;

amitom

  arctg(–m)= –arctgm.

7 - 9  amocanebSi moswavleebi trigonometriuli funqciebis mniSvnelobaTa 

cxri lebsa da 5  da 6  amocanebis Sedegebs iyeneben. magaliTad, 

 arccos(– 3
2 )=π–arccos 3

2 =π– π6  = 5π6  (amocana 8 ); 

 arctg(–1)=–arctg1= – π4  (amocana 9 ).

10  viTvaliswinebT, rom arcsinm da arccosm ricxvebi ar aris gansazRvruli, 

roca |m|>1; magaliTad, ar aqvs azri: arcsinπ-s, arcsin1,6-s.

11  amocana 7 - 9  amocanebis analogiuria.

12   d) vTqvaT,  arcsin π12=α, maSin sinα= π12  da – π2 ≤α≤ π2 ;  cosα=
4
49

2
7= 1– ( π12)2 . 

13   b)    vTqvaT,  arcsin(–0,8)=α, maSin sinα=–0,8 da α∈[– π2 ; 0].	cosα= 1–(–0,8)2 =0,6;

 tgα=– 43 .

14    d)  vTqvaT,  arcsin(3 5 ), maSin sinα= 1–(3– 5 )2 = 6 5 –13.

16    vTqvaT, 

 a) arccos(cos π7 )=α,  maSin cosα=sinπ7   da α∈[0;	π2] amrigad α=π7;

 b)  arccos(–cos π7 )=α,  maSin cosα=–cosπ7   da α∈[π2;	π] amrigad α=π–	π7= 6π
7 ;

 g)   arccos(–x)∈[0;	π], π–arccosx∈[0;	π],  amasTanave cos(arccos(–x))= –x, 
 cos(π–arccosx)= –cosarccosx= –x. amrigad, mocemul kuTxeTa kosinusebi tolia 

da kuTxeebi ekuTvnis [0;	π]	Sualeds. maSasadame, es kuTxeebi tolia.
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17   a)  vTqvaT,  arccos(cos6)=α, maSin cosα=cos6 da α∈[0;	π],
amitom cosα=cos(6–2π)=cos(2π–6), α=2π–6.

19  gaviTvaliswinoT, rom  arctga∈(– π2 ;  π2 ). a)   SemTxvevaSi  arctg 512∈(0;  π2 )  da      

 a)   tgα= 5
12,  cosα= 12

13, sinα= 5
13;                                        

 b) SemTxvevaSi  arctg(–0,75)∈(– π2 ; 0)  da tgα=–0,75=– 34 , cosα= 1
1+tg2α

= 45 , sinα=– 35 ;

 g)    SemTxvevaSi arctg(–3π)∈(– π2 ; 0)  da tgα=–3π, cos2α= 1
1+9π2

, sinα=– 3π
1+9π2

.

20     arctg∈(– π2 ;  π2 ), π–arctg∈(– π2 ;  π2 ). am kuTxeTa tangensebi tolia (–x-is). amrigad, 

es kuTxeebic tolia.

21     arctg(tg2)=α, saidanac tgα=tg2=tg(2–π)  da  radgan α∈(– π2 ;  π2 ), amitom α=2–π.

11     g)  vTqvaT, arccos π4=α, α∈[0; π],  amrigad  cosα= π4 , sinα=
4
49

2
7= 1– ( π4 )2 .

13   b)  vTqvaT,  arccos(–cos π8 )=α,	 amrigad cosα=	–cos π8 	 da α∈( π2 ; π). 

       amitom  α=π– π8= 7π8 .

14   a)   vTqvaT, arccos(cos5)=α,   α∈[0; π],  amrigad  cosα=cos5=cos(5–2π)=cos(2π–5)
      da  α=2π–5.

21 - 28  amocanebis amoxsnisas, moswavleebi umartivesi trigonometriuli 

gantolebebis amoxsnebis formulebs iyeneben.

29  am amocanebSi, zogierTi moswavle aRniSvnas iyenebs, magaliTad, π3  – x4  =y, 

ipovis y-s, Semdeg x-s. Tumca, amoxsna SeiZleba asec CavataroT:

  2sin( π3  – x
4

)= 3 ;

  sin(π3  – x
4

)= 3
2

  π
3  – x

4
 =arcsin 3

2 +2πk;

 an  π
3  – x

4
 =π–arcsin 3

2 +2πk;

  – x
4

 = – π3+ π3+2πk;

 an  – x
4

 = – π3+π– π3+2πk.

pasuxi: x=8πk an x= – 4π3 +8πk, k∈Z.
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zogjer moswavleebs saxelmZRvanelos pasuxebSi 8πk-s win niSani `+~ Secdo-

ma hgoniaT. yuradReba gavamaxviloT im faqtze, rom k∈Z da is Rebulobs yvela 

mTel mniSvnelobas.

30  a) 2cosx=a2–1.
gantolebas amonaxsni aqvs, roca 

 –1≤ a
2–1
2  ≤1;     –2≤a2–1≤2;     –1≤a2≤3;    a2≤3;  |a|≤ 3 ;    – 3≤a≤ 3 .

b)  sinx=2a+1 gantolebas aqvs amonaxsni, roca

 |2a+1|≤1.
 –1≤2a+1≤1, –2≤2a≤0, –1≤a≤0.

g)  tgx= a3 ; a nebismieri ricxvia. 

d)  sinx= a
2–1
3 ;

 –3≤a2–1≤3;    a2≤4;   |a|≤2;   –2≤a≤2.

31  a) sin(x+π
6  )= –1; 

 x+π
6  =– π2  +2πk; k∈Z;

 x= – π6  – π2  +2πk; k∈Z;

 x= – 23  π+2πk; k∈Z.

Tu k=1, miviRebT: x= 43 π, es ricxvi ekuTvnis (π;  3π2 ) Sualeds. sasurvelia, gan-

vixiloT SemTxvevebi:

 sinx=1, x= π2+2πk; k∈Z;

 sinx= –1, x= – π2+2πk; k∈Z;

 cosx=0, x= π2+πk; k∈Z.

g) 2sin2x=1;   sin2x= 12 ,

 sinx= 1
2 

 an sinx= – 1
2 

.

SeiZleba grafiki gamoviyenoT.

[π;  3π2 ] SualedSi y=  1
2 

 da y= – 1
2 

 wrfeebidan mxolod y=– 1
2 

 wrfe kveTs gra-

fiks;  gadakveTis wertilis abscisa aris:  x=π+ π4= 5π4 ;

–1

1

1
2 

π
2

3π
2

5π
4

π
2

3π
2

–– –π π
2π
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marTlac, sin 5π4  = –sin π4  = – 1
2 

.

gantolebis amoxsna: 

 sinx= 1
2 

, x=(–1)k π4 +πk, k∈Z.

 sinx= – 1
2 

, x=(–1)k+1 π4 +πk, k∈Z.

anu, x=± π4 +πk, k∈Z.

am formulebidanac SeiZleba vipovoT saZiebeli ricxvi mocemuli Sualedi-

dan.

d) sin2x=cos2x
 |sinx|=|cosx|;
cxadia, cos≠0 (winaaRmdeg SemTxvevaSi, sinx=0, rac SeuZlebelia).

maSasadame, |tgx|=1,  x=± π4 +πk.

 [0;  π2 ] Sualeds ekuTvnis: x= π4 .

32  dasamtkicebelia: arcsinm= π2 –arccosm; 

 vTqvaT, arcsinm=α, arccosm=β, maSin sinα=m, – π2 ≤α≤ π2 ;  (1)

  cosβ=m, 0≤β≤π; – π2 ≤ π2  –β≤ π2     (2)

  sinα=m; sin( π2  – β)=cosβ=m.

 amrigad, (1) da (2)-is gaTvaliswinebiT α= π2  –β.

33  a) vTqvaT,  arccos(cos π6 )=α,

 maSin   cos(arccos(cos π6 )=cosα, 

   cos π6 =cosα;

 radgan  0≤α≤π, 0≤ π6 ≤π;

 amitom  α= π6 .

b) analogiurad ganixileba.

g) arccos(sin π6 )=arccos 1
2  = π3 ;

 π2  –arcsin(sin π6 )= π2  –arcsin 1
2  = π2  –  π6  =  π3 .
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34  a) Tu arcsin(sinm)=α, maSin sinα=sinm; amasTanave, – π2 ≤α≤ π2 ; 

	 α=m toloba sworia, roca – π2 ≤m≤ π2 .

b) Tu arccos(cosm)=α; maSin cosα=cosm, amasTanave, 0≤α≤π; α=m toloba sworia, 

roca 0≤m≤π.

35  a) vTqvaT, arccos(cos2)=α, maSin cosα=cos2, radgan 0≤α≤π; 0≤2≤π;

 amitom α=2.

 arccos(cos2)=2.

b) Tu arccos(sin2)=α, maSin 0≤α≤π da cosα=sin2, cosα=cos( π2 –2)=cos(2– π2 ), maSasadame, 

cosα=cos(2– π2 ). 0≤α≤π; 0≤2–  π2 ≤π; amitom α=2–  π2 . 

saSinao davalebis 1 - 10  amocanebSi moswavleebi iyeneben umartivesi 

trigonometriuli gantolebebis amoxsnis formulebs: arcsin-is, arccos-isa da arctg-

is trigonometriuli funqciebis mniSvnelobebis cxrilebsa da klasSi amoxsnil 

amocanebs.

22  a)  4cosx=3a–1;  cox= 3a–1
4 ;  d)  3cosx–a2+1=0;  cosx= a

2–1
3 .

  | 3a–1
4 |≤1; –4≤3a–1≤4; –3≤3a≤5;      –1≤ a

2–1
3 ≤1;   –3≤a2–1≤3;   –2≤a2≤4; 

  –1≤a≤ 5
3 .        –2≤a≤2.

23   I. cos( π3  –2x)= 1
2 , 

         π3  –2x=± π3 +2πk,

  –2x=2πk, k∈Z an –2x= – 2π3 +2πk,  k∈Z, 

  x=πk, k∈Z   an  x= π3 +πk,  k∈Z.

  a)  x= π3 ; b) x=π, x= π3 +π= 4π3 ; g) x= – 2π3 ; x=0; x= π3 .

  II.  sin(2x+ π4 )= –1,

  2x+ π4  = – π2  +2πk;

  2x= – 3π4  +2πk;

  x= – 3π8 +πk,  k∈Z.

  a) π– 3π8  = 5π8 ;    b) π– 3π8  = 5π8 ;    g) – 3π8 .
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24  a) α=arccos(cos200);
 cosα=cos200 da radgan 0≤α≤1800, 0≤200≤1800, amitom α=200.
 b) arccos(cos(–800)) =arccos(cos800)=800;

 g) arccos(sin1,9)=α. 

 0≤α≤π, cosα=sin(1,9)=cos( π2  –1,9)=cos(1,9– π2 );

 0≤1,9– π2 ≤π, 

amitom α=1,9– π2 .

 d) α=arccos(cos10); 
 0≤α≤π, cosα=cos10=cos(4π–10); 0≤4π–10≤π, amitom α=4π–10.
sasurvelia, klasSi ganvixiloT 19  amocanis davalebebis amoxsnebi da,^ 

trigonometriuli funqciebis Tvisebebis gamoyenebiT, vimsjeloT: ra SemTx-

vevaSi gamomdinareobs sinα=sinβ, an cosα=cosβ tolobebidan toloba: α=β.

1.6. harmoniuli rxevebi

trigonometriuli funqciebis Tvisebebisa da grafikebis Sesaxeb codnis Se-

jamebas vamTavrebT am funqciebis praqtikuli gamoyenebis magaliTebis ganxilviT. 

rxeviTi procesebi, kerZod, harmoniuli rxevebi trigonometriuli funqciebiT 

aRiwereba. moswavleebi, rxeviTi procesebis periodulobis gaTvaliswinebiT, 

gaiazreben, ratom gamoiyeneba am procesebis aRwerisas trigonometriuli fun-

qciebi. wrewirze Tanabari moZraobis aRwera mimdinareobs Sesabamisi fizikuri 

sidideebis gamoyofiT: brunvis periodi _ dro, romlis ganmavlobaSi materi-

aluri wertili wrewirze erT srul bruns asrulebs: T= t
N , N _ materialuri 

wertilis mier t droSi Sesrulebuli srul brunvaTa ricxvia; sazom erTeulad 

miRebulia wami. 

M wertilis wrewirze moZraobisas, am wertilis orTogonaluri gegmilebi 

Ox da Oy RerZebze asruleben rxeviT moZraobas 2a sigrZis monakveTebze (a wre-

wiris radiusia). es wertilebi N-iT da K-Ti aris suraTze aRniSnuli; maTi moZ-

raoba, Sesabamisad, aRiwereba formulebiT:

    x=acos(ωt+ϕ0) da y=asin(ωt+ϕ0).
aq ϕ0 moZravi wertilis sawyis mdebareobas gansazRvravs. zemoT miTiTebu-

li formulebiT warmodgenil rxeviT moZraobas harmoniuli rxeva ewodeba. asea 

dakavSirebuli wrewirze wertilis moZraoba harmoniul rxevebTan. harmoniuli 

rxevebis gaazrebas emsaxureba magaliTi, roca tvirTi zambaris moqmedebiT as-

rulebs rxeviT moZraobas. aq SeiZleba gamoviyenoT `s~ rubrikiT mocemuli ma-
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sala da avxsnaT _ procesis maTematikuri Seswavla iwyeba zogierTi daSvebis 

gamoyenebiT _ tvirTze moqmedi zogierTi Zalis ugulebelyofiT; am SemTxveva-

Si SesaZlebeli xdeba rxeviTi procesis aRwera formulebiT, romlebic harmo-

niuli rxevebis gantolebebia.

moswavleebs SeiZleba ar axsovdeT grafikebis gardaqmnis SemTxvevebi, rom-

lebic X klasSi ganixileba, amitom dawvrilebiT aris aRwerili zogierTi har-

moniuli rxevis grafikuli warmodgena _ Sesabamisi grafikis agebis procesi.

amocanebis saSualebiT mimdinareobs harmoniul rxevasTan dakavSirebuli 

sidideebisa da harmoniuli rxevebis grafikebis agebis gaazreba.

miTiTebebi zogierTi amocanis amosaxsnelad:
1  Tu harmoniuli rxeva mocemulia x(t)=asin(ωt+ϕ0) formuliT, maSin am har-

moniuli rxevis amplituda aris a, sixSire _ ω. grafikidan Cans, rom a (amplidu-

ta) aris 2, ω=4 (sint-s SekumSva moxda  π2 : π8 =4-jer); moswavlem unda SeZlos Sesa-

bamisi formulis warmodgenac:^ x(t)=2sin4t. 

2   a) x(t)= 34 sin(t– π6 ). aq a= 34 , ϕ0=– π6 , ω=1;

 b) x(t)=0,4sin(0,4πt+ π8 ), aq a=0,4, ϕ0= π8 , ω=0,4π;

 g) x(t)=4sin(7t–3), a=4, ω=7, ϕ0= –3; 

 d) x(t)= π3 sin4t, a= π3 , ω=4, ϕ0=0.

3   a=3,5, Τ= 3π2 , ϕ0= π3 .

 gaviTvaliswinoT:Τ̂= 2π
ω

, ω= 2πT =2π: 3π2  = 43 ;

 x(t)=3,5sin( 43 t+ π3 ).

4  g) y=4cos(x+ π
4 ); grafiki miiReba y=cosx funqciis grafikisgan Oy RerZis 

gaswvriv 4-jer gaWimvisa da paraleluri gadataniT P(0; – π4 ) veqtoriT; suraTi 

SeiZleba ixiloT saxelmZRvanelos pasuxebSi.

Oy RerZs kveTs (0; 2 2) wertilSi: maqsimumis wertilebia x= – π4 +2πk, k∈Z;

nulebi:  π4 +πk, k∈Z.

5  aq unda gamoviyenoT formula: Τ= 2π
ω

, anu ω= 2πT  ≈  2⋅3,14
5400  rad/wm, radgan  

Τ=1 sT 30 wT = 5 400 wm. maSasadame, ω≈0,0012 rad/wm.

6  mocemulia: ϕ=3t; borblis wertilebis kuTxuri siCqare ase gamoiTvleba:

ω= ϕt  =3 (rad/wm); radiusi r =0,2 m, wiriTi siCqare: v=ωr =3⋅0,2=0,6 m/wm.
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7  aq r (radiusi) =^62 sm = 0,62 m;

	 	 Τ	=60 wT = 3600 wm

wiriTi siCqare gamoiTvleba formuliT:

  v= 2πr
T  = 2π⋅62 sm

1 sT
 =124π sm/sT,

an   v= 2πr
T  ≈ 2⋅3,14⋅0,62

3600  ≈	0,001 (m/wm).

kuTxuri siCqare: ω= vr  = 124π62  =2π rad/sT, an ω= vr  = 0,0010,62  =0,002 (rad/wm).

moswavlem miaqcios yuradReba v, r da Τ-s ganzomilebebs.

saSinao davalebis amocanebSi moswavleebi im formulebs iyeneben, romelTa 

saSualebiTac saklaso amocanebi amoixsna. grafikebi saklaso davalebaSi moce-

muli grafikebis analogiurad aRiwereba.

1  aq, grafikis mixedviT, gvaqvs: a= 12 , c=0, ω= π2 : π4 =2.

2  d) x(t)=4sin(2t–3); a=4, ω=2, ϕ0= –3.

4  2R=0,2 m, R=0,1 m.

12000 bruns akeTebs 10 wT-Si, anu 600 wm-Si, 1 bruns _  1
20  wm-Si. Τ= 1

20  wm 

aris brunvis periodi; kuTxuri siCqare ω= 2πT =40π rad/wm;  wiriTi siCqare 

v=ωR=40π⋅0,1=4π m/wm.

5  analogiuri amocana klasSi iyo amoxsnili.

6  A da B wertilebis wiriTi siCqareebia: v1=6 m/wm, v2=5,5 m/wm, AB=0,15 m.

Tu A wertilis moZraobis traeqtoriis radiusia R, maSin B wertilis iqneba 

R–0,15.

orive wertilis kuTxuri ω siCqareebi tolia, amitom gveqneba:

 v1

R  = v2

R–0,15  ; v1R–0,15v1=v2R. 

(v1–v2)R=0,15v1,

R= 0,15v1

v1–v2
 = 0,15⋅6

0,5   =  0,9
0,5  =1,8 (m).

kompleqsuri davaleba am Tavis samizne cnebebs ukavSirdeba, is gamiznulia 

dasaxelebuli Temis farglebSi gansaxilveli sakiTxebis dasamuSaveblad da axa-

li codnis asagebad; moswavlem unda SeZlos, axsnas rxeviTi procesebis aRwer-

isas trigonometriuli funqciebis gamoyenebis mizezebi; moiZios informacia 

sxvadasxva rxeviTi procesis Sesaxeb, maT Soris harmoniuli rxevebis Sesaxeb, 

Seadaros wrewirze Tanabari moZraoba harmoniul rxevebs; moswavlem unda aR-
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weros is fizikuri sidideebi (amplituda, faza, sawyisi faza, sixSire, wiriTi 

siCqare, kuTxuri siCqare), romlebic wrewirze Tanabar moZraobas ukavSirdeba; 

internetis saSualebiT SeiZleba videomasalis moZiebac, romlebzec sxvadasxva 

rxeviTi procesebia aRwerili. SeiZleba im masalis gamoyenebac, romelic saxelmZ-

RvaneloSi `s~ (sxvadasxva) rubrikiT aris warmodgenili da aRwerilia procesis 

maTematikuri modelis Seqmnis sawyisi stadia _ e. w. formaluri modelis Se-

qmna _ sxvadasxva garemoebis ugulebelyofa da daSvebebi, romlebic aucile-

belia maTematikis gamosayeneblad. zogierTma moswavlem SeiZleba moiZios cno-

bili amocanis _ `mtaceblisa da msxverplis~ amocanis maTematikuri modelis 

ufro dawvrilebiTi aRwera, vidre saxelmZRvaneloSia warmodgenili; SeiZleba 

Sesabamisi formulebis amowerac, es formulebi trigonometriul funqciebs 

Seicavs da im rxeviT process Seesabameba, romelic mtaceblisa da msxverplis 

raodenobebis cvlilebebs Soris kavSirs aRwers. zogierTma moswavlem SeiZleba 

moiZios is gantolebebi, romlebsac eqvemdebareba moZraoba, gamowveuli zam-

baris drekadobis Zalebis moqmedebiT. es gantoleba akavSirebs x(t) funqcias mis 

meore rigis warmoebulTan, aseT gantolebebs ki trigonometriuli funqciebi 

akmayofilebs. prezentaciisas unda aRiniSnos rxeviTi moZraobis damaxasiaTebe-

li Tviseba, moZraobis perioduloba; periodul rxevebs Soris gansakuTrebuli 

adgili harmoniul rxevebs ukavia. am rxevebis maxasiaTebeli sidide droSi icv-

leba e. w. sinusuri wesiT; Tu aRniSnuli sididea sxeulis x koordinati, maSin 

    x(t)=asin(ωt+ϕ0),
a rxevis amplitudaa, ω _ rxevis sixSire da rxevis Τ periodTan dakavSirebulia 

formuliT:  ω= 2πT .

prezentaciisas unda aRiniSnos, rom wrewirze moZraoba rxeviTi moZraobis 

erT-erTi saxea; SeiZleba magaliTebis moyvana _ magaliTad, dedamiwis zeda-

piris wertilebis brunva dedamiwis RerZis garSemo; avtomobilis borblis wer-

tilebis brunva; saaTis isris wertilebis brunva.

amocanebi TviTSefasebisTvis

sakiTxebi: perioduli procesebi da perioduli funqciebi, trigonometri-

uli funqciebi, Tvisebebi da grafikebi.

mkvidri warmodgenebi: perioduli procesebi, rogorc wesi, aRiwereba trig-

onometriuli funqciebiT; sxvadasxva sakvlevi, samecniro sakiTxisa, Tu yofi-

Ti movlenis ganxilvisas sidideebi warmoidgineba Sesabamisi maxasiaTeblebiT 

(ricxvebiT, mimarTulebiT).

Sefasebis indikatorebi. moswavlem unda SeZlos sidideebsa da maT er-

Teulebs Soris Tanafardobis gamoTvla; Sesaswavli procesidan gamomdinare, 

sidideTa Soris funqciuri kavSiris damyareba, trigonometriuli funqciis ga-

moyeneba sxvadasxva konteqstSi cvlilebaTa gasaanalizeblad da realuri mov-

lenis modelirebisTvis.

savaraudo dro: 2 sT.
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TviTSefasebis testis saSualebiT, moswavle kidev erTxel Seafasebs Tavis 

SesaZleblobebs, Tavisi codnis dones, aRmoaCens xarvezebs sakuTar codnaSi. 

maswavlebeli iTvaliswinebs moswavleTa mosazrebebs TviTSefasebis testis Ses-

rulebis Sesaxeb da iyenebs ganmaviTarebeli SefasebisTvis. 

miTiTebebi zogierTi amocanis amosaxsnelad.

1  d) Tu [5–3x]=–10, maSin, cxadia, 

  –10≤5–3x<−9;
  –15≤–3x<–14;

   
14
3 <x≤5.

2  sinkx-is umciresi dadebiTi periodia  
2π
k . miviReT:  

2π
k  =9π, k= 

2
9 .

3  

  cxadia, ∠AOB= 
π
2 ; misi damatebiTi kuTxe _ 

 2π– π2  =3π2 .

4   sin 7π8 tg9π
8 =sin(π– π8 )tg(π+ π8 )=sin π8 tg π8 >0;

  cos4π
5 tg3π

8  =cos(π– π5 )tg3π
8  = – cos π5 tg3π

8 <0.

5  α aris II meoTxedis kuTxe, cosα= – 4 5
9

, tgα= – 5
20

.

6  3x– π6 = – π4 +πk, k∈Z;

  3x= – π12+πk, k∈Z;

  x= – π36+ πk
3 , k∈Z.

7  SeiZleba gamoviyenoT kosinusis grafiki; SeiZleba visargebloT dayvanis 

formuliT:

  sinx= – 3
2

;

  x= – π3 +2πk, k∈Z             (1)

 an  x= 4π3 +2πk, k∈Z.                      (2)

(1)-dan, Tu k=0, gvaqvs: x= – π3 ;

(2)-dan, Tu k=0, gvaqvs: x= 4π3 ; 

Tu k= –1, gvaqvs: x= – 2π3 .

A

O

B
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8  visargebloT grafikiT; 

 AB rkalis Sesabamisad, gvaqvs:

 – π6 +2πk≤x≤ π6 +2πk,  k∈Z.

9  arcsin(cos π6 )+arccos(sin(– π4 ))=

=arcsin 3
2

+arccos(– 2
2

)= π3 +π– π4  = 13π
12 .

10  a=π; T= 5π
3 ,   ϕ0=

π
8 .	 	 ω= 2πT  =2π: 5π3  = 65 ;

  x(t)=πsin( 6
5 t+ π

8 ).

 SeafaseT Tqveni Sedegi

1  amocanaSi ricxvis mTeli da wiladi nawilebis cnebebis Sinaarsis codna 

SegifasdebaT 0,5 quliT; a) da b) davalebebis  amoxsniT daimsaxurebT kidev 0,5-

0,5 qulas; g) da d)  davalebebidan TiToeulis amoxsniT _ kidev TiTo qulas; 

e) davalebaSi sistemis amoxsniT da x-is dadgeniT _ kidev 1,5 qulas. amocana 

5-quliania.

2  amocanaSi y=sinx-is umcires dadebiT periodsa da y=sinkx-is periods So-

ris Tanafardobis mixedviT (an uSualo ganxilviT) amocanis amoxsna moganiWebT 

1 qulas. amocana 1-quliania.

3  amocanaSi miTiTebuli centruli kuTxeebis mixedviT saTanado rkalebis 

radianuli zomebis povniT daimsaxurebT 2 qulas.

4  amocanaSi TiToeuli funqciis niSnis dadgeniT daimsaxurebT 0,5 qu-

las.  mocemuli gamosaxulebebis SedarebiT _ kidev 0,5 qulas. amrigad, amocana 

2,5-quliania. 

5  amocanaSi sinusis mixedviT kosinusisa da tangensis dadgena Sefasdeba 

0,5-0,5 quliT. niSnis arasworad  miTiTebis SemTxvevaSi mxolod 0,5 qulas daim-

saxurebT. amocana 1-quliania.

6  amocanaSi tgx=m gantolebis amonaxsnTa formulisa da mis mixedviT 

mocemuli gantolebis amonaxsnebis povna Sefasdeba 2 quliT, mcire  xarvezebis 

SemTxvevaSi _ mxolod 1 an 1,5 quliT.

7  amocanis zogadi amonaxsnidan saZiebeli amonaxsnebis gamoyofiT, an sxva 

mosazrebebiT miRebuli pasuxi Sefasdeba 2,5 quliT. amonaxsnTa arasruli sim-

ravlis miTiTebisas dasaSvebia 2 an 1,5 qulis miReba. umaRlesi Sefasebaa 2,5 

qula.
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8  amocanaSi cosx= 
3

2
 gantolebis amonaxsnebis miTiTebisas daimsaxurebT 

0,5 qulas, mocemuli utolobis amoxsnis warmodgeniT _ kidev 2 qulas. mcire 

xarvezis SemTxvevaSi dasaSvebia 1 an 1,5 qulis miReba, amocana 2,5-quliania.

9  amocanaSi sinusisa da kosinusis mniSvnelobaTa povniT daimsaxurebT 

0,5-0,5 qulas. mocemul gamosaxulebaSi TiToeuli Sesakrebis mniSvnelobis mi-

TiTebiT daimsaxurebT kidev TiTo qulas, amrigad, amocana 3-quliania.

10  amocanaSi harmoniuli rxevis zogadi formulis warmodgeniT daimsax-

urebsY 0,5 qulas, sixSiris dadgeniT _ kidev 0,5 qulas, saZiebeli formulis 

dadgeniT _ kidev 0,5 qulas, amrigad, amocana 1,5-quliania.

ramdeni qula miiReT?

21-23 qula _ davaleba Sesrulebulia Zalian kargad (Sefaseba maRalia);

17-20 qula _ davaleba Sesrulebulia kargad (Sefaseba saSualoze maRalia);

12-6 qula _ davaleba Sesrulebulia nawilobriv (Sefaseba saSualoa);

12 qulaze naklebi qulis SemTxvevaSi gWirdebaT ufro gulmodgine muSaoba 

(Sefaseba dabalia).

I Tavis damatebiTi amocanebi 

miTiTebebi zogierTi amocanis amosaxsnelad

mTeli da wiladi nawilebis cnebebis Sesaxeb codnis ganmtkiceba 1  da 2  

amocanebis gamoyenebiT xdeba.

1  a) [x]=5; es gantoleba tolfasia ormagi utolobis: 5≤x<6. 
 g) [2x–3]=5;       e) {3x–1}=0,8;
 5≤2x–3<6; 8≤2x<9;    3x–1=k+0,8, k∈Z; 
 4≤x<4,5.    3x=k+1,8, k∈Z;

      x= k3 +0,6, k∈Z.

2  d) {x}=0,2; x=k+0,2, k∈Z;   3   f(4x)-is periodia  64  = 32 ;

     4x=4k+0,8, k∈Z;   f(6x)-is _  66  =1= 22 ;

     4x+2=4k+2,8, k∈Z;   f(4x)+f(6x)-is _  62  =3.

     {4x+2}=0,8.

4  pirobis Tanaxmad, Τ=4, f(–x)=f(x) da f(1,2)=2,5; f(–1,2)=2,5;

  f(13,2)=f(13,2–3⋅4)=f(1,2)=2,5;
  f(–5,2)=f(5,2)=f(1,2)=2,5;
  f(18,8)=f(–18,8)=f(–18,8+5⋅4)=f(1,2)=2,5.

5   d) y=4cos( π3 x–2); Τ=2π: π3  =6.
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6   ∪BA=∪AC=∪CB=1200;
	 	 	 ∪PA=1200–720=480. 

 a) 480

R0 ;  b) 1200

R0 ;

	 g)	 ∪PB=720;  3600–720=2880, 2880

R0 ;

 d) 2400

R0 .

7   SOY(A)=A′=(–1; 3 );

	 	 ∠AOA′=2arctg
1

 3
 =2⋅ π6 	=  π3 .

8  P=(4; 2)

  tg∠POM= 12 ; OP= 20=2 5 ; cos∠POM=
2

 5
,

  sin∠POM=
1

 5
.

9   ∠POB=α; tgα= 5
2

; cosα= 1

1+ 54

 = 23
   sinα= 5

3
;

vTqvaT, P=(x; y), x<0, y<0.

   cos= |x|
R  = |x|

12  ; |x|=12· 23 =8, x= –8;

   sinα= |y|
12 ; |y|=4 5 , y= –4 5 .

10   –1≤ 4a–3
4  ≤1; – 4≤4a–3≤4; –1≤4a≤7; – 1

4
≤a≤ 7

4
.

12  y=kx+b;   k=tg450=1,    19  2x+ π4  = π2 ; 2x= π4 ;

  –2=3+b;   b= –5;   y=x–5.       x= π8 .

21  b) | 4a2–9
3 |>1;

  4a2–9>3;      4a2>12;   a2>3;  |a|>3;

an   4a2–9<–3;   4a2<6;   a2< 3
2

;    |a|< 6
2

.

  (–∞; – 3 )∪( – 6
2

;  6
2
)∪( 3 ; +∞).

23  d) sin(3x– π
4

)= –1;  24  g)  cos(3x+π
4

)=0;   

  3x– π
4

= – π
2

+2πk, k∈Z;    3x+π
4

 = π
2

+πk, k∈Z;     

  3x= – π
4

+2πk, k∈Z;   3x=π
4

+πk,  k∈Z; 

  x= – π
12

+2π
3

k, k∈Z.   x= π
12

+π
3

k, k∈Z.

α
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25  a) tgx-is mimarT kvadratuli gantoleba gvaqvs;

    tgx=3 an tgx= 13 .
    x=arctg3+πk;   x=arctg 13 +πk; k∈Z.

 d) 2cos2x+3cosx–5=0;
    D=9+40=49;

    cosx≠	– 52 ,

    cos=1, x=2πk, k∈Z.

26  a) sinx<1 sruldeba nebismieri x-isTvis, garda 

     x=π
2

+2πk, k∈Z ricxvebisa.

  d) tgx>0 sruldeba nebismieri x-isTvis Sualedebidan 

     πk<x<π
2

+πk, k∈Z.

27   tg(2x+π
3

)=1; 2x+π
3

 = π
4

+πk;

   2x=– π
12

+πk; x=– π
24

+π
2

k= – π
24

+12π
24

k.

Tu  k=3, maSin x= 35π
24

;

Tu  k=4, maSin x= 47π
24

;

Tu  k=5, maSin x= 59π
24

;

Tu  k=6, maSin x= 71π
24

.

x-is mxolod es mniSvnelobebi ekuTvnis miTiTebul Sualeds.

28  R=30 m, ω=π
6

 rad/wm, v=ωR=5π m/wm.
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Semajamebeli wera #2
Tematuri bloki: perioduli procesebi da perioduli funqciebi; trigono-

metriuli funqciebi. 

samizne cnebebi: sidideebi, Sesabamisoba, funqcia (sidideebs Soris damo-

kidebuleba), grafiki, gantoleba.

Sefasebis indikatorebi: moswavlem unda SeZlos trigonometriuli gan-

tolebis zogadi amonaxsnis warmodgena, miTiTebuli Sualedidan  amonaxsnebis 

SerCeva; rxeviTi procesebis aRwera trigonometriuli funqciebiT. 

 

amocanebis nimuSebi:

1  ipoveT sinx= 12  gantolebis yvela amonaxsni, romlebic ekuTvnis [–2π; 0] 
Sualeds.

2  ipoveT x-is yvela mniSvneloba [0; 2π] Sualedidan, romlebic akmayofilebs 

tgx= 3  gantolebas.

3  ipoveT sinx=0,1 gantolebis is amonaxsni, romelic 

  a) [2π;  
5π
2 ] SualedSia; b) [ π2 ; π] SualedSia.

4  amoxseniT gantoleba: 

  a) 2sin( π4  –2x)= 2 ;  b) 2cos( π3  – x
3

) –1=0; g) 2tg(x– π4 )+ 3 =0.

5  erT-erTi trigonometriuli gantolebis amonaxsnTa simravles aseTi 

saxe aqvs: (–1)k+1π
3  – π4 +πk, k∈Z. warmoadgineT amonaxsnebi luwi da kenti k-sTvis 

da SearCieT maTgan is amonaxsnebi, romlebic [– π2 ; 3π] Sualeds ekuTvnis. 

6  harmoniuli rxeva warmodgenilia x(t)=0,2sin(3t– π3 ) formuliT. ipoveT am 

rxevis periodi, amplituda da sawyisi faza.

pasuxebi: 1  – 11π
6

 da – 7π
6

. 2  x= π
3

, x= 4π
3

. 3   a) 2π+arcsin0,1, b) π–arcsin0,1.  

4  a) x1=πk; x2= – π4 +πk, k∈Z; b) x1=6πk; x2=2π+6πk, k∈Z; g) x= π12+πk, k∈Z. 5   13π
12  da  17π

12 . 

6  0,2 _ amplituda, – π3  _ sawyisi faza,  2π3  _ periodi.

miTiTebebi:

1  x1= π6 +2πk da x2= 5π6 +2πn, n∈Z, k∈Z amonaxsnebidan pirobas akmayofilebs  

–2π+ π6  da –2π+ 5π6 . 5  ganvixiloT k-s mniSvnelobebi k=2n da k=2n+1. maSin 

amonaxsnTa simravle SeiZleba ase CavweroT: x1= – π3  –	 π4 +2πn= – 7π12 +2πn, n∈Z;  

x2= π3  –  π4  +π(2n+1)=π+ π12+2πn, n∈Z. maTgan [– π2 ; 3π] Sualeds ekuTvnis π+ π12 da  

2π– 7π12 . 6  amplitudaa 0,2, periodi _  2π3 , – π3  aris sawyisi faza.



48

DON'T C
OPY

ganmsazRvreli Sefasebis rubrika

1 - 4  amocanebis TiToeuli davalebis Sesruleba Sefasdes 1 quliT. gan-

tolebis mxolod zogadi amonaxsnis an miTiTebul amonaxsnTa arasruli simrav-

lis warmodgena _ mxolod 0,5 quliT.

5  k-s luwi da kenti mniSvnelobebisTvis cal-calke amonaxsnebis warmod-

gena Sefasdes 1 quliT, miTiTebuli Sualedidan amonaxsnebis SerCeva _ kidev 

1 quliT.

6  amplitudis da sawyisi fazis miTiTeba _ 0,5 quliT, periodis miTiTeba 

_ kidev 0,5 quliT.

aRwerili aqtivoba meore Semajamebeli weraa, romelic trigonometriul 

funqciebs da maT gamoyenebebs mieZRvna. amjerad xazgasmulia umartives trig-

onometriul gantolebebTan da harmoniul rxevebTan dakavSirebuli sakiTxebi. 

am didi mniSvnelobis gamo, bunebrivia, kvlav, Semajamebeli weris ganmsazRvre-

li Sefasebebis Semdeg, codnis gaRrmavebasa da wardgenil amocanaTa analizs 

mivuZRvnaT ganmaviTarebeli Sefaseba. ufro dakonkretebuli miznebi am ganma-

viTarebeli Sefasebisa winamorbed ganmaviTarebel SefasebaSi aisaxa, amitom aq 

maT aRar gavimeorebT.

Semajamebeli weris davalebaTa sajaro analizis dawyebamde, moswavleTa 

aqtiuri CarTulobiT, mimovixiloT sin, cos da tg trigonometriuli funqciebi 

da maTi grafikebi. es ganxilva kidev ufro warmoaCens trigonometriul gan-

tolebaTa amoxsnis detalebs. ganixileT elementarul (umartives) trigonome-

triul gantolebaTa saxeebi: gansakuTrebuli yuradReba arcsina, arccosa da arctga 

amonaxsnebs dauTmeT; es sakiTxi didad saxaliso da naTeli ar aris xolme mos-

wavleebisTvis. klasma unda dainaxos am amonaxsnebisTvis ratom SeirCa esa Tu 

is Sualedi ricxviT wrfeze, ramdeni amonaxsni moeZebneba mocemul gantolebas 

aRniSnul SualedSi; am standartuli amonaxsnebis gamoyenebiTa da funqciaTa 

periodulobis gaTvaliswinebiT rogor aigeba mocemuli gantolebis yvela amo-

naxsnis simravle.

moswavleTa erT nawils ar uWirs TiToeuli tipis gantolebis zogadi amo-

naxsnis formulis damaxsovreba da miTiTeba, Tumca maTgan raime SualedSi ar-

sebuli kerZo amonaxsnebis moZiebas ver axerxebs. am sakiTxis ganxilvisas xaz-

gasmiT warmoaCineT am Ziebis procesi, amowereT ara mxolod TqvenTvis cxadi 

mniSvnelobebi mTel ricxvTa usasrulo simravlidan da saTanado amonaxsnebi. 

amis Semdeg, SesaZloa ricxvebis Sedarebis aratrivialuri ganxilviT, daitovoT 

mocemuli Sualedis amonaxsnebi. amiT moswavleebi TvalnaTliv dainaxaven ro-

gor scdeba, an rogor miekuTvneba mocemul Sualeds esa Tu is amonaxsni. 

trigonometriul funqciaTa CarTva rxeviTi procesebis ganxilvaSi imdenad 

mniSvnelovani aqtivobaa, rom erTaderTi amocanis sajaro ganxilva Seavsebs 

arsebuli sakiTxebis farTo kvlevas. amiT xom realuri procesebis aRweris ni-

muSebs ganixilavT.
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axla warmogidgenT am ganmsazRvreli Sefasebis mixedviT dakonkretebul 

zogadad Camoyalibebuli solo taqsonomiis akademiur miRwevaTa doneebs. 

1. prestruqturuli done. aqvs aramkafio warmodgena trigonometri-

ul funqciebze, maT Tvisebebze, grafikebze. ver ayalibebs mkafiod amocanaTa 

pirobebs, gantolebis zogadi amonaxsnis gacnobis Semdegac ki uWirs ramdenime 

konkretuli amonaxsnis dasaxeleba.

2. unistruqturuli done. axerxebs trigonometriul gantolebaTa zoga-

di amonaxsnebidan kerZo amonaxsnebis miRebas, Tumca uWirs maTgan gamoyofa im 

amonaxsnebis, romlebic mocemul Sualeds ekuTvnis. erTveba trigonometriul 

funqciaTa grafikebis ganxilvaSi, Tumca fragmentulad. bundovani warmodgena 

aqvs rxeviTi procesebis aRweraze.

3. multistruqturuli done. erTveba yvela sakiTxis ganxilvaSi, Tumca am 

dros zogjer araTanmimdevrulia. aRwers, Tu ra principiT SeirCa gantolebaTa 

standartuli amonaxsnebi: arcsina, arccosa, arctga. maTi daxmarebiT rogor aigeba 

zogadi amonaxsni _ am sakiTxs Tanaklaselebs mkafiod ver uxsnis. harmoniuli 

rxevis gantolebis mixedviT asaxelebs rxevis amplitudas, periods da sawyis 

fazas, magram maT Soris kavSirebs srulyofilad ver warmoadgens.

4. mimarTebiTi done. amoxsna Semajamebeli weris yvela amocana, Camoayali-

ba amoxsnebis gzebi mkafiod, struqturirebulad. sisrule aklda rxeviTi pro-

cesebis warmodgenas da aRweras, Tumca SeZlo amocanis amoxsna.

5. gafarToebuli abstraqtuli done. moswavlis naSromSi, sajaro ganxil-

vaSi igrZnoba misi maRali akademiuri mzaoba. sakiTxebis kvlevaSi CaRrmavebis 

drosac naTlad warmoaCens arsebiT detalebs. ufro metic, Tavad saxavs sa-

kiTxTa ganzogadebis gzebs da maTi gadaWris Sesaxeb yuradsaReb hipoTezebs. 

misi msjelobis stili mkafio da damajerebelia.

ganmaviTarebeli Sefasebis Semdeg CaniSneT am ganxilvisas aRmoCenili sayu-

radRebo faqtebi; miRwevebi, xarvezebi, konkretul moswavleebTan Semdgomi 

muSaobis mimarTulebebi. es Canawerebi gaaiolebs Tqvens Semdgom muSaobas da 

ufro warmatebuls gaxdis mas.
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II Tavi

trigonometriuli Tanafardobebi samkuTxedSi

Temebi: trigonometriuli Tanafardobebi samkuTxedSi.

saaTebis savaraudo raodenoba: 16 sT.

Temis farglebSi dasamuSavebeli sakiTxebi: sinusebis Teorema, kosinusebis 

Teorema.

samizne cnebebi da 

maTTan dakavSirebu-

li mkvidri warmod-

genebi

sakiTxebi sakvanZo SekiT-

xvebi

kompleqsuri  

davaleba

samkuTxedis elemen-

tebs Soris kavSirebis 

dasadgenad viyenebT 

trigonometrias.

samkuTxedis far-

Tobis formulebi; 

Caxazuli da Semo-

xazuli wrewirebi.

ra praqtikuli 

gamoyenebebi 

aqvs sinusebisa 

da kosinusebis 

Teoremebs?

trigonometriis 

sxvadasxva ga-

moyeneba.

Sefasebis indikatorebi: moswavlem unda SeZlos geometriuli obieqtebis 

gansazRvrebaTa da TvisebaTa sworad Camoyalibeba; geometriuli obieqtebis 

zomebis gamoTvla (maT. saS. 4); realur cxovrebaSi sxvadasxva yofiTi movlenis 

ganxilvisas sidideebis warmodgena Sesabamisi ricxviTi maxasiaTeblebiT; sidi-

deebsa da maT erTeulebs Soris Tanafardobis gamoTvla. realur cxovrebaSi 

geometriuli formebis amocnoba, aRwera, klasifikacia; geometriuli obieqtis 

zomis (magaliTad, sigrZis) gamoTvla (maT. saS. 4). 

cxovrebaSi mimdinare movlenis maTematikuri modelireba, trigonometriis 

gamoyeneba yofiTi problemebis gadaWrisas.
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2.1. sinusebis Teorema

axal masalaze gadasvla winare codnis gaaqtiurebiT iwyeba.  samkuTxedis 

kuTxeebis  jamis formula, piTagoras Teorema, sinusis, kosinusisa da tangen-

sis gansazRvrebebis Sesaxeb codnis gameoreba axali masalis aTvisebis aucile-

beli pirobaa. SeiZleba gakveTili kompleqsuri davalebis gacnobiTac daviw yoT 

da moswavleTa yuradReba gavamaxviloT praqtikuli amocanebis amoxsnisas sam-

kuTxedis kuTxeebisa da gverdebs Soris sxvadasxva Tanafardobis aRmoCenisa da 

damtkicebis mniSvnelobaze. me-2 Tavis pirveli paragrafiT viwyebT im Teoreme-

bis damtkicebas, romlebic maTematikis mravali praqtikuli gamoyenebis safuZ-

velia; swored aseTi praqtikuli problemis CamoyalibebiT viwyebT samkuTxedis 

gverdebsa da kuTxeebis trigonometriul funqciebs Soris kavSirebis aRmoCe-

nis process; erT kerZo SemTxvevaSi amocanis amosaxsnelad piTagoras Teoremis 

gamoyeneba SeiZleba iyos sakmarisi; Tumca, nebismier samkuTxedSic gvaqvs ana-

logiuri proporciis daweris SesaZlebloba (gverdebi mopirdapire kuTxeebis 

sinusebis proporciulia). ase `mivdivarT~ sinusebis Teoremis Camoyalibebamde. 

Teoremis damtkiceba moswavleTa aqtiuri CarTulobiT, konstruqtivistul re-

JimSi unda warimarTos.

_ ra SemTxvevebi SeiZleba gvqondes ABC samkuTxedSi A da C kuTxeebis mi-

xedviT, Tu C kuTxe ar aris marTi kuTxe? (C maxvilia, A maxvilia; C maxvilia, A 

blagvia; C blagvia).

_ SeiZleba Tu ara, rom A da C _ orive blagvi iyos?

_ ganixileT simaRlis gavlebis Semdeg miRebuli marTkuTxa samkuTxedebi 

da mTeli klasi aqtiuri CarTulobiT miakvlevs formulebs, romlebiTac simaR-

le gamoisaxeba jer a, Semdeg ki c gverdebiT.

es Sedegebi migviyvans  c
sinC  = b

sinB   formulamde. analogiuri msjeloba A wve-

rodan gavlebuli simaRlis SemTxvevaSi daasrulebs im formulis miRebas, rome-

lic sinusebis Teoremas gamosaxavs.

moswavleebs vavalebT praqtikuli amocanis ganxilvas, romelic sinusebis 

Teoremis praqtikul gamoyenebas aRwers.

mniSvnelovania sinusebis Teoremis sxva saxiT Camoyalibebac _ igi gvexma-

reba samkuTxedze Semoxazuli wrewiris radiusis formulis dadgenaSi: moswav-

leebi daadgenen, rom samkuTxedis yoveli gverdis sigrZis Sefardeba mopirda-

pire kuTxis sinusTan am samkuTxedze Semoxazuli wrewiris diametris tolia. 

zogierTma moswavlem SeiZleba SeniSnos, rom SeiZleboda sinusebis Teorema am 

faqtis dasabuTebiTa da gamoyenebiT dagvemtkicebina.

amocanebi ganamtkiceben codnas sinusebis Teoremisa da misi gamoyenebebis 

Sesaxeb; sinusebis Teoremis gamoyenebiT, moswavleebi advilad daadgenen pasu-

xebs `testebSi~.
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miTiTebebi zogierTi amocanis amosaxsnelad:

sinusebis Teoremisa da kalkulatoris gamoyenebiT, moswavleebi xsnian  
1 - 8  amocanebs. 

9  ABC samkuTxedi marTkuTxaa; ∠C=900; AB=50 km. 

moswavlem SeiZleba airCios sinusebis Teoremis gamoye-

neba:    50
sin900  =  AC

sin400  =  BC
sin500 .

Tanaklaselma SeiZleba SeniSnos, rom marTkuTxa sam-

kuTxedSi maxvili kuTxis sinusis gansazRvrebis Tanaxmad,

     AC
sin400  =50;

man igive toloba dawera, radgan sin900=1. Sesabamisad, 

kalkulatoris an cxrilebis gamoyenebiT vipoviT gavlil manZils: 

   AC+BC=50sin400+50sin500 ≈	70,44 km.

am amocanis amoxsnisas, moswavleebi imeoreben trigonometriul Tanafardo-

bebs marTkuTxa samkuTxedSi.

10  samkuTxedis C wverosTan kuTxe aris β–α. sinusebis Teoremis Tanaxmad,   
AB

sin(β–α)=
a

sinα ; aqedan, a= 2sinα
sin(β–α).

11  sinusebis Teoremis gamoyenebiT, 15
sin850  = 25

sinα , aqedan, sinα	≈	25⋅0,9962
15 >1, 

rac SeuZlebelia.

12  Sebrunebuli Teorema: Tu samkuTxedis udidesi gverdis sigrZe sxva 

gverdis sigrZisa da am sxva gverdis mopirdapire kuTxis sinusis Sefardebis 

tolia, maSin samkuTxedi marTkuTxaa.

pirobis Tanaxmad, m= b
sinB ; 

sinusebis Teoremis Tanaxmad,  m
sinC = b

sinB ;

maSasadame, sinC=1; ∠C=900.

zogierTma moswavlem SeiZleba sxva amoxsna Se-

mogvTavazos:  b
sinB =2R; m=2R, e. i. m ABC samkuTxedze 

Semoxazuli wris diametria, ∠C diametrze dayrdnobili kuTxea, is marTia.

13  ABD samkuTxedSi sinusebis Teoremis Tanaxmad,  

c
sinβ  =	 BD

sinα ; BD
c  =	 sinα

sinβ ;  ∆ADC-Si, analogiuri  msjelo-

biT, CD
sinα  =	 b

sin(1800–β) ;   CD
b  =	 sinα

sinβ ;

maSasadame, BD
c  = CD

b ; BD
CD = cb ;

es samkuTxedis biseqtrisis mniSvnelovani Tvisebaa.

C

A Bm

b

α
α

β

1800–β
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15   ∠A=900, β=250, a=50 m. 

  a)   AC
sinβ  = a

sin(900–β) ; 

 AC=a·tgβ (es formula ician moswavleebma); 

 AC=50⋅tg250 ≈ 23,3 (m).

 b) axla, vTqvaT, ∠A=960, maSin ∠C=1800–250–960=590.

     AC
sinβ  = a

sin∠C ; 

    AC=50⋅ sin250

sin590  ≈ 24,652 (m).

16  Sebrunebuli Teorema: Tu samkuTxedis gver-

debis mopirdapire kuTxeebi tolia, maSin es gver-

debic tolia.

α=β, maSin, cxadia, orive maxvili kuTxea,  

 a
sinα  = b

sinβ . radgan sinα=sinβ, a=b.

mopirdapire Teorema tolfasia Sebrunebuli Te-

oremis _ mopirdapire Teoremac WeSmaritia.

17  2R= 3
sin1450 , R ≈ 2,6 sm.

18   a) ∆AMC-dan, AM
sin(α+β) = CM

sinβ ;  AM
CM  = sin(α+β)

sinβ  ;
 

 b) ∆ABM-dan, BM
sin(α+β) = AM

sinβ ;  BM
AM  = sin(α+β)

sinβ  ;

 maSasadame,  AM
CM  = BM

AM  , AM 2=MB⋅CM.

e) ∆ABM ∼ ∆CAM; maSasadame,

 AM
CM  = BM

AM  , AM 2=BM⋅CM.

12  sinB= 
3
4 ; sinusebis Teoremis Tanaxmad,   

    10: 34 =15:sinC,

saidanac sinC= 
15⋅ 34  

10 
 = 

45
40 >1, rac SeuZlebelia.

13  pirobiT, BC=6 sm, AC=8 sm, maSin hipotenuza 

aris 10 sm.

 

A
a

β

C

B

α

β

A

B

C

a

b

β

β

α

C

A B15

10

A

D

B

x

C
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 sinA= 
6
10  =0,6. 

 ∆ADC-dan gvaqvs:

 x
sinA  = AC

sin∠ADC ;  x= 8sinA
sin(A+450) ; sinA= 6

10 =0,6;

axla SeiZleba cxriliT visargebloT:

	 ∠A ≈ 36,870, sin(A+450) ≈ sin(81,870) ≈ 0,9899,  x ≈	4,85 (sm).

zogierTma moswavlem SeiZleba amoxsnis aseTi gza SemogvTavazos: biseqtri-

sis Tvisebis mixedviT, m
10–m  = 8

6 ; (AD=m)AD.

saidanac, m= 40
7 .

sinusebis TeoremiT  m
sin450  = x

sinA ; anu, 2 m= 5x
3 ;  

x=24 2
7

.

14  klasSi ganxilulia biseqtrisis Tviseba, es 

Tviseba sinusebis Teoremis gamoyenebiTaa miRebuli 

(amocana 13 ).

AE rombis diagonalia, maSasadame, A kuTxis biseqtrisaa, amitom gvaqvs:

   AB
AC  = 20

24;

magram AB+AC=99–44=55; 

   AB
AC  = 20

24; AB+AC
AC  = 44

24;  55
AC  = 44

24;  AC= 55⋅24
44  =30 (sm).

  AB=55–30=25 (sm).  AB

amocana SeiZleba samkuTxedebis msgavsebis gamoyenebiTac amoixsnas.

17  aq viyenebT sinusebis Teoremis meore 

formulas: 2R= 8,3
sin1100 .

18  CE medianaa, maSasadame, AB=2CE=25 (sm).

biseqtrisis Tvisebis gamoyenebiT, aRvniS-

noT: AC=4x; BC=3x;
 16x2+9x2=252; x2=25, x=5; 
 AC=20 (sm); BC=15 (sm).

19

 viyenebT sinusebis Teoremas:

  y
sinβ =

10
sin(α+β)=

x
sinα ;

  y= 10sinβ
sin(α+β) ;

        x= 10⋅sinα
sin(α+β) .

C

B

E

A

A

x

y

y

10
α

α

β
x

B C

D
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2.2. kosinusebis Teorema

axali sakiTxis ganxilva, romelic ukavSirdeba samizne cnebas _ funqcias 

_ da mosalodnel Sedegebs: moswavlem unda SeZlos funqciuri kavSiris dam-

yareba, funqciis gamoyeneba sxvadasxva konteqstSi cvlilebaTa gasaanalizeb-

lad da realuri movlenebis modelirebisTvis (maT. saS. 3); trigonometriuli 

funqciebis praqtikuli gamoyenebebis magaliTebis ganxilva wina TavSi daviw-

yeT. pirvel paragrafSi vaCveneT, rom samkuTxedis gverdebsa da kuTxeebs Soris 

damokidebulebebi sinusebis TeoremiT SeiZleba aRvweroT. sinusebis Teoremis 

gamoyenebiT, SeiZleba praqtikuli amocanebis amoxsna _ roca realuri situ-

acia aRiwereba samkuTxedis gverdebsa da mopirdapire kuTxeebis sinusebs So-

ris Tanafardobis gamoyenebiT. saswavlo procesi moswavleTa codnaze dayrd-

nobiT axali codnis SeZenazea orientirebuli; amitom mniSvnelovania codnis 

gaaqtiureba _ kerZo saxis samkuTxedis (marTkuTxa samkuTxedis) ganxilviT 

trigonometriuli Tanafardobebis gaxseneba, sinusebis Teoremis Camoyalibeba 

da mniSvnelobis miTiTeba; sinusebis Teoremis praqtikuli gamoyenebebis aR-

niSvna _ saSinao davalebis Semowmebis procesi moicavs aRniSnul aqtivobebs. 

saxelmZRva neloSi warmodgenili amocana tbis `sigrZis~ povnis Sesaxeb saSuale-

bas aZlevs maswavlebels yuradReba gaamaxvilos im SemTxvevaze, roca movlenis 

maTematikuri modeli dakavSirebulia samkuTxedis ori gverdisa da maT Soris 

mdebare kuTxis saSualebiT am kuTxis mopirdapire gverdis povnasTan _ sa-

Sualeba gvaqvs `miuwvdomeli~ manZilis mniSvnelobis gamoTvlis `misawvdomi~ 

sidideebis saSualebiT; tbis `sigrZis~ gamoTvla SesaZlebelia tbaze gazomvebis 

Catarebis gareSe _ raime SerCeuli wertilidan tbis ori misawvdomi napiris 

wertilebamde manZilebisa da SerCeuli wertilidan am napirebisken mimarTule-

bebs Soris kuTxis sididis gamoTvlis gamoyenebiT. am problemis gadawyvetis 

gzas iZleva kosinusebis Teorema. dasabuTebisTvis SerCeulia e. w. koordinat-

Ta meTodi _ koordinatTa meTodis gamoyenebis Cvevebis daufleba moswavleebs 

daexmareba sxva amocanebis amoxsnis drosac. amasTanave, gamoyenebulia sruli 

induqciis meTodi _ ganxilulia yvela SemTxveva _ marTi, maxvili da blagvi 

kuTxeebis SemTxvevebi. maswavlebels SeuZlia damtkicebis sxva xerxis Cvenebac 

_ piTagoras Teoremis saSualebiT. am meTods moswavleebi 11  amocanis klasSi 

amoxsnisas gaecnobian.

mniSvnelovania kosinusebis Teoremis sxvadasxva formiT warmodgena _ moce-

muli gverdis kvadratis gamosaxva danarCeni gverdebisa da mocemuli gverdis 

mopirdapire kuTxis sinusiT; samkuTxedis kuTxeebis kosinusebis gamosaxva sami 

gverdiT. mniSvnelovania imis gaazreba, rom samkuTxedis sami elementis gamo-

yenebiT, magaliTad, ori gverdiTa da kuTxiT, an sami gverdiT vpoulobT ucnob 

elements, Tumca SeiZleba dadges amonaxsnis erTaderTobis sakiTxi.

kosinusebis Teoremisa da am Teoremis gamoyenebaze codnas moswavleebi amo-

canebiT ganimtkiceben. am amocanebis amoxsna moswavles uyalibebs struqturi-

rebul da gamTlianebul xedvas trigonometriis gamoyenebiTi aspeqtebis Sesa-

xeb.
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miTiTebebi zogierTi amocanis amosaxsnelad:

 2  ∠ABC=1800–750+320=1370.
∆ABC-Si viyenebT kosinusebis Teoremas:    

 AC 2=6702+5502–2⋅670⋅550cos1370.

trigonometriuli cxrilebis an kalkulatoris ga-

moyenebiT, vpoulobT:

cos1370=    –cos430 ≈	–0,7314;   
AC 2 ≈ 1290407,678;  AC ≈ 1136 (km).

3   a) ∆ABD-dan, BD2=82–42=48,
	 	 ∆BDC-dan, BC2=48+144=192, BC=8 3  (sm).

  b) ∆ABD-dan, cosA= 
4
8 =0,5;

 kosinusebis Teoremis gamoyenebiT,

      BC2=82+162–2⋅8⋅16⋅0,5=192;
      BC=8 3  (sm).

4   pirobis Tanaxmad, samkuTxedis gverdebi SeiZleba ase aRvniSnoT: 5x; 12x; 
13x. Tu moswavleebi SeamCneven, rom (5x)2+(12x)2=(13x)2, maSin piTagoras Teoremis 

Sebrunebuli Teoremis Tanaxmad, udidesi kuTxe marTia.

SeiZleba kosinusebis Teoremis gamoyenebac; Tu udidesi kuTxe aris α, maSin

 cosα= 
(5x)2+(12x)2–(13x)2

2⋅5x⋅12x  =0, α= π2 .

5  kosinusebis Teoremis Tanaxmad, 81=16+36 – 48cosα, aqedan, 

  cosα ≈ – 0,6042
  cos(1800–α) ≈ 0,6042;
  1800–α = 52050′,
	 	 α=1800–52050′=127010′.

6   PR= 100+256 =2 89 ;
  PQ=QR=0,5PR= 89 ;
  QS Suaxazia, QS=5,
  RS= 100+64 =2 41 .

7  viyenebT kosinusebis Teoremas: 

  BD2=a2+b2–2abcosα,   (1)

  BD= a2+b2–2abcosα ,
  AC2=a2+b2–2abcos(1800–α),  (2) 

  AC2=a2+b2+2abcosα,
   AC= a2+b2+2abcosα .
(1) da (2) tolobebis SekrebiT, miviRebT: BD2+AC2=2(a2+b2).

A D

B

8

4 12 C
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8   AK medianaa, AK=ma.

amocanis pirobis mixedviT, agebuli ABEC oTxkuT-

xedi paralelogramia (oTxkuTxedis diagonalebi ga-

dakveTisas Suaze iyofa) da viyenebT wina amocanis Se-

degs:

(2ma)
2+BC2=2AC2+2AB2;

4ma
2=2b2+2c2–a2;

ma= 
1
2 2b2+2c2–a .

klasSi, kvlav moswavleTa aqtiuri CarTulobiT, vxsniT 7   da 8   amoca-

nebs, yuradRebas vamaxvilebT da sityvierad vayalibebT miRebul Sedegebs.

9  viyenebT wina amocanaSi miRebul formulas da vpoulobT medianis si-

grZes.

10   7   da 8   amocanebis SedegebTan erTad 
10  amocanis Sedegic xSirad gamoiyeneba amoca-

nebis amoxsnisas. 10  amocanis Sedegis mixedviT, 

samkuTxedis kuTxis biseqtrisa gamosaxulia am 

kuTxis mimdebare gverdebisa da mopirdapire 

gverdze biseqtrisiT miRebuli monakveTebis 

saSualebiT: AD2=bc–b′c′.
ABD da ADC samkuTxedebSi, kosinusebis Teoremis gaTvaliswinebiT, gvaqvs:

  (c′)2=c2+x2–2cxcosα;   (1)

  (b′)2=b2+x2–2bxcosα.    (2)

vcdilobT, gamovricxoT cosα; (1) tolobis orive mxares vamravlebT b-ze, (2) 

tolobis orive mxares _ c-ze, Semdeg miRebuli tolobebidan pirvels gamovak-

lebT meores, miviRebT:

  b(c′)2–c(b′)2=bc2+bx2–cb2–cx2;
  b(c′)2–c(b′)2=bc2–cb2+x2(b–c);
  b(c′)2–c(b′)2=bc(c–b)+x2(b–c);

aq viTvaliswinebT:  
c
b = 

c′
b′ , bc′=cb′, 

  cb′c′–bc′b′=bc(c–b)+x2(b–c),
  b′c′(c–b)=bc(c–b)–x2(c–b).  (3)

Tu b=c, maSin b′=c′ da miviRebT:

AD2=b2–(b′)2 (piTagoras TeoremiT). 

e. i. miiReba dasamtkicebeli toloba. Tu b≠c, maSin (3)-dan gvaqvs:

  b′c′=bc–x2;
  x2=bc–b′c′.

A

B

C

D
c′

b′x
α
α

b

c
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11    ganvixiloT pirveli SemTxveva: 

  a2=h2+DC2=c2–AD2+(b–AD)2=c2+b2–2b⋅AD;
	 	 ∆ABD-dan AD=ccosA; miviRebT 

  a2=c2+b2–2bccosA.

 ganvixiloT mesame SemTxveva:

  a2=h2+(b+AD)2=c2–AD2+b2+2b⋅AD+AD2=c2+b2+2b⋅AD;
 AD=ccos(1800–∠A)= –ccosA.
  a2=b2+c2–2bccosA.
 meore SemTxvevaSi,

  a2=c2+b2=c2+b2–2bccos900=c2+b2–2bccosA.

12   maTematikuri modeli suraTzea gamosaxuli, 

saZiebeli sidide BC gverdis sigrZea, romelsac kosi-

nusebis Teoremis gamoyenebiT vipoviT.

13   aq gasaTvaliswinebelia, rom 10 saaTze isrebs Soris 

kuTxe 600-ia. wveroebs Soris manZils kosinusebis Teoremis ga-

moyenebiT vipoviT.

14   sami gverdiT vipoviT udidesi kuTxis kosinuss; visargebloT formu-

liT:

 cosα= 
132+142–152

2⋅13⋅14  = 5
13  , sinα= 12

13  .

15   Tu ∠A+∠B+∠C=1800, pirobis Tanaxmad, 

	 	 	 ∠A+∠C=2∠B;
   3⋅∠B=1800,     ∠B=600,
	 	 	 ∠C>600, ∠A<600.

maSasadame, 8 sm da 10 sm sigrZis gverdebs Soris 

kuTxis gradusuli zoma 600-ia.

`saSualo~ gverds kosinusebis TeoremiT vipo-

viT:

x2=82+102–2⋅8⋅10⋅ 12 =64+100–80=84;
     x=2 21 .

saSinao davalebis 1 - 7  amocanebi, kosinusebis Teoremis gamoyenebiT, 

advilad ixsneba.

magaliTad, 5  amocanaSi, sakmarisia kuTxis sinusiT vipovoT am kuTxis ko-

sinusi, Semdeg SesaZlebeli iqneba kosinusebis Teoremis gamoyeneba.

zogierTi amocanis amoxsnisas, moswavlem unda gamoiyenos klasSi miRebuli 

Sedegi. magaliTad, 9  amocanis amoxsnisas viyenebT biseqtrisis Tvisebas:

A

B

C

5⋅
3,

2

5⋅4

600

A

B

C

8

10

600

x
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 CK
5–CK  = 

5
6 , vipoviT CK da KB-s: CK= 

25
11 , KB= 

30
11 , 

Semdeg viyenebT biseqtrisis formulas:  

AK 2=5⋅6 – CK⋅KB; AK= 24 5
11

 (sm).

10  

      R=1, 2R=2; 2R= 1,2
sinA ,

sinA= 
1,2
2  =0,6, cosA=0,8.

1,22=(4x)2+(5x)2–2⋅4x⋅5x⋅0,8.
 am tolobidan vpoulobT x-s; Sesabamisad, 

          BC-s da AC-s.

11   a)  DB=6;
  AC 2=82+232;
  AC= 593  (sm).
    b) gaviTvaliswinoT, rom cos∠ABC= –cos∠ABD= –0,6.

12  Crdilo-aRmosavleTis mimarTuleba 

dasavleTis mimarTulebasTan 1350-ian kuTxes 

adgens. es sakiTxi adrec 

gvqonda ganxiluli, roca 

sakoordinato sibrtyeze 

Crdilo aRmosavleTis mimarTulebiT moZraobas y=x sxivze 

moZraobiT ganvsazRvravdiT.

manZils kosinusebis TeoremiT vipoviT.

13  sinA= 
12
13 , maSin cosA= 

5
13 .

BD diagonals, kosinusebis Teoremis gamoyene-

biT, ABD samkuTxedidan vipoviT. meore diagonalis 

povna sxvadasxva xerxiT SeiZleba _ kvlav kosinusebis TeoremiT ACD samkuTxe-

didan, an AOD marTkuTxa samkuTxedSi piTagoras Teoremis gamoyenebiT, an vi-

sargebloT TeoremiT: paralelogramis diagonalebis kvadratebis jami gverde-

bis kvadratebis jamis tolia.

K5

6A

C

B

4x 5x

1,2B

A

C

x

1350 2⋅16

2⋅10

A D

B

2

2

C

O

0

y

x

y=
x

A

D B C
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14   sinC= 
12
37 . 

C kuTxe ar aris udidesi gverdis 

mopirdapire kuTxe, amitom ∠C<900;   

 cosC= 1–( 12
37

)2
= 25⋅49

372 = 
35
37 ;

axla viyenebT kosinusebis Teoremas:

 169=372+AC 2–2⋅37⋅AC⋅cosC;
 AC 2–70⋅AC+1200=0, aqedan, AC=40 an AC=30.

am amocanas meti yuradReba davuTmoT. moswavleebi SeiZleba dainteresd-

nen, ratom miviReT AC gverdis sigrZisTvis ori mniSvneloba? AC=30 da AC=40. 

am kiTxvaze pasuxis gasacemad, sainteresoa A kuTxis sinusis povna: sinusebis 

Teoremis gamoyenebiT, 37
sinA

 = 13
sinC

 , sinA=(37⋅12
37

):13; sinA= 12
13

; arsebobs ori kuTxe, 

romlis sinusi aris 12
13

; erTi maxvilia da cosA= 5
13

, meore blagvia da cosA= – 5
13

. 

amocanis piroba ar gamoricxavs am or SemTxvevas. pirveli Seesabameba im SemTx-

vevas, roca saZiebeli gverdi _ AC=40 sm (suraTze _ ABC samkuTxedi); meore 

SemTxvevaSi mesame gverdi 30 sm-ia (∆A′BC; ∠A′>900).

15  cosα= 202+212–252

2⋅20⋅21
 =  9

35
.

udidesi α kuTxe maxvilia, Sesabamisad, samkuTxedi maxvilkuTxaa.

2.3. damokidebulebebi samkuTxedis kuTxeebsa da 
gverdebs Soris

winare codnis gaaqtiureba piTagoras Teoremis, sinusebisa da kosinusebis 

Teoremebis CamoyalibebiT da maTi sxvadasxva praqtikuli gamoyenebis warmod-

geniT mimdinareobs. axal sakiTxze gadasvlac praqtikuli amocanis ganxilviT 

mimdinareobs. yoveldRiur cxovrebaSi xSirad gvxvdeba SemTxveva, roca daskvna 

cnobili Teoremis mixedviT ki ara, aramed am Teoremis Sebrunebuli Teoremis 

gamoyenebiT keTdeba; Tumca, xSirad SecdomiT aRiniSneba, rom daskvna mocemuli 

Teoremidan gamomdinarebs. analogiuri logikuri Secdomis gamosworebas vcdi-

lobT, roca ganvixilavT praqtikul magaliTs _ aris Tu ara alami aRmarTuli 

moednis gverdebis marTobulad; aris Tu ara samkuTxedi marTkuTxa, Tu misi 

erTi gverdis kvadrati danarCeni ori gverdis kvadratebis jamis tolia. `Tu 

samkuTxedis erTi gverdis kvadrati danarCeni ori gverdis kvadratebis jamis 

13 13 37

A

B

A′ C
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tolia, maSin es samkuTxedi marTkuTxaa~ _ es winadadeba WeSmaritia, ra Teo-

remidan gamomdinareobs am winadadebis WeSmariteba? mniSvnelovania, rom mos-

wavlem kargad gaiazros _ aRniSnuli winadadebis WeSmariteba gamomdinareobs 

piTagoras Teoremis Sebrunebuli Teoremidan.

kosinusebis Teoremis gamoyenebiT, moswavleebi Camoayalibeben sam winada-

debas, romelic yvela sam SemTxvevas exeba: Tu kuTxe γ=900, maSin misi mopir-

dapire gverdis kvadrati sxva ori gverdis kvadratebis jamis tolia; Tu γ>900 

(γ blagvia), maSin mopirdapire gverdis kvadrati metia danarCeni ori gverdis 

kvadratebis jamze; Tu γ<900 (γ maxvilia), am kuTxis mopirdapire gverdis kva-

drati naklebia danarCeni or gverdis kvadratebis jamze. am SemTxvevaSi yvela 

Sebrunebuli Teorema sworia. saxelmZRvaneloSi aRniSnulia, rom TiToeuli Se-

brunebuli Teorema sawinaaRmdegos daSvebis xerxiT mtkicdeba. moswavlem unda 

SeZlos Sebrunebuli Teoremebis damtkiceba; `debulebis dasabuTebis pirdapiri 

da arapirdapiri meTodebis flobiT, logikuri daskvnebis gamotana~ (maT. saS. 

9). magaliTad, vTqvaT, c2>a2+b2, vasabuTebT: γ>900. da-

vuSvaT sawinaaRmdego, γ=900 an γ<900. Tu γ=900, piTago-

ras pirdapiri Teoremis Tanaxmad, c2=a2+b2 _ miviReT 

winaaRmdegoba; Tu γ<900, maSin c2<a2+b2 (kosinusebis 

TeoremiT) _ kvlav winaaRmdegoba miviReT. daavaleT 

sxvadasxva moswavles klass warudginos Sebrunebuli Teoremebis damtkiceba.

sakiTxis ganxilvas vamTavrebT sinusebis Teoremis erTi gamoyenebiT: Tu 

samkuTxedSi romelime kuTxe, vTqvaT, α, metia meore β kuTxeze, maSin α-s mo-

pirdapire a gverdi metia β-s mopirdapire b gverdze. Tu α blagvia, maSin β max-

vilia da samkuTxedi blagvkuTxaa, udidesi gverdi blagvi kuTxis mopirdapire 

gverdia. Tu α da β maxvili kuTxeebia da α>β, maSin sinα>sinβ da, sinusebis Teo-

remis Tanaxmad, a>b. wina SemTxvevis analogiurad, samive SemTxveva (α>β, α=β, α<β) 

amowuravs yvela SesaZlo SemTxvevas da, sawinaaRmdegos daSvebis xerxiT, mtkic-

deba samive Teoremis Sebrunebuli Teorema. moswavleebs SeiZleba vTxovoT im 

SemTxvevis warmodgenac, roca blagvkuTxa samkuTxedSi udidesi gverdi blagvi 

kuTxis mopirdapire gverdia.

suraTze ∠ACB=α,	 	  α>900, AB=a, CD⊥AC.

suraTidan kargad Cans, rom AD>b, a>b.

me-8 klasis kursSi advilad mtkicdeboda 

Sebrunebuli Teoremebi:

Tu a>b, maSin α>β,

Tu a<b, maSin α<β,

Tu a=b, maSin α=β.

maSasadame, sworia yvela is Teorema, romlebic Teoremis saxiT aris mocemu-

li saxelmZRvaneloSi da sinusebis Teoremis gamoyenebiT davasabuTeT.

`testebSi~ pasuxebis moZieba samkuTxedSi gverdebsa da kuTxeebs Soris 

damokidebulebebis codnas efuZneba.

γ

A

C

B
c

l a

C

B
D

A
α

b

a
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4  `testSi~ pasuxis moZiebas SeiZleba msjelobis Catareba dasWirdes. Tu 

cnobilia gverdi da misi mopirdapire kuTxe, maSin vipoviT Semoxazuli wrewiris 

radiuss; 2R= 
a

sinα, a=10 sm, α=600.

xolo gverdi da mimdebare kuTxe ver gansazRvravs calsaxad samkuTxedis 

danarCen gverdebs, e. i. verc Semoxazuli wrewiris radiuss _ dasaxelebuli 

gverdisa da mimdebare kuTxis mqone samkuTxedebis raodenoba usasruloa.

analogiuri msjeloba sWirdeba 5  `testSi~ pasuxis SerCevas. moswavleeb-

ma kargad ician, rom `testis~ savaraudo pasuxebidan mxolod erTi unda iyos 

swori, amitom swori pasuxis povnis SemTxvevaSi SeiZleba sxva pasuxebze aRar 

vimsjeloT; Tumca, zogierTi maRali mzaobis moswavle kvlav agrZelebs msje-

lobas _ “iqneb `testis~ Semdgenlebs Secdoma mouvidaT da erTze meti pasuxia 

swori? an iqneb yvela pasuxi arasworia? SevamowmoT, ganvixiloT sxva pasuxebic~.

msjelobas moiTxovs 6  `testic~.

kosinusi I meoTxedSi klebadi funqciaa, amasTanave,  
3
4 =0,75,  

4
5 =0,8,  2

2
≈0,71. 

amrigad,  
3
4 > 2

2
,  

4
5 > 2

2
, maSasadame, ∠A< 

π
4 , ∠B< 

π
4 , maSasadame, ∠C> 

π
2 , C kuTxe 

blagvia.

saSinao davalebis `testebi~ analogiuria. klasSi vTxovoT moswavleebs, 

daasabuTon im pasuxebis siswore, romlebic SearCies. magaliTad, 6  testSi 

gvaqvs:  
1
4 < 2

2
,  

1
5 < 2

2
 amitom ∠A< 

π
4 , ∠B< 

π
4  (sinusi I meoTxedSi zrdadia), maSasa-

dame, ∠C> 
π
2 , C blagvi kuTxea. mxolod orive pirobaa sakmarisi, rom davadginoT: 

samkuTxedi blagvkuTxaa. 

calke TiToeuli piroba mianiSnebs, rom samkuTxedSi erTi kuTxe naklebia  
π
4

-ze, rac danarCeni kuTxeebis sidideze warmodgenas ar gviqmnis.

analogiuria 7  `testi~.

miTiTebebi zogierTi amocanis amosaxsnelad.

7  Tu erT-erTi gverdis sigrZis kvadrati naklebia danarCeni ori gverdis 

kvadratebis jamze, maSin am gverdis mopirdapire kuTxe maxvilia; magram blagvi, 

an marTi SeiZleba iyos sxva kuTxe.

8  vTqvaT, mesame gverdis sigrZe aris x sm. maSin, cxadia, 6<x<30; x>18, x∈N. 

a) am ricxvebs Soris udidesi mTeli ricxvia 29.

b) ganvixiloT a2+b2 (a=12, b=18);
 a2+b2=144+324=468. 
samkuTxedi blagvkuTxaa, Tu c2>a2+b2. c=22 umciresi mTelia iseT ricxvebs 

Soris, romlebisTvisac c2>468.

pasuxi: c=22.
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9  BC2=AB2+AC2–2⋅AB⋅AC⋅ cosA. 
radgan BC udidesi gverdia da samkuTxedi blagvkuTxaa, amitom ∠A>900, 

cosA<0, cos2A=1– 59  = 49  , cosA= – 23  .

maSasadame, BC2=909;  BC=3 101 sm.

10  a da b  gverdebis mopirdapire kuTxeebis yvela SesaZlo mniSvnelobebis 

ganxilvis Semdeg miviRebT: radgan samkuTxedi blagvkuTxaa, erT-erTi kuTxis 

zoma 1200-ia, sin1200= 3
2

, meore kuTxis zomaa 450; sin450= 2
2

; mesame kuTxis zomaa 

150. maSasadame, udidesi gverdia a, umciresi _ c. gamoiricxeba SemTxvevebi: (600; 

450) _ am SemTxvevaSi samkuTxedi maxvilkuTxaa; (600; 1350) _ aseTi samkuTxedi ar 

arsebobs.

11  vipovoT gverdebi: AB= 25+25 =5 2 ; AC= 49+9 = 58 ; BC= 4+4 =2 2 .

udidesi gverdis sigrZe 58 -is tolia.

AB2+BC2=58=AC2, amitom samkuTxedi marTkuTxaa.

9  Tu mesame gverdia a, maSin unda gvqondes: a2<152+182, a2<549, radgan a∈N, 

amitom a-s udidesi SesaZlo mniSvneloba aris 23. udidesi gverdi iqneba a, ami-

tom danarCeni SemTxvevebis Semowmeba aRar aris saWiro.

11  Tu sinB= 3 5
7

 da B blagvia, maSin cosB= – 1– 45
49 =– 

2
7 .

kosinusebis Teoremis gamoyenebiT, 54=49+BC2+14⋅ 27 ⋅BC, aqedan BC=1 (sm).

12  (8x)2=64x2;
    25x2+49x2=74x2;
AC2<AB2+BC2; samkuTxedi maxvilkuTxaa. umciresi C 

kuTxisTvis, gvaqvs:

cosC= 
64x2+49x2–25x2

2⋅8x⋅7x  = 11
14 ;

sinC= 5 3
14

; udidesi B kuTxisTvis gveqneba:

cosB= 
25x2+49x2–64x2

2⋅5x⋅7x  = 17 ; sinB= 4 3
7

.

13  BE||CD;  ganvixiloT ∆ABE; AB=10, BE=7, AE=4.

am sami gverdiT, kosinusebis Teoremis gamoyene-

biT, vipoviT cosA-s (da cos∠AEB-s). saxeldobr, ∆ABE-Si 

49=100+16–80cosA, cosA= 67
80 , ∠A ≈ 330,^

100=49+16–56cos∠AEB, cos∠AEB= – 35
56  = –0,625.

∠AEB ≈ 1290, ∠D=∠AEB ≈ 1290, ∠B ≈ 1800–330=1470, ∠C ≈ 1800–1290=510.
es amocana SeiZleba sxva xerxiTac amoixsnas _ orive simaRlis gavlebisa da 

miRebuli samkuTxedebis ganxilviT.

5x

8x
A

B

C

7x

A

10

4

7 7
15

DE

B C15
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2.4. samkuTxedis farTobis formulebi. 
samkuTxedSi Caxazuli da samkuTxedze 
Semoxazuli wrewirebis radiusebis formulebi

winare codnis gaaqtiureba SeiZleba Semdegi kiTxvebisa da maTze pasuxebis 

ganxilviT warimarTos:

_ gavixsenoT sidide, romelsac farTobi vuwodeT da brtyel geometriul 

figurebs SevusabameT; rogor SeiZleba aRvweroT farTobis gazomvis procesi?

_ ra formulebiT viTvlidiT kvadratis, marTkuTxedis, samkuTxedis, para-

lelogramisa da trapeciis farTobs?

_ ra Tvisebebi aqvs mravalkuTxedis farTobs?

am kiTxvebze pasuxebis ganxilvaSi Cvenc unda CaverioT, koreqtivebi Sevi-

tanoT da SevajamoT moswavleTa pasuxebi. Semdegi sakiTxi, romlis gaxsenebac 

interaqtiul reJimSi mimdinareobs, samkuTxedze Semoxazuli da masSi Caxazuli 

wrewirebia.

_ ras ewodeba samkuTxedze Semoxazuli wrewiri? SeiZleba Tu ara, rom yov-

el samkuTxedze Semoixazos wrewiri? sad mdebareobs samkuTxedze Semoxazuli 

wrewiris centri? SegiZliaT daasabuToT naTqvami? 

_ ras ewodeba samkuTxedSi Caxazuli wrewiri? SeiZleba Tu ara, rom yovel 

samkuTxedSi Caixazos wrewiri? sad mdebareobs Caxazuli wrewiris centri?

_ axla yuradReba gavamaxviloT samkuTxedis farTobis formulebze; Seveca-

doT, miviRoT axali formulebi. davweroT TqvenTvis nacnobi formula.

axal masalaze gadasvla mimdinareobs standartis moTxovnebis Sesabamisad. 

moswavlem kargad unda gaiazros, rom farTobis gamoTvlis procesi, am sididis 

ricxviTi maxasiaTebliT gamosaxvis procesia; `moswavlem unda SeZlos realur 

cxovrebaSi sxvadasxva sakiTxis ganxilvisas sidideebis warmodgena Sesabamisi 

ricxviTi maxasiaTeblebiT~ _ standartis am moTxovnis Sesabamisad, gamogvyavs 

farTobis warmodgenis sxvadasxva formula: magaliTad, formula, romliTac 

samkuTxedis farTobs vpoulobT ori gverdiTa da maT Soris kuTxis sinusiT; 

formula, romliTac samkuTxedis farTobs gamovTvliT sami gverdiT. farTobis 

miRebul formulebs viyenebT samkuTxedze Semoxazuli da Caxazuli wrewirebis 

radiusebis gamosaTvlelad. moswavleebma kargad unda gaiazron, rom samkuTxe-

dis sami elementis mixedviT (maTgan erT-erTi mainc gverdi unda iyos) yov-

elTvis SeiZleba samkuTxedis farTobis povna, samkuTxedze Semoxazuli da sam-

kuTxedSi Caxazuli wrewirebis radiusebis povna. amocanebis amoxsnis kvalobaze 

moswavleebi daimaxsovreben am formulebs. amas xels uwyobs `testebSi~ swori 

pasuxebis moZiebac. 

sainteresoa 3  `testze~ pasuxis dadgena. am samkuTxedebs toli kuTxeebi 

aqvs. maSasadame, am kuTxeebis sinusebic tolia. amitom (2) formulis gamoyenebi-

sas farTobebis Sefardeba gverdebis namravlebis Sefardebis tolia; radgan 

samkuTxedebs TiTo gverdic toli aqvT, amitom farTobebis Sefardeba sxva ori 

gverdis sigrZeebis Sefardebaa. es faqti xSirad gamoiyeneba ufro rTuli amo-

canebis amoxsnisas.
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miTiTebebi zogierTi amocanis amosaxsnelad.

4  vTqvaT, paralelogramSi maxvili kuTxe ∠A=α. A wverodan `gamosuli” 

gverdebia a da b, maSin S=absinα, radgan paralelogramis farTobi ase gamoiTv-

leba: S=bh, sadac h aris b gverdisadmi gavlebuli simaRle da h=asinα.

1800–α aris am paralelogramis blagvi kuTxe. radgan sinα=sin(1800–α), mivi-

RebT: paralelogramis farTobi S=absin(1800–α).
marTkuTxedSi yvela kuTxe marTia, α=900, S=absin900=ab. 

Tu paralelogramis gverdebi ar icvleba, α kuTxe ki icvleba, maSin parale-

logramis farTobi udidesia, roca α=900. 

amrigad, farTobi icvleba (0; ab] SualedSi, is udidesia da ab-s tolia, roca 

paralelogrami marTkuTxedia.

5  am amocanaSi samkuTxedis farTobi gamosaxulia erTi gverdiTa da kuTxee-

biT; radgan S= 
1
2 absinγ (γ aris a da b gverdebs Soris kuTxe), sinusebis Teoremis 

Tanaxmad,  
a

sinα  =  
b

sinβ  (α da β, Sesabamisad, a da b gverdebis mopirdapire kuTxee-

bia), amitom b= 
a

sinα ⋅sinβ, maSasadame, S= 
a2sinβsinγ

2sinα .

6  diagonalebis gadakveTisas miRebuli oTxive 

kuTxis sinusebi tolia da maTgan erT-erTis _ α kuT-

xis sinusis tolia. amitom 

 SAOB= 
1
2 AO⋅OBsinα;

 SBOC= 
1
2 OB⋅OCsinα;

 SDOC= 
1
2 OC⋅ODsinα;

 SAOD= 
1
2 AO⋅ODsinα.

am tolobebis SekrebiT, miviRebT: S= 
1
2 AO(OB+OD)sinα+ 

1
2 OC(OB+OD)sinα=

= 
1
2 AO⋅BDsinα+ 

1
2 OC⋅BDsinα= 

1
2 BD(AO+OC)sinα= 

1
2 BD⋅AC⋅sinα.

vTxovoT moswavleebs, sityvierad Camoayalibon miRebuli Sedegi.

7  moswavleebi iyeneben wina amocanaSi miRebul formulas: marTkuTxedis 

SemTxvevaSi, diagonalebi toli sigrZisaa; Tu es sigrZea d, maSin S=d 2sinα, α dia-

gonalebs Soris kuTxis sididea. Tu d ar icvleba, maSin es sidide udidesia, 

roca α=900 _ kvadratis SemTxvevaSi.

8  aq sami gverdiT simaRlis povnis erT-erTi xerxia warmodgenili: sami 

gverdiT vpoulobT S farTobs, Semdeg vwerT farTobis formulas _ S= 
1
2 ah, a 

erT-erTi gverdia, h _ am gverdisamdi gavlebuli simaRle.

O
α
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9  vTqvaT, AD simaRlea; AD=8.

mesame wveros mdebareobis ori SemTxveva gveqneba 

_ B da B′, Sesabamisad, mocemul pirobebSi SesaZlebe-

lia ornairi samkuTxedis arseboba:  ABC da AB′C.

BD2=572–82=49⋅65, B′D=BD=7 65 .
maSasadame, gvaqvs ori SemTxveva _ 73 sm-is sigr-

Zis gverdis mopirdapire kuTxe blagvia, an maxvilia; 

pirvel SemTxvevaSi simaRle gadis samkuTxedis gareT, 

meore SemTxvevaSi _ SigniT. SeiZleba moswavleebs SevaxsenoT klasSi amoxsnili 

amocana, roca ori gverdiTa da erT-erTis mopirdapire kuTxis sinusis mixedviT 

vpoulobdiT mesame gverds. kuTxis sinusi SeiZleba toli iyos ori kuTxisTvis 

_ α kuTxisTvis da (1800–α) kuTxisTvis.

am amocanaSi mesame BC gverdisTvis, iseve, rogorc zemoT naxseneb SemTxveva-

Si, miviRebT or mniSvnelobas; Sesabamisad, gveqneba ori amonaxsni _ farTobi 

SeiZleba iyos  (9 65–7 65)⋅8
2

 sm2 =8 65  sm2, an  (9 65+7 65)⋅8
2

 sm2 = 64 65  sm2.

10  Tu trapeciis fuZeebia a da b, simaRle _ 2h, maSin farTobi aris: S=(a+b)h.

saxelmZRvaneloSi gamosaxul suraTze gauferadebeli samkuTxedebis far-

Tobebis jami aris:

  S1+S2= 
1
2 ah+ 

1
2 bh= 

1
2 (a+b)h= 

1
2 S

trapeciis
.

e. i., gaferadebuli nawilis farTobic trapeciis farTobis naxevris tolia.

11  moswavleebma Zelis fuZis _ wrewirSi Caxazuli 

ABCD oTxkuTxedis farTobis gamosaTvlelad unda isarge-

blon formuliT: S= 
1
2 AC⋅BDsinα; farTobi udidesia, roca 

AC=BD=2R da α=900; anu roca ABCD kvadratia; AC=BD=50; kva-

dratis gverdia 25 2  sm.

12  or wertils Soris manZilis formuliT vipoviT gverdebs; farTobs _ 

heronis formuliT, an sxva xerxiT (simaRlis povniT, mxolod piTagoras Teo-

remis gamoyenebiT).

13  S= 
1
2 ⋅12⋅15sinα;    45 3 =6⋅15sinα; 

  sinα= 3
2
, cosα= 

1
2  an cosα=– 

1
2 ; 

Sesabamisad, mesame gverdi SeiZleba iyos 189 an 549 (sm).

14  ∠AOB= 3600

8  =450.

 S= 
1
2 ⋅2⋅2⋅sin450= 2  (sm2).

73 57

C
B D

B′

A

A

B C

D

57

8
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15  umciresi simaRle udides gverdzea daSvebuli. sami gverdiT, heronis 

formulis gamoyenebiT, vipoviT farTobs (16 6  sm2); Semdeg umcires h simaRles 

tolobidan: 16 6 = 
1
2 ⋅h⋅14.

6  ABC samkuTxedis h simaRle SeiZleba ase vipovoT: h=BKsinα; maSasadame, 

S= 
1
2 AC⋅BKsinα.

7 - 10  amocanebis amosaxsnelad moswavleebi iyeneben klasSi damtkice-

bul debulebebs, Sesabamis formulebs (paralelogramis farTobis gamosax-

va gverdebiTa da maT Soris kuTxis sinusiT, Teorema paralelogramis diago-

nalebis kvadratebis jamisa da gverdebis kvadratebis jamis tolobis Sesaxeb).

11  miRebuli samkuTxedis gverdebia 18 sm, 16 sm da 14 sm. farTobs vipoviT 

heronis formuliT.

12  viyenebT formulas: S= 
1
2 d1d2sinα (d1 da d2 diagonalebia, α _ diagonalebs 

Soris kuTxe). maSasadame,

 
1
2 d1d2sinα=2, d1d2sinα=4;

vTqvaT, d1=d udidesi diagonalia, maSin d2≤d; amasTanave, sinα≤1, maSasadame, 

dd2≥4. d2≥4, d≥2. Tu d=2, d1=d, sinα=1, d2=2, maSin gvaqvs kvadrati 2-is toli farTo-

biT. yvela sxva SemTxvevaSi, d>2. 

pasuxi: d≥2.

13  analogiuri amocana klasSi iyo amoxsnili; S= 
1
2 d1d2sinα, udidesia, roca 

d1=d2=2R, α=900. am SemTxvevaSi, S=2R2.

16  viyenebT formulas: 2R= 
AB

sin∠C  = 
8

sin1500 =16.   S=64π.

17  sinB= 
4
5 ; AC: 45 =12: 12 ; AC= 

4
5 ⋅12⋅2= 

96
5 .

moswavlem unda ipovos im tolgverda samkuTxedis farTobi, romlis gverdi 

mocemulia, tolia  
96
5  sm-is. SeiZleba winaswar, sxvadasxva xerxiT, tolgverda 

samkuTxedis farTobis gamosaTvleli formulis miReba: S= a
2 3
4

 (a samkuTxedis 

gverdia).

18  moswavlem unda gaiTvaliswinos, rom C kuTxe ar aris blagvi kuTxe, 

radgan udidesi gverdis mopirdapire kuTxe 

ar aris; amitom cosC= 1–sin2C= 
35
37 . mag ram 

mainc gvaqvs ori SemTxveva.  analogiuri amo-

cana klasSi iyo amoxsnili; SeiZleba gvqondes: 

∠A<900, maSin AC=40 sm; ∠A>900, maSin AC=30 sm; 

AC-s povna SeiZleba kosinusebis Teoremis 

gamoyenebiT: 132=372+AC2–2⋅37⋅AC⋅ 35
37 .

13

A′ A

B

C

13 37
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kompleqsur davalebaze muSaoba trigonometriis praqtikuli gamoyenebe-

bis Semajamebeli amocanebis wardgeniTa da dawvrilebiTi garCeviT unda mimdi-

nareobdes.

davalebebis amoxsna ar unda gauWirdeT moswavleebs; prezentaciisas yu-

radReba gamaxvildeba Teoremebze, romelTa gamoyenebiTac ixsneba TiToeuli 

praqtikuli amocana. sasurvelia, rom moswav-

lem moamzados plakati, romelzec gamosaxu-

li iqneba saradaro sadgurebi da maT zemoT 

moZravi TviTmfrinavi.

mesame kuTxis zoma 1300-ia. misi codna gagviiolebs sinusebis Teoremis ga-

moyenebas. amoxsnis procesi moswavlem SeiZleba ase Caweros:

   
sin1300

32 = sin350

x
  xsin1300=32sin350

  x= 
32sin350

sim1300 = 
32sin350

sim500  ≈ 23,96 (km).

vipoveT manZili erT-erTi saradaro sadguridan. axla, h simaRlis sapovne-

lad SegviZlia marTkuTxa samkuTxedi ganvixiloT.

  sin150= 
h
x ,

  h=xsin150,

  h ≈ 23,96⋅sin150,

  h ≈ 6,2 km.

moswavlem unda Camoayalibos Teoremebi, romlebic amocanis amoxsnisas ga-

moiyena.

meore amocanis amoxsnis SemTxvevaSi, SeiZleba Sesabamisi suraTis momzadeba:

am amocanaSi moswavle kosinusebis Teoremas gamoiyenebs.

prezentaciisas moswavle iyenebs saxelmZRvane-

loSi warmodgenil praqtikul amocanebs da, maTi 

ganxilvis saSualebiT, ufro sainteresod warmoa-

Cens trigonometriis mniSvnelobas. istoriuli 

cnobebi trigonometriis warmoSobis, ganviTarebisa 

da gamoyenebebis Sesaxeb moswavlem SeiZleba moiZios 

internetis, an saskolo saxelmZRvaneloSi warmodge-

nili Sesabamisi masalis saSualebiT.

350 150

32

x

h
x≈23,96

150

600

W
l=300

f=270
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amocanebi TviTSefasebisTvis

sakiTxebi: sinusebisa da kosinusebis Teoremebi; trigonometriisa da veqto-

rebis gamoyenebebi.

mkvidri warmodgenebi: geometriuli Tanafardobebis aRmoCenasa da damt-

kicebaSi gvexmareba trigonometriuli funqciebi. 

Sefasebis indikatorebi. moswavlem unda SeZlos sidideebis maTematikuri 

obieqtebiT gamosaxva; sidideebs Soris funqciuri kavSiris damyareba, trigo-

nometriuli funqciebis gamoyeneba cvlilebaTa gasaanalizeblad da realuri 

movlenebis modelirebisTvis.

TviTSefasebis amocanebis amosaxsnelad moswavleebs mieciT vada 2-3 dRe mainc 
da winaswarve gaafRTxileT , rom maT mier amocanebis amoxsnisa da TviTSefasebis 
Semdeg, Tqven maT miawvdiT Tqven mier Sedgenil Sefasebis rubrikasac da klasSi 

erToblivad ganixilavT weris Sedegebs.

miTiTebebi amocanebis amosaxsnelad:

1  viyenebT sinusebis Teoremas: 2R= 
a

sinα , a= 
R
3 , 2R= 

R
3sinα, sinα= 

1
6 .

2  	 ∠B=1200;

 AC2=82+82+2⋅8⋅8⋅ 12 =3⋅82;

  AC=8 3 .

  P=8+8+8 3 =8(2+ 3 ) (sm).

Tu 300-iani kuTxe aris wverosTan, maSin 64=2x2–2x2 3
2

, saidanac 

x2=64(2+ 3 ), x=8 2+ 3=8  4+2 3
2

=4 2 ( 3 +1). 

P=8+8+8 2 ( 3 +1)=8(1+ 6 + 2 ) sm.

3  udidesi kuTxe udidesi gverdis mopirdapirea; vpoulobT am kuTxis ko-

sinuss:

 cosα= 
122+142–162

2⋅12⋅14 = 
1
4 .

4  moswavlem sami gverdis saSualebiT biseqtrisa SeiZleba sxvadasxva xe-

rxiT ipovos.

biseqtrisis Tvisebis gamoyenebiT vipoviT AD da BD 

monakveTebs; Semdeg davwerT biseqtrisis formulas: 

CD2=AC⋅BC–AD⋅BD.

SeiZleba kosinusebis Teoremis gamoyenebiT, rome-

lime marTkuTxa samkuTxedidan vipovoT cosA, Semdeg _ 

kosinusebis TeoremiT, CD.

300
A C

B

8 8
300

x

8

30 0

x

8 8

10

B

A

D

C
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5   unda gaviTvaliswinoT, rom a+d<2a–d, d< 
a
2  da unda 

SevadaroT 

 a2+(a–d)2 da (a+d)2, 

 2a2–2ad+d2 da a2+2ad+d2: 

a)  a2+2ad+d2<2a2–2ad+d2

 4ad<a2

 4d<a.

b) Tu d= 
1
4 a, marTkuTxaa; g) Tu  

a
4 <d< 

a
2 , blagvkuTxa. Tu 0≤d< 

1
4 a, maxvilkuT-

xaa.

6  vipovoT ABC marTkuTxa samkuTxedis gverdebi da gamoviyenoT piTagoras 

Teorema: 

 AB= 1+4 = 5 ;  BC= 4+(y–3)2 ;  AC= 1+(y–1)2 ;

 1+(y–1)2=5+4+(y–3)2, saidanac  y=4. 

7  sami gverdiT SeiZleba vipovoT farTobi, Semdeg _ simaRleebi; Tumca, 

SeiZleba sxva xerxebis gamoyenebac: piTagoras Teorema; kosinusebis Teorema.

8  es wrewiri aris MNO samkuTxedzec Semoxazu-

li, sadac O saTavea _ O(0; 0). MNO samkuTxedis gver-

debia 6, 8 da 10, is marTkuTxaa, MN _ hipotenuzaa, 

anu Semoxazuli wrewiris diametria, centris koor-

dinatebia 3 da 4. wrewiris gantolebaa:

 (x–3)2+(y–4)2=25.

pirobis Tanaxmad, (a–3)2+(a–4)2=25.

aqedan vipoviT a-s.

TviTSefasebis amocanebis Sefasebis rubrika.

1   amocanaSi, Tu gamoamJRavnebT veqtoris saTavis, bolos, modulisa da  

mimarTulebis cnebebis codnas, daimsaxurebT 1 qulas; 

a) davalebis  SesrulebiT ― kidev 0,5 qulas;

b) davalebis SesrulebiT ― kidev 0,5 qulas. 

am amocanis mcire xarvezebiT Sesrulebisas SesaZlebelia 1 qulis miRebac. 

amocana 2-quliania.

2  amocanaSi samkuTxedSi miTiTebuli kuTxisa da gverdis ganlagebis mixed-

viT naxazebis warmodgeniT daimsaxurebT 0,5 qulas; arsebuli ori SesaZlo varian-

tidan TiToeulSi perimetris dadgeniT _ kidev 1,5 qulas. amocana 3,5-qu liania.

a a+d

a–d

M

O N

K
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3   amocanaSi udidesi gverdisa da udidesi kuTxis ganlagebis codna da kosi-

nusebis Teoremis codna Sefasdeba 1 quliT; maTi gamoyenebiT amocanis amoxsnaSi 

daimsaxurebT kidev 1 qulas. amocana 2-quliania.

4  amocanaSi bisetrisis Tvisebis gamoyenebiT ferdis monakveTebis dadgena 

Sefasdeba 1 quliT; mocemul samkuTxedSi kosinusebis Teoremis gamoyenebiT saW-

iro kuTxis kosinusis povna _ kidev 1 quliT; biseqtrisis povna _ kidev 1 quliT. 

amocana 3-quliania. aseve umaRles Sefasebas daimsaxurebT Tu sxva gziT (magaliT-

ad, saTanado formuliT) amoxsniT amocanas.

5  amocanaSi maxvilkuTxa, marTkuTxa da blagvkuTxa samkuTxedebSi, Sesabamis-

ad, gverdebis Tanafardobebis codniT daimsaxurebT 1 qulas; ariTmetikuli pro-

gresiis wevrTa warmodgeniT progresiis romelime wevrisa da sxvaobis mixedviT _ 

kidev 0,5 qulas; a), b) da g) SemTxvevebSi saTanado utolobis an gantolebis amox-

sniT _ kidev 1,5 qulas (TiToeul SemTxvevaSi). amocana 6-quliania.

6  amocanis amoxsna raime meTodiT (piTagoras TeoremiT, veqtorTa gamo-

yenebiT, ...) Sefasdeba 2 quliT.

7  raime meTodiT (magaliTad piTagoras Teoremis, an heronis formulis gam-

oyenebiT) TiToeuli simaRlis povna Sefasdeba 1 quliT; ariTmetikuli saSualos 

dadgena _ kidev 0,5 quliT. amocana 3,5-quliania.

8  raime gziT amocanis amoxsna (magaliTad, M, N da saTaveze gamavali wrewir-

is gantolebis dadgena saTanado gantolebaTa sistemis amoxsniT, Semdeg ki am wre-

wirze mdebare K wertilis koordinatebis dadgena) Sefasdeba 4 quliT.

ramdeni qula miiReT?

23-26 qula _ davaleba Sesrulebulia Zalian kargad (Sefaseba maRalia);

18-22 qula _ davaleba Sesrulebulia kargad (Sefaseba saSualoze maRalia);

13-17 qula _ davaleba Sesrulebulia nawilobriv (Sefaseba saSualoa);

13 qulaze naklebi qulis SemTxvevaSi gWirdebaT ufro gulmodgine muSaoba 

(Sefaseba dabalia).
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me-2 Tavis damatebiTi  amocanebi 

miTiTebebi zogierTi amocanis amosaxsnelad

7   144+225=369;  

  192<369<202.

 pasuxi: 20.

13  am paralelogramis maxvili kuTxis sinusia 1– 1
25 = 2 6

5 , farTobi _ 

  6⋅10⋅ 2 6
5 =24 6 .

Semajamebeli wera #3

Tematuri bloki: trigonometriuli Tanafardobebi samkuTxedSi.

samizne cnebebi: sidideebi, geometriuli obieqtebi, zomebi, funqcia, si-

dideebs Soris damokidebulebebi. 

Sefasebis indikatorebi: moswavlem unda SeZlos geometriuli obieqtebis 

zomebis gamoTvla (maT. saS. 4); realur cxovrebaSi sxvadasxva yofiTi movlenis 

ganxilvisas sidideebis warmodgena Sesabamisi ricxviTi maxasiaTeblebiT; sidi-

deebsa da maT erTeulebs Soris Tanafardobis gamoTvla (maT. saS. 1); sinusebis 

da kosinusebis Teoremebis gamoyeneba samkuTxedis ucnobi elementis zomis da-

sadgenad. 

amocanebis nimuSebi:

1  samkuTxedis ori gverdi 8 sm da 10 sm-ia, maT Soris kuTxe 1350-ia. ipoveT 

mesame gverdis sigrZe.

2  ABC samkuTxedis C kuTxis kosinusi 0,8-is tolia, AB=8 sm. ipoveT am sam-

kuTxedze Semoxazuli wrewiris radiusi.

3  samkuTxedis ori gverdi 12 sm da 15 sm-ia, maT Soris mdebare kuTxis ko-

sinusi aris 0,4. ipoveT am samkuTxedis farTobi.

4  ABC samkuTxedSi AB=8 dm, ∠B=750, ∠C=600. ipoveT BC gverdis sigrZe.

5  samkuTxedis gverdebi 13 dm, 14 dm da 15 dm-ia. ipoveT am samkuTxedze 

Semoxazuli da masSi Caxazuli wrewirebis radiusebi.

12 15

x
A

B

C
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6  ABC samkuTxedSi ∠A=600, AB=8 sm, 

AC=20 sm. AC gverdze D wertili isea Ser-

Ceuli, rom AD:DC=3:2. ipoveT BD da BC mo-

nakveTebis sigrZeebi, C kuTxis sinusi.

pasuxebi: 

1  2 41+20 2  sm. 2   20
3  sm. 3  18 21 sm2. 4   8 6

3
 dm. 5   

65
8  dm da 4 dm.  

6  4 7  sm, 4 19 sm,  57
19

.

miTiTebebi:

2  visargebloT  formuliT:  a
sinα=2R, sadac α samkuTxedis a gverdis mopir-

dapire kuTxea, R _ Semoxazuli wrewiris radiusi:  
8

0,6=2R, saidanac R= 
20
3  (sm).

3  sinα= 1–0,16 = 0,84 , S= 
1
2 ⋅12⋅15⋅ 2 21

10 =18 21 (sm2).

5  samkuTxedis farTobi gamovTvaloT heronis formuliT, S=84 sm2. visar-

gebloT formulebiT:

 R= abc
4S = 13⋅14⋅15

4⋅84 = 65
8  (dm), r= Sp = 84

21 =4 dm.

6  pirobiT, AD=12 sm, DC=8 sm.

 BD da BC gverdebis sigrZeebis povna SeiZleba kosinusebis TeoremiT:

 BD2=64+144–2⋅8⋅12·0,5=112, BD=4 7 .
 BC2=64+400–2⋅8⋅20⋅0,5=304, BC=4 19 .

sinusebis TeoremiT,  
8

sinC= 4 19
sin600 , saidanac sinC= 57

19
.

A

B

C
D
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ganmsazRvreli Sefasebis rubrika

gTavazobT, 1-2 amocanebidan TiToeulis swori amoxsna Sefasdes 1 quliT, 3-6 

amocanebi Sefasdes or-ori quliT.

1  swori amoxsna Sefasdes 1 quliT, xarvezis SemTxvevaSi gamoviyenoT 

0,5-quliani Sefaseba.

2  wrewiris radiusis povna Sefasdes 1 quliT. 0,5 quliT Sefasdes mxolod 

C kuTxis sinusis gamoTvla.

3  C kuTxis sinusis gamoTvla Sefasdes 1 quliT, kidev 1 qula daematos 
sam kuTxedis farTobis gamoTvlisTvis.

4  A kuTxis povna da sinusebis Teoremis gamoyenebis mcdeloba Sefasdes 1 
quliT, BC gverdis povna – kidev 1 quliT.

5  samkuTxedis farTobis gamoTvla Sefasdes 1 quliT, Semoxazuli da Caxa-

zuli wrewirebis radiusebidan TiToeulis povna _ 0,5 quliT.

6  veqtorebis koordinatebis dadgena Sefasdes 0,5 quliT, veqtorTa ska-

laruli namravlis povna koordinatebis mixedviT _ kidev 0,5 quliT, veqtorTa 

modulebis povna _ 0,5 quliT, saZiebeli sididis povna _ kidev 0,5 quliT. sul 

_ 2 qula.

7  AD da DC monakveTebis sigrZeebis gamoTvla _ 0,5 qula, BD da BC mon-

akveTebidan TiToeulis gamoTvla _ 0,5 qula, C kuTxis sinusis povna _ 0,5 

qula. sul _ 2 qula.

gTavazobT meore Tavis  Semajamebeli weris ganmsazRvreli Sefasebis Sedege-

bis mixedviT Casatarebeli sarekomendacio ganmaviTarebeli Sefasebis erT-erT 

versias. cxadia, Tqveni moswavleebis individualuri Tvisebebisa da akademiuri 

mzaobis gaTvaliswinebiT, kidev ufro gaaRrmavebT da daakonkretebT Tqvens Se-

fasebas.

upirvelesad aRvniSnavT damuSavebuli Temis aqtualurobas, mis mdidar Te-

oriul da praqtikul gamoyenebiT aspeqtebs, rac aZlierebs am ganmaviTarebeli 

Sefasebis mniSvnelobas. am faqtorebis warmoCeniT, Tqven SeZlebT moswavlee-

bis aqtiur SemoqmedebiT CarTvas ganmaviTarebeli Sefasebis procesSi; SeZlebT, 

rom moswavleebma ufro ukeT gaiazron samizne cnebebis arsi da gaiRrmavon sa-

Tanado mkvidri warmodgenebi.  ZiriTadi aqcenti swored am mimarTulebiT unda 

gakeTdes.

1  amocanis pirobebis mixedviT amocanis gadaWris Sesaxeb sajaro inter-

aqtiuli msjeloba saintereso informacias mogawvdiT moswavleTa akademiuri 

mzaobis Sesaxeb, kidev erTxel warmoaCens maTi codnis dones samkuTxedis gver-

debsa da kuTxeebs Soris damokidebulebis Sesaxeb. kerZod, kosinusebis Teore-

mis Sesaxeb.
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2  amocanis pirobac iZleva saintereso gansjis SesaZleblobas da es viTare-

ba maqsimalurad unda gamoiyenoT _ amocanis gadaWris sxvadasxva variants So-

ris dasaxeldeba sinusebis Teoremac, misi is variantic, romelic warmogvidgens 

samkuTxedis elementebsa da samkuTxedze Semoxazuli wrewiris radiuss Soris 

kavSirs. iqamde ki moswavleebs mouwevT gaixsenon kavSiri cos da sin funqciebs 

Soris dasaxelebuli kuTxis sinusis sapovnelad. aqve gaamaxvileT yuradReba sa-

Tanado formulaSi fesvis win niSnis SerCevis sakiTxze.

3  amocanis amoxsnisas winaswar ganixileT samkuTxedis farTobis gamosaT-

vleli formulebi da maTgan SearCieT am amocanisTvis yvelaze xelsayreli. 

amocanis gadaWris mizniT moswavleebs kvlav mouwevT mocemuli kuTxis sinusis 

povna kosinusis saSualebiT. isaubreT farTobis zomis erTeulebzec.

4  amocanaSi moswavleTa did Zalisxmevas ar moiTxovs mesame kuTxis sidi-

dis dadgena. Semdeg ki kvlav aamoqmedeben sinusebis Teoremas. es kidev ufro 

gaaZlierebs sinusebis Teoremis mimarT moswavleTa aqtiur damokidebulebas, 

misi mniSvnelobis xazgasmas.

5  amocanis ganxilvisas moswavleebi kidev erTxel darwmundebian mesame Ta-

vis Teoriuli masalis did mniSvnelobaSi, kerZod, samkuTxedze Semoxazuli da 

samkuTxedSi Caxazuli wrewirebis radiusebis Sesaxeb. Tu klasi ver gaixsenebs 

maT, maSin sTxoveT moiZion saxelmZRvaneloSi es formulebi da ipovon dasaxele-

buli wrewirebis radiusebi. dasviT kiTxvebi: ra mosamzadebeli samuSaos Catare-

baa saWiro? rogor vipovoT samkuTxedis farTobi? ramdennairad SeZlebT far-

Tobis povnas? SeadareT: Tqveni midgomebidan romeli ufro xelsayrelia?

6  amocanis amoxsnisas moswavleebTan erTad gaixseneT ricxvis mocemuli 

proporciis mixedviT dayofis sakiTxi. Semdeg ki moswavleebi, ukve araerTxel 

gamoyenebuli gziT, kosinusebis TeoremiT daadgenen miTiTebuli ori monakve-

Tis sigrZes, saZiebeli kuTxis sinusi ki kvlav sinusebis TeoremasTan miiyvans 

moswavleebs.

am  Sefasebis dasrulebisas, iseve, rogorc yoveli ganmaviTarebeli Sefase-

bisas, CainiSneT Tqven mier SeniSnuli xarvezebi moswavleTa codnaSi, moswavle-

Ta akademiuri winsvla da maTi mosazrebebi swavla-swavlebis Sesaxeb. es Canaw-

erebi karg samsaxurs gagiwevT Semdgomi muSaobis dagegmvisas.

am Semajamebeli da ganmaviTarebeli Sefasebebis Semdeg Tqven gagiioldebaT 

yoveli moswavlis akademiur miRwevaTa donis Sefaseba solo taqsonomiis klas-

ifikaciis Sesabamisad. 
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1. prestruqturuli done. aqvs bundovani warmodgena ganxilul TemasTan 

dakavSirebul samizne cnebebze. mkafiod ver ayalibebs dasmul amocanaTa Si-

naarss. ar icnobs saTanado Teoriul masalas, ZiriTad Sedegebs da amitom ver 

axerxebs maT praqtikul gamoyenebas. 

2. unistruqturuli done. icnobs zogierT Teoriul sakiTxs. SeuZlia 

CarTva amocanaTa ganxilvisas, magram damoukideblad maTi gadaWra uWirs. ga-

moTvlebis Catarebisas zogjer uxeS Secdomas uSvebs.

3. multistruqturuli done. amocanaTa ganxilvisas SeuZlia algebruli da 

trigonometriuli funqciebis kompleqsuri gamoyeneba. geometriuli amocanebis 

amoxsnisas SeuZlia sxvadasxva midgomis SemoTavazeba. zogjer aqvs mcire xarve-

zebi mwyobri, Tanamimdevruli msjelobis Catarebisas.

4. mimarTebiTi done. warmoadgina yvela dasmuli amocanis amoxsnis gza. 

amoxsnebi miyavs dasrulebul saxemde. mkafiod aRwers samizne cnebaTa Sinaarss. 

gamoavlina ganxilul sakiTxTa kargi codna.

5. gafarToebuli abstraqtuli done. unaklod gadmoscems samizne cnebaTa 

Sinaarss. SeuZlia dasmuli amocanebis amoxsnis sxvadasxva gzis warmodgena da 

maTi SedarebiTi analizi. SeuZlia amocanaTa ganzogadeba da maTi amoxsnis gze-

bis aRwera. misi gadmocemis stili damajerebeli da sarwmunoa, pasuxebi dasmul 

kiTxvebze _ amomwuravi.
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III Tavi

veqtori. moqmedebebi veqtorebze

Temebi: veqtori 

saaTebis savaraudo raodenoba: 18 sT

Temis farglebSi dasamuSavebeli sakiTxebi: veqtori, veqtoris koordinatebi, 

moqmedebebi veqtorebze.

samizne cnebebi da 

maTTan dakavSirebuli 

mkvidri warmodgenebi

sakiTxebi sakvanZo 

SekiTxvebi

kompleqsuri 

davaleba

veqtorebi.

arsebobs geometri-

uli debulebebis 

dasabuTebis sxvadasxva 

xerxi _ koordinatebis 

gamoyeneba, veqtorebis 

gamoyeneba da sxva.

veqtorebi, 

moqmedebebi 

veqtorebze.

ra saxis si-

dideebi aRiw-

ereba veqtore-

biT?

veqtorebis 

sxvadasxva gamoy-

eneba (geometri-

uli debulebis 

dasabuTeba, moZ-

raobis aRwera).

Sefasebis indikatorebi: moswavlem unda SeZlos geometriuli debulebebis 

dasabuTeba veqtorebis gamoyenebiT; veqtorebis saSualebiT fizikuri sididee-

bis warmodgena da Seswavla.

am Tavis ZiriTadi Temebia veqtorebi da veqtorebis gamoyeneba. `veqtorTa 

meTodis~ gamoyenebis gaazreba mniSvnelovania praqtikuli da maTematikis Te-

oriuli sakiTxebis Seswavlisas. veqtorebis gasameoreblad warmodgenili ma-

sala isea ganawilebuli, rom iZleva kompleqsuri davalebis ganxorcielebis 

SesaZleblobas, Sualeduri saswavlo miznis miRwevas; garCeulia kompleqsur 

davalebaSi warmodgenili amocanebis analogiuri amocanebi, `veqtorTa meTo-

dis~ gamoyenebis magaliTebi. moswavleebi am sakiTxebis Seswavlis paralelurad, 

muSaoben kompleqsuri davalebis Sesrulebaze.
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3.3. veqtori 

vagrZelebT Seswavlili masalis Sesaxeb codnis gameorebasa da gaRrmavebas. 

am paragrafidan veqtorebis gameorebaa warmodgenili. maswavlebelma unda Seax-

senos moswavleebs, rom kompleqsuri davaleba veqtorebis gamoyenebebs eZRvne-

ba. veqtorebis Sesaxeb codnis gameoreba daexmareba maT kompleqsuri davalebis 

SesrulebaSi. veqtorebis gamoyenebebis Seswavla SeuZlebelia veqtorebis Sesa-

xeb codnis dauflebis gareSe. Sesabamisi sakiTxebis ganxilva me-9 klasis fiziki-

sa da maTematikis saxelmZRvaneloebSi daiwyo; cnobili fizikuri sidideebi 

(Zala, gadaadgileba, siCqare, aCqareba) veqtoruli sidideebia _ isini xasiaTde-

ba ricxviTi mniSvnelobiTa da mimarTulebiT. maTematikuri simkacriT veqtoris 

cneba skolaSi ar ganixileba, magram daculia zomieri simkacre _ veqtori Sei-

Zleba sibrtyis nebismier wertilze movdoT; Tumca, vambobT: sibrtyis nebismier 

wertilze SeiZleba mocemuli veqtoris toli veqtoris modeba. maswavlebelma 

icis, rom veqtoris cneba SeiZleba SemoviRoT aqsiomaturadac, Tumca, saSua-

lo skolis maTematikis kurss da mis gamoyenebebs ufro miesadageba veqtoris 

cnebis gansazRvra mimarTul monakveTTa simravleSi ekvivalentobis cnebis Se-

motanis saSualebiT (skolaSi am mimarTebas tolobas vuwodebT), veqtori mimar-

Tul monakveTTa eqvivalentobis klasia, yovel wertilze modebuli mimarTuli 

monakveTi _ Sesabamisi klasis warmomadgeneli.

amocanebis gamoyenebiT, mimdinareobs veqtoruli algebris sawyisi cnebebis 

Sesaxeb codnis ganmtkiceba.

mniSvnelovani momentia paralelogramis Sesaxeb aucilebeli da sakmarisi 

pirobis Camoyalibeba: ABCD oTxkuTxedi paralelogramia maSin da mxolod ma-

Sin, roca AB =DC (an, BC=AD).

miTiTebebi zogierTi amocanis amosaxsnelad. 

`testebi~ isea SerCeuli, rom moswavles codnis Semowmebis kargi saSualeba 

eZleva. magaliTad, moswavlem unda SeZlos  AB  veqtorisTvis saTavisa da bolos 

miTiTeba, nulovani veqtoris gansazRvra, skalaruli da veqtoruli sidideebis 

garCeva (temperatura, siCqare) _ amocanebi 1 - 4 .

mniSvnelovani amocanebia sakoordinato sibrtyeze veqtorebis gamosaxvisa 

da, or wertils Soris manZilis formulis gamoyenebiT, veqtoris sigrZis povna 

(amocana 8 ); veqtorebis tolobis Semowmeba (amocana 12 , 9 ).

9  am amocanaSi toli veqtorebia: AB  da DC; BA  da CD; BC  da AD; CB  da DA. es 

rva veqtori moduliT toli veqtorebia. amasTanve, moduliT toli veqtorebia DB  

da BD, AC  da CA  veqtorebi.

10  a) MA, MB, MC, MD.

  b) AM, DM, CM, BM .
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g) AM, MA, MC, CM  _ moduliT toli veqtorebia.

   BM, MB , MD, DM _ moduliT toli veqtorebia.

d) AM da MC , BM da MD, MA da CM, MB da DM TanamimarTuli veqtorebia.

moswavlem unda SeZlos, miuTiTos paralelogramis is Tviseba, romelic ga-

moiyena: paralelogramis diagonalebi ikveTeba da gadakveTis wertiliT Suaze 

iyofa.

11  wertilTa yoveli wyvili or veqtors gvaZlevs. 4 wertilidan SeiZleba 

SeirCes wertilTa 6 wyvili ( 4⋅32 =6), sul _ 12 veqtori.

saSinao davalebis amocanebi klasSi amoxsnili amocanebis analogiuria da 

amitom maTi amoxsna ar unda gauWirdes moswavles; `testebze~ pasuxebis dadgena 

_ SerCeva imave codnas eyrdnoba (skalaruli da veqtoruli sidideebis garCeva, 

veqtoruli sididis gansazRvreba), rac klasSi amoxsnili `testebis~ amoxsnisas 

gamoiyena moswavlem.

7  amocana 7  amocanis analogiuria, siCqaris sxvadasxva erTeulebs So-

ris kavSiris gamoyenebas exeba:

 1 km/sT = 
1000
3600   m/wm =  

5
18  m/wm; 

 72 km/sT = 72⋅ 
5
18  m/wm = 20 m/wm.

SeiZleba gamoviyenoT proporcia:

 20 m/wm _ 8 sm

 18 m/wm _ x sm

 x= 18⋅8
20

= 9⋅8
10

 = 7,2 (sm).

8 , 9  da 10  amocanebis analogiuri amocanebi klasSi ganixileboda.

11  wertilTa yoveli wyvili or veqtors gansazRvravs. 5 wertilidan 

Sedgeba 10 wyvili ( 5⋅4
2

=10). sul _ 20 veqtori.

8  da 12  amocanebi sakoordinato sibrtyeze or wertils Soris manZi-

lis formuliT amoixsneba.

13  suraTze miTiTebuli marTkuTxa 

samkuTxedebis tolobidan gvaqvs: 

 x–3=3–1
   1–y=2–1
aqedan x=5, y=0, maSasadame C wertili 

OX RerZs ekuTvnis. aRniSnuli tolobebi 

veqtorebis koordinatebis tolobebia _ 

es sakiTxi Semdeg paragrafSi Seiswavleba.
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2.2. veqtoris koordinatebi

maTematikis axal standartSi erT-erT samizne cnebad dasaxelebulia 
sidide. moiTxoveba sidideebis warmodgena Sesabamisi ricxviTi maxasiaTeblebiT; 
vimeorebT iseTi sidideebis Sesaxeb codnas, romlebic ara marto ricxviTi 
maxasiaTeblebiT aRiwereba, aramed mimarTulebiTac xasiaTdeba. aseTi sidideebi 
mravali praqtikuli amocanis Seswavlisas gamoiyeneba (magaliTad, moZraobis 
aRwera da daxasiaTeba) da Sesabamisi maTematikuri modelis Sedgenis safuZvelia.

aRniSnuli samizne cnebis damuSavebas, gaazrebasa da gamoyenebas xels uwyobs 
Sesabamisi masalis warmodgenis Tanamimdevroba _ nabij-nabij, yovelmxrivi 
damuSavebis fonze, veqtoruli sidideebis warmodgenis Seswavla. amjerad, 
koordinatTa meTodis gamoyenebaze vakeTebT aqcents. Sesabamis masalaze 
gadasvlas win unda uZRodes (veqtorebTan dakavSirebuli sakiTxebis garda) winare 
codnis gaaqtiureba _ koordinatTa sistema sibrtyeze, wertilis koordinatebi, 
or wertils Soris manZili sakoordinato sibrtyeze. koordinatTa meTodis 
gamoyenebis erT-erTi xerxi, veqtoris dakavSireba namdvil ricxvTa wyvilebTan, 
koordinatebis warmodgena mimarTuli monakveTis bolo da sawyisi wertilis 
koordinatebis sxvaobebiT. ramdenime SemTxvevis ganxilviT SemovifarglebiT, 
roca vixilavT debulebas: veqtorebis koordinatebi tolia maSin da mxolod 
maSin, roca veqtorebi tolia. aq calkea ganxiluli da ramdenime SemTxvevis 
gamoyenebiTaa aRwerili sakmarisi piroba _ Tu veqtorebi tolia, maSin 
koordinatebi tolia da aucilebeli piroba – Tu veqtorebis koordinatebi 
tolia, maSin veqtorebi tolia. 

sakontrolo kiTxvebis gamoyenebiT, vafasebT Teoriuli masalis gaazrebas 
_ moswavleebi imeoreben veqtoris koordinatebis gansazRvrebas, nulovani  
veqtoris koordinatebsa da erTeulovan veqtors.

amocanebis saSualebiT mimdinareobs codnis ganmtkicebis procesi. 
Teoriuli masalis codna exmareba moswavleebs swori pasuxebis SerCevaSi; 1  
testis mixedviT, moswavleebi gamoyofen SemTxvevas _ Tu veqtori modebulia 
saTaveze, maSin misi koordinatebi bolo wertilis koordinatebs emTxveva; sxva 

SemTxvevebSi ( 2 - 7 ) koordinatebi mimarTuli monakveTis bolo da sawyisi 

wertilebis Sesabamisi koordinatebis sxvaobebiT ganisazRvreba.

8  testiT veqtoris sigrZis formulas vixsenebT.

9  da 10  amocanebSic veqtoris koordinatebis gansazRvrebis, veqtoris mo-

dulis formulebi gamoiyeneba.

11  Tu D=(x; y), maSin AB =CD tolobidan gvaqvs:

 1–2=x– 4      x=3
   3+7=y+1       y=9.

13  moswavleebi gaixseneben, rom ABCD oTxkuTxedi paralelogramia maSin da 

mxolod maSin, roca AB =DC; Tu D=(x; y), maSin gveqneba:

 2–8=11–x      x=17
    9+1=32–y      y=22.
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14  amocana wina amocanebis analogiuria; SeiZleba klasSi damoukidebeli 

muSaoba CavataroT, moswavleebs SevTavazoT, damoukideblad, 12  da 14  amoca-

nebis amoxsna.

15 - 17  amocanebis ganxilva klasSi dafasTan gamoZaxebuli erT-erTi mos-

wavlis, agreTve, mTeli klasis CarTulobiT mimdinareobs.

15  radgan C wertili y=x wrfeze Zevs, amitom misi koordinatebia _ C(x; x), 

maSin AC=(x–6; x–1). |AC|=5, (x–6)2+(x–1)2=25; aqedan, x=6 an x=1.

maSasadame, saZiebeli wertilebia: (1; 1) da (6; 6).

16  |OM|=13; OM=(x;  
60
x ).

x2+ 
3600

x2  =169, aqedan x =12, x= –12, x=5 an x= –5. moswavleebi ixseneben bikvadra-

tuli gantolebis amoxsnas.

17   A=(x; x2); pirobis Tanaxmad,   (x–6)2+(x2–1)2=25.
  (x2)2–x2–12x+37=25.
aq unda gaixsenon maRali xarisxis gantolebis amoxsnis xerxebi (IX klasi). 

erT-erTi xerxi mamravlebad daSlis xerxia:

 x2(x2–1)–12(x–1)=0
 (x–1)(x3+x2–12)=0
 x–1=0 an x3+x2–12=0.
aq iwyeba msjeloba _ rogor amovxsnaT miRebuli me-3 xarisxis gantoleba, 

rogor gamoviyenoT mamravlebad daSlis xerxi:

 x3–8+x2–4=0, 
 (x–2)(x2+2x+4+x+2)=0,
 (x–2)(x2+3x+6)=0,
 x=2.
pasuxi: (1; 1), (2; 4). 

18  moZraobis aRwerisas viyenebT veqto-

rebs, veqtoris koordinatebs. am amocanis 

amox snac daexmareba moswavleebs kompleqsuri 

davalebis SesrulebaSi.

cxadia, OA=(1; 1), A=(1; 1);
B=(1; –6); C=(6; –11);

gvaqvs gadaadgileba OC veqtoriT, 

OC=(6; –11).
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19  nebismier M wertilSi siCqaris veqtori aR-

vniSnoT V-iT.

radgan ∠EOA=∠FOD=450 da siCqaris veqtori ra-

diusis marTobulia, amitom siCqaris veqtoric 

RerZebTan 450-ian kuTxeebs adgens, misi koordinatebis 

modulebi tolia da TiToeuli aris 2 2. miviReT,  

VE=(2 2; –2 2), VF=(2 2; 2 2). zogierTma moswavlem 

SeiZleba arCios, rom veqtoris saTaved koordinatTa 

saTave SearCios. maSin, advilad Cans, rom VE veqtoris bolo (2 2; –2 2) wertilia, 

VF veqtoris _ (2 2; 2 2) wertili.

moswavleebs ar gauWirdebaT saSinao davalebis `testebSi~ swori pasuxebis 

SerCeva. danarCeni amocanebi klasSi amoxsnili amocanebis analogiuria.

17  cxadia, VA=(0; –4); VB=(0; 4); 

      VC=(–4; 0);  VD=(4; 0).

maswavlebelma SeiZleba gamoiyenos `s~ (sxvadasxva) 

nawili da isaubros moswavleebTan qarTuli maTe-

matikuri skolis Sesaxeb; misi fuZemdeblebis _ andria 

razmaZis, giorgi nikolaZis, niko musxeliSvilisa da 

arCil xaraZis moRvaweobis Sesaxeb. maTematikosTa 

am skolis Rirseuli warmomadgenlebi arian qali 

maTematikosebic. erT-erT maTganze, profesor elene obolaSvilis Sesaxeb 

cnobebi SeiZleba moswavleebmac moiZion. moswavleebSi unda ganmtkicdes rwmena, 

rom maTematika erTnairad aris misawvdomi mamakacebisa da qalebisTvis.

VE

VF
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3.3. veqtoris ricxvze gamravleba. veqtorTa Sekreba

saSinao davalebis Semowmebisa da veqtorebis Sesaxeb codnis gameorebis 

Semdeg gadavdivarT veqtoruli sidideebis mniSvnelovani Tvisebebis aRweraze;  
veqtoruli sidideebiT aRiwereba sidideebi, romlebisTvisac ganisazRvreba ori 

operacia _ erTi `Siga~ operacia, Sekreba, meore gare _ ricxvze gamravleba. 

am Tvisebebis gaazreba veqtoruli sidideebis Sesaxeb codnis mniSvnelovani 

momentebia; ganvsazRvravT veqtoris ricxvze gamravlebas _ Sedegi kvlav 

veqtoria, veqtorebis Sekrebas _ jami veqtoria.

veqtorebis Sekrebis aRweras vukavSirebT praqtikul amocanas, romelic 

daexmareba moswavleebs am operaciis ukeT gaazrebaSi.

veqtorebis Sekrebis sxvadasxva SemTxvevebis aRwera xels uwyobs am operaciis 

Tvisebebis daxasiaTebas; magaliTad, veqtorTa jamis moduli SeiZleba toli 

ar iyos veqtorebis modulebis jamis. veqtorebze moqmedebebi warmodgenilia 

koordinatebis gamoyenebiTac.

mniSvnelovania, veqtorebze operaciebis rva Tvisebis miTiTeba; pirveli oTxi 

Tviseba veqtorebis Sekrebas exeba; maswavlebelma icis, rom es Tvisebebi jgufis 

aqsiomebia: Sekrebis gadanacvlebadoba (komutaciuroba), Sekrebis ganrigebadoba 

(asociaciuroba), Sekrebis mimarT neitraluri elementis (nulovani elementis) 

arseboba, mopirdapire elementis (simetriuli elementis) arseboba. Semdegi oTxi 

Tviseba gare operaciis Tvisebebia. maswavlebelma icis, rom gvaqvs skalarze 

(ricxviTi velis elementze) gamravlebis Tvisebebi. 

cxadia, saSualo skolaSi es Tvisebebi dawvrilebiT ar ganixileba; mocemulia 

erT-erTi Tvisebis aRwera koordinatebis gamoyenebiT. maswavlebelma icis, 

rom veqtorTa simravle, am SemTxvevaSi, SeiZleba namdvil ricxvTa wyvilebis 

saSualebiT warmovadginoT, am simravleSi ganvsazRvroT Sekreba, gare operacia; 
Tvisebebis damtkiceba niSnavs, rom gvaqvs veqtoruli sivrce (organzomilebiani). 

(1; 0) da (0; 1) veqtorebi qmnian mis erT-erT baziss.

es nawilic saSualo safexurze maTematikis swavlebis miznebs ukavSirdeba _ 

procesebis maTematikuri aRweris gaazreba, mzadeba umaRles skolaSi swavlis 

gasagrZeleblad.

veqtorebze operaciebis Sesaxeb codnis ganmtkicebas emsaxureba sakontrolo 

kiTxvebi, `testebi~ da amocanebi. veqtorebze operaciebis gansazRvrebebis 

codnas efuZneba `testebze~ swori pasuxebis SerCeva.

miTiTebebi zogierTi amocanis amosaxsnelad.

9    MN Suaxazia, AD=DC, amitom 

    AD= 
1
2 AC= 

1
2 ( AB +BC )= 

1
2 ( p + q ),  MN= 

1
2 AC= 

1
2 ( p + q ).

zogierTma moswavlem SeiZleba arCios AMND para le-

log ramis ganxilva: 
A

D
C

B

NM



84

DON'T C
OPY

 MN= AD ; AN = AC + CN = p + q – 
1
2 q = p + 

1
2 q . 

an  AN = AB +BN= p + 
1
2 q .

BD  sxvadasxva xerxiT SeiZleba ganvixiloT. magaliTad, `SevavsoT~ samkuTxedi 

paralelogramamde, maSin 

 2⋅BD= BA + BC ; BD= 
1
2 (– p + q ) an, BD = BA +AD= BA + 

1
2 ( AB +BC ).

11  a) a + b = b  SesaZlebelia, roca a = 0 ;

 b) | a + b |=| a |+| b | toloba SesaZlebelia  maSin, roca a  da 

b  TanamimarTuli veqtorebia.

am SemTxvevis kerZo SemTxvevaa a = 0  an b = 0  _ 

nulovani veqtori nebismieri veqtoris TanamimarTulad iTvleba.

| a + b |=| a |–| b | SesaZlebelia, roca b = 0 , an, roca, a↑↓b  da  

| a |≥| b |.

12   (OA+OB)+(OC+OD)=(OA+OC)+(OB+OD)= 0 .

13  a) DE = 
1
2 AC = 

1
2 (– CA )=– 

1
2 r .

14  a)  AD=AC+CD=–CA+ 
1
2 (– BC )=– b – 

1
2 a ; SeiZleba asec vimsjeloT:

    AD= AB +BD= c + 
1
2 a , an AD=

1
2 ( AB +AC )=

1
2 ( c – b ).

15  a) AB +BO=AO= 
1
2 AC ; e. i. k= 

1
2 ;

 b) AD+DO=AO= 
1
2 (–CA ), e. i. k= –  1

2
.

 g) (AO+OD)+DC=AD+DC=AC=–CA  e. i. k= –1.

16   | a |=3| b |, | c |=3| b | e. i. | a |=| c |.

17  p = AB =(4; 1) 

 q =CD=(4; 1)     p = q .

moswavleebs ar gauWirdebaT saSinao davalebis Sesruleba; 

am aqtivobiT isini veqtorebze moqmedebebisa da am moqmedebebis 

Tvisebebis Sesaxeb codnas ganimtkiceben. moswavleebma unda 

gamoiyenon samkuTxedis medianis Tviseba: 

Tu BD medianaa, maSin BD= 1
2

( BA +BC ).

a

b

a

b
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14  amocanaSi ki saWiroa medianebis sxva Tvisebis gamoyeneba: medianebis 

gadakveTis wertiliT TiToeuli mediana iyofa SefardebiT 2:1 (wveros mxridan). 

magaliTad,  CO=
2
3  CF=

2
3 ⋅

1
2 (CA+CB )=

1
3 ( b – a ).

15  amocanaSi viTvaliswinebT, rom  AB  da  AC  veqtorebze agebuli 

paralelogrami marTkuTxedia, marTkuTxedSi ki diagonalebis sigrZeebi tolia. 

amitom a + b  da a – b   veqtorebidan TiToeulis moduli a  da b  veqtorebze 

agebuli marTkuTxedis diagonalis sigrZis tolia, | a – b |=| a + b |= 25+9= 34 .

cxadia, 5 a  da 3 b  veqtorebis jamis modulic am veqtorebze agebuli 

marTkuTxedis diagonalis tolia: 

 |5 a +3 b |= 25⋅9+9⋅25=15 2 .

17  b) p =(3; –8)  
      q =(3; –8)     p = q .

3.4. veqtoris daSla sakoordinato RerZebis mimarT. 
veqtorebis gamoyeneba

davalebis Semowmeba winare codnis gameorebasac emsaxureba; moswavleebi 

imeoreben gavlil masalas _ moqmedebebi veqtorebze, veqtoris koordinatebi. 

yuradReba maxvildeba veqtorebis jamis gansazRvrebaze _ veqtorebis 

Sekrebis Sedegi veqtoria (xSirad, mas jamur veqtorad movixseniebT); 

fizikaSi, magaliTad, Zalis an gadaadgilebis SemTxvevaSi, vsaubrobT tolqmed 

veqtorze; veqtoris ricxvze namravli veqtoria, romelic mocemuli veqtoris 

TanamimarTulia, an sawinaaRmdegod aris mimarTuli. veqtoris daSla ori 

sxvadasxva mimarTulebis mixedviT mxolod kerZo SemTxvevaSia ganxiluli _ 

veqtoris daSla urTierTmarTobuli mimarTulebebis mixedviT; aq Semodis 

sakoordinato RerZebis ortebis cneba; maswavlebelma icis, rom ganvixilavT 

daSlas orTogonaluri bazisis mimarT _ i  da j  veqtorebis mimarT; saSualo 

skolaSi es sakiTxebi formalizmisa da maTematikuri sizustis sruli dacviT ar 

SeiZleba, rom gadaicemodes. magram praqtikuli gamoyenebebis dasaxasiaTeblad 

sruliad sakmarisia aRniSnuli SemTxveviT Semofargvla. amave paragrafSi 

ganvixilavT veqtorebis im gamoyenebebs, romlebsac exeba kompleqsuri davaleba; 

veqtorebis gamoyeneba geometriaSi, veqtorebis gamoyeneba moZraobis aRwerisas 

_ am sakiTxebis dawvrilebiTi ganxilva, sxvadasxva SemTxvevis warmodgena 

daexmareba moswavleebs kompleqsuri davalebis SesrulebaSi. mniSvnelovania 

geometriuli gamoyenebis sxvadasxva interpretaciis warmodgena; erTi da 

imave amocanis sxvadasxva xerxiT damtkiceba aviTarebs moswavleTa analitikur 

azrovnebas. 

e. w. `testuri~ davalebebi xels uwyobs koordinatebisa da koordinatebiT 

warmodgenil veqtorebze moqmdebebis Catarebis gaazrebas.
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miTiTebebi zogierTi amocanis amosaxsnelad

7  a) vTqvaT, p =3 i – j ,  q = i +2 j , maSin,  a =
1
2 (15 i –5 j + i +2 j )=8 i –1,5 j .

cxadia, es veqtori sakoordinato sibrtyeze SeiZleba gamovsaxoT OM  mimar-

Tuli veqtoriT, sadac M=(8; –1,5).

8  nebismieri p  veqtoris TanamimarTuli erTeulovani veqtori SeiZleba 

ase CavweroT: 
1

| p |
⋅p ; marTlac, misi sigrZe 1-is tolia, | 1

| p |
⋅p |= | p |

| p |
=1 da, radgan  

1

| p |
>0, amitom 

1

| p |
⋅p  TanamimarTulia p  veqtoris. 

 | p |= 1+4 = 5 ;   
p
5

= 1
5

i – 2
5

j .

9  cxadia, OP= OA
|OA|

+ OB
|OB|

=0,6 i +0,8 j +
5
13 i +

12
13 j = 

= 
64
65 i + 

112
65 j ; OC veqtori TanamimarTulia OP  

veqtoris da misi sigrZe 1-is tolia: OC= OP
|OP|

; 

|OP|=
16
65  65 , OC= 4

65
i + 7

65
j .

10  ganvixiloT SemTxveva: 
AM
MB = kl ; maSin gvaqvs: 

OM= OA+AM= OA +
k

k+l AB = OA +
k

k+l AO +
k

k+l OB =

= OA –
k

k+l OA +
k

k+l OB =
l

k+l OA +
k

k+l OB .

SeiZleba zogierTma moswavlem gaavlos M-ze OB-s da 

OA-s paraleluri MC  MD wrfeebi da Talesis TeoremiT 

daaskvnas: 
OC
AC = l

k , OD
DB = kl ; anu  

OC
OA = l

k+l, 
OD
OB = k

k+l, saidanac OM

= OC +OD= l
k+l OA + k

k+l OB .

Tu k=1, l=2; miviRebT:  OM= 2
3 OA + 1

3 OB  .

Sebrunebuli debuleba: vTqvaT, OM= l
k+l OA + k

k+l OB ;   (1)

amasTanave, zemoT warmodgenili msjelobis analogiurad, gveqneba:

       OM = |MB|
| AB |

 ⋅OA + |AM|
| AB |

 ⋅OB    (2)

(1) da (2)-dan, O=( l
k+l – |MB|

| AB |
 ) OA +( k

k+l – |AM|
| AB |

 )⋅OB  

radgan OA  da OB  ar aris TanamimarTuli veqtorebi, amitom

   |MB|
| AB |

= l
k+l,  |AM|

| AB |
= k

k+l, aqedan  |MB|
|AM|

= lk .
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11  a)  OA + OC = OA +(OD+ DC )= OA +(OD+ AB )=( OA + AB )+OD= OB +OD . radgan 

ABCD paralelogramia, gamoviyeneT toloba: DC = AB .

b) vTqvaT, OA + OC = OB +OD ;

maSin gvaqvs: OA – OB =OD– OC ; saidanac BA = CD ; e. i. ABCD paralelogramia.

amrigad, ABCD paralelogramia maSin da mxolod maSin, roca sibrtyis 

nebismieri O wertilisTvis gvaqvs:

 OA + OC = OB +OD .

SeiZleba yuradReba gavamaxviloT tolobebze: OC =OD+ DC  da BA = OA – OB  

_ veqtoris warmodgenaze ori veqtoris jamis an sxvaobis saxiT, roca axali, 

mesame wertili CaerTveba ganxilvaSi.

12  a)  radgan OB+OC=2OK=AO; 

    maSasadame, OB+OC–AO=O, OB+OC+OA=O.

 b) MA+MB+MC=(MO+OA)+(MO+OB)+(MO+OC)=

    =3MO+O.

13  vTqvaT, F  jamuri veqtoria.

 vipovoT OA  da OB  veqtorebis koordinatebi.

 OA=(x1; y1);

 x1=100cos200, y1=100sin200;

 OB=(x2; y2)

 x2=150cos600, y2=150sin600;

  F=OA+OB=(100⋅cos200+150⋅cos600;     

 100sin200+150sin600)≈(100⋅0,9397+150⋅0,5; 100⋅0,3420+150⋅0,8660)=(168,97; 164,1)

  F= 168,972+164,12≈235,54. 

vTqvaT, F  veqtori OX RerZis dadebiT mimarTulebasTan α kuTxes qmnis; maSin 

gvaqvs: cosα= 168,97
235,54

 ≈0,7174; 	 α≈44,20.

moswavleebi eCvevian cxrilebis gamoyenebas, kalkulatoriT sargeblobas.
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14  moswavleebi ixseneben trigonometriul formu-

lebs:

  1+tg2α= 1
cos2α .

radgan α maxvili kuTxea, cosα= 1
1+tg2α

 = 1

1+ 9
16

= 45 ;  

sinα= 1–cos2α = 35 ;

cosβ= 1
1+tg2β

= 5
13;  sinβ= 12

13.

OA=(30cosα; 30sinα)=(24; 18);

OC=(0; –25), OB=(–13cosβ, 13sinβ)=(−5;	 12).
am Zalebis tolqmedia:

 F=OA+OB+OC=(24–5+0; 18+12–25)=(19; 5).

misi moduli ki ase gamoiTvleba: |F|= 361+25 = 386 ≈19,65 (niutoni).

Tu F  Zalis daxris kuTxes aRvniSnavT γ-Ti, maSin cosγ= 19
386

 ≈0,967, γ≈14,80.

15  daWimulobis F1 da F2 Zalebis tolqmedi F  

Zalis mopirdapire veqtoria –F=F1+F2.

amocanis pirobis Tanaxmad, Seqmnil paralelog-

ramSi F1-sa da F2-s Soris kuTxe 1200-ia, misi naxevari 

_ 600. amitom |F1|=|F2|=|F |=50 (erTeuli).

16  a) |v2|+|v1|=120+80=200 (km/sT).

maSasadame, avtomobilebi erTmaneTs yovel 

saaTSi 200 km-iT Sordebian, aq |v2–v1|=|v2|+|v1|.
 

b) |v2|–|v1|=40 (km/sT).

avtomobilebi yovel saaTSi 40 km-iT Sordebian erTmaneTs, aq |v2–v1|=|v2|–|v1|. 

SeiZleba warmovidginoT, rom meore avtomobili (v2=120 km/sT siCqariT 

moZravi) gaCerebulia da pirveli moZraobs a) SemTxvevaSi 200 km/sT siCqariT, b) 

SemTxvevaSi _ 40 km/sT siCqariT.

saSinao davalebis `testebic~ veqtoris koordinatebiT warmodgenisa da 

koordinatebiT mocemul veqtorebze moqmedebebis Sesaxeb codnis ganmtkicebas 

exeba. 6 - 8  amocanebis analogiuri amocanebi klasSi iyo amoxsnili.

9  amocanis amoxsnisas, moswavles SeuZlia zogadi formulis gamoyeneba, 

an, am kerZo SemTxvevaSi, msjelobis Catareba.

v2 v1

v2v1
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10  da 11  amocanebs moswavleebi, klasSi amoxsnili analogiuri amocanebis 

mixedviT xsnian.

ZiriTadi simZime fizikis gamoyenebaze saklaso amocanebis ganxilvaze 

gadavitaneT. amitom moswavleebs ar unda gauWirdeT 12  da 13  amocanebis 

amoxsna.

14  amocanis amoxsna maT kompleqsuri davalebis SesrulebaSi daexmareba.

12           | a |=36;  | b |=50.

 jamuri veqtori aris AC  veqtori ∠CDK=600,  

 amitom DK= 36
2

 =18, CK=18 3 . maSasadame, 

   AC 2=(50+18)2+(18 3 )2=682+3⋅182=5596,

       |AC|=2 1399 (niutoni).

13  SeiZleba koordinatTa meTodis gamoyenebac. 

CavweroT OA, OB  da OC veqtorebi koordinatebSi.

 OA=(40cos450; 40sin450)=(20 2 ; 20 2 )≈(28,284; 28,284);

 OB=(70cos300; –70sin300)=(35 3 ; –35)≈(60,622; –35);

OC=(60cos1350; 60sin1350)=(–30 2 ; 30 2 )=(–42,426; 42,426).
am sami Zalis tolqmedia:

 F=(46,48; 35,71)

 |F|= 46,482+35,712 ≈58,61.
vipoviT `daxris~ kuTxesac cosα-s saSualebiT: cosα≈ 46,48

58,61  ≈0,793; cosα≈37,50.  

14  vTqvaT, TviTmfrinavis sakuTari siCqare v  veqtoriTaa gamosaxuli. 

maSin, cxadia, v =(600sin300; 600cos300)=(300; 300 3 )≈(300; 519,6), Tu OX RerZi 

mimarTulia dasavleTidan aRmosavleTisken.

 Tu w aris TviTmfrinavis siCqare dedamiwis mimarT, 

maSin w=(500sin400; 500cos400)≈(321,4; 383).

maSin qaris u  siCqare ase gamoisaxeba:

 u =w– v ≈(21,4; –136,6)

 | u |≈138 (km/sT) _ es qaris siCqarea.

Tu qaris siCqaris mimarTuleba samxreTis mimarTulebasTan aris α, maSin 

cos(900–α)≈ 21,4
138 , saidanac α≈90. maSasadame, qaris mimarTulebaa: s90a.

300
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3.5. ori veqtoris skalaruli namravli. 
skalaruli namravlis gamosaxva koordinatebiT

maTematikis saskolo kursSi `veqtoruli aparatis~ CarTvam xeli Seuwyo 

moswavleebis mier maTematikis mniSvnelobisa da maTematikis gamoyenebebis ukeT 

gaazrebas. xSirad, veqtorebis gamoyeneba aadvilebs geometriuli damtkicebebis 

ganxilvas. Cven ukve ganvixileT veqtorebis gamoyenebebi, romlebic ukavSirde-

boda, magaliTad, wrfeTa paralelurobis dasabuTebas, wrfeTa gadakveTis wer-

tilis moZiebas (magaliTad, samkuTxedis medianebis Tvisebebi, trapeciisa da 

samkuTxedis Suaxazis Tvisebebi). veqtorebis gamoyeneba wrfeTa marTobulobis 

dasamtkiceblad dakavSirebulia skalaruli namravlis cnebasTan; skalaruli 

namravliT gamoisaxeba fizikuri sidideebi.

skalarul namravlze gadasvla mimdinareobs winare codnis gaaqtiurebiT, 

romelic dakavSirebulia veqtorebze moqmedebebTan, veqtoris gaSlasTan sa-

koordinato RerZebis mimarT da geometriis TeoremebTan (magaliTad, kosinuse-

bis TeoremasTan).

winare codnis gaaqtiurebas mosdevs skalaruli namravlis gansazRvrebis 

Camoyalibeba, kosinusebis Teoremis gamoyenebiT, skalaruli namravlis koordi-

natebiT warmodgenis Cveneba da skalaruli namravlis gamoyenebebis magaliTebis 

ganxilva. 

skalaruli namravlis aqsiomaturi gansazRvrebiT Semotanisas skalaruli 

namravlis Tvisebebi aqsiomebiT moicema; maswavlebelma unda miaqcios yuradRe-

ba veqtorTa wrfivi kombinaciebis gamravlebis msgavsebas mravalwevrebis gam-

ravlebis wesTan.

warmodgenilia magaliTi, romelSic skalaruli namravlis gamoyenebiT 

geometriuli faqti mtkicdeba. Semdegi magaliTi cnobili gamosaxulebis _  

(asinα+bcosα)-s udidesi da umciresi mniSvnelobebis dadgenasTan aris dakavSire-

buli. me-3 magaliTSi skalaruli namravlis fizikaSi gamoyenebis nimuSia war-

modgenili.

sakontrolo kiTxvebze da `testebze~ pasuxebis gacemiT ganimtkiceba codna 

skalaruli namravlis, misi Tvisebebis Sesaxeb.

teqstis pirvel magaliTSi viyenebT `samkuTxedis wesiT~ veqtoris daSlas: 

magaliTad, BO=AO– AB . viyenebT skalaruli namravlis Tvisebas: Tu aranulovani 

veqtorebis skalaruli namravli nulia, veqtorebi marTobulia da Tu veqtore-

bi marTobulia, skalaruli namravli nulia; AC ⋅BO=0 da AO ⋅BC=0 tolobebidan 

vRebulobT: AB ⋅CO=0, CC1 simaRlea.
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maswavleblebma ician, rom asinα+bcosα gamosaxuleba SeiZleba ase CavweroT: 

a2+b2sin(α+ϕ), sadac tgϕ= 
b
a .

teqstSi  ganxilul me-2 magaliTSi 3sinα+4cosα-s warmovadgenT ori _  

OA(3; 4) da OB(sinα; cosα) veqtorebis skalaruli namravlis saxiT. klasSi maRali 

mzaobis moswavleebs SeiZleba davavaloT ufro zogadi gamosaxulebis ganxilva 

(asinα+bcosα).

mesame magaliTSi viyenebT skalaruli namravlis fizikur Sinaarss.

miTiTebebi zogierTi amocanis amosaxsnelad

7  a) AB ⋅AD=a⋅a⋅cos900=0;

  b) AB ⋅AC=a⋅a 2 cos450=a2; 

  g) AC ⋅BD=a 2 ⋅a 2 cos900=0.

8  d) AB ⋅AC=| AB |⋅|AC|cos∠BAC=| AB |⋅|AB |=9.

skalaruli namravlisa da or wertils Soris manZilis formulis gamoyene-

biT, advilad ixsneba 9 - 15  amocanebi.

16  sakmarisia vaCvenoT, rom a  da b  veqtorebs Soris kuTxe 00-ia, an _ 1800.

 cosα= 
a  ⋅	b

| a |⋅| b |
 = 

λx2+λy2

x2+y2 ⋅ λ2x2+λ2y2
= 

λ(x2+y2)
|λ|⋅(x2+y2)

 =  
λ

|λ|
.

 Tu λ>0, cosα=1, α=00. 

 Tu λ<0, cosα= –1, α=1800.

SeiZleba asec vimsjeloT: pirobis Tanaxmad, b =λa , b  aris a -s TanamimarTu-

li, Tu λ>0, an sawinaaRmdegod mimarTuli, Tu λ<0. orive SemTxvevaSi, Tu a  da 

b -s erT wertilSi movdebT, isini erT wrfeze ganlagdeba.

17  ma=|AK|; AK= 
1
2 ( AB +AC ) gaviTvaliswinoT |AK|= AK 2 . miviRebT 

 |AK|=
1
4 ( AB +AC )⋅( AB +AC )=

1
4 (| AB |2+2 AB ⋅AC+|AC|2)=

 =
1
4 (c2+b2–2cb⋅cos∠CAB) .

 cos∠CAB= b
2+c2–a2

2bc ;

  2bccos∠CAB=b2+c2–a2.

 amrigad, ma=
1
4 (c2+b2+b2+c2–a2) =

     =
1
2 2b2+2c2–a2 .
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20    a (x; 5 3 ); b (–4; 4 3
3

); a ⋅b =–4x+20;  –4x+20=20;   x=0.

24  AB =(1; 3), BC=(3; –1), CD=(–1; –3), DA=(–3; 1).

amrigad, AB||CD,  BC||DA, | AB |=|BC|;

amitom ABCD rombia.

SeiZleba zogierTma moswavlem oTxive gverdis tolobiT daadginos oTxkuT-

xedis saxe.

27  | p |=4, | q |=6, p ⋅q =0; |3 p –2 q |= (3 p –2 q )2= 9 p 2–12 p ⋅q +4 p 2= 9⋅16+4⋅36=12 2

. 

moswavleebma yuradReba gaamaxvilon tolobebze | a |= a ⋅a ; | a + b |= ( a + b )2.

28  | a |=8, | b |=15, a ⋅b =72.

a) S=| a |⋅| b |sinα, cosα= a ⋅b
| a |⋅| b |

= 
3
5 , sinα= 

4
5 , S=8⋅15⋅ 45 =96.

b) diagonalebis sigrZeebi SeiZleba kosinusebis TeoremiT vipovoT.

29   es amocana 27  amocanis analogiurad ixsneba; viyenebT formulas:

   |4 a –5 b |= (4 a –5 b )(4 a –5 b )= 16 a 2+25 b 2–40 a b .

saSinao davalebis amocanebi, rogorc wesi, saklaso amocanebis analogiurad 

ixsneba.

22  ( a +x b )⋅( a –x b )=0;

    a 2–x2 b 2=0;

    x2= 
16
9 , x= 

4
3  an x=– 

4
3 .

23  a = – b , maSasadame, am veqtorebs Soris kuTxe 1800-ia, 

    a ⋅b =| a |⋅| b |cosα=| a |2cosα=25⋅(–1)=–25.

24  viyenebT medianis formulas: AD=
1
2 ( AB +AC ); vipoviT AB  da AC  veqto-

rebis koordinatebs, Semdeg _ AB +AC  veqtoris koordinatebs; AD-s vpoulobT 

or wertils Soris manZilis (veqtoris sigrZis) formuliT.
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III Tavis kompleqsuri davaleba. 

es davaleba am Tavis samizne cnebas ukavSirdeba, kompleqsuri davaleba 

gamiznulia dasaxelebuli Temis farglebSi gansaxilveli sakiTxebis dasa-

muSaveblad da axa li codnis asagebad. kompleqsuri davalebis SesrulebiT, 

moswavle kargad gaiazrebs iseTi sidideebis Sesabamisi maTematikuri aparatis 

mniSvnelobas, romlebic ricxvebiTa da saTanado mimarTulebiT xasiaTdeba; 

mniSvnelovania am maTematikuri aparatis gamoyeneba geometriuli debulebebis 

damtkicebis drosac. kompleqsuri davalebis piroba isea dawerili, rom daexmaros 

moswavles amocanebis amoxsnaSi; amocanis amoxsnis saSualebiT, sxvadasxva sididis 

aRwerisas, gaiazros veqtoruli aparatis gamoyenebis moxerxebuloba.

pirveli amocana moZraobis aRwerisas veqtorebze moqmedebebis gamoyenebas 

exeba. moswavlem SeiZleba plakatebi warmoadginos da aRweros amocanis amoxsnis 

mimdinareoba; SeiZleba eleqtronuli versiis momzadeba.

amocanis amoxsnis procesi SeiZleba suraTebiT aRvweroT:

amocanis pirobis Sesabamisad, pirveli suraTi SeiZleba aseTi iyos:

OM veqtoriT gamoisaxeba navis moZraoba napiris 

mimarT.

pirvel kiTxveze pasuxi am suraTiT aRiwereba 

_ napiris mimarT navis siCqare `jamuri~ veqtoriT 

aRiwereba: u + v .

Semdeg kiTxvaze pasuxi meore suraTiT gaicema: 

 navi B wertilSi moxvdeba, ^Tu jamur veqtors 

AB sxivis mimarTuleba eqneba. am suraTidan Cans, 

rom navis gadaadgilebis sasurveli mimarTuleba 

sxvadasxva sigrZisa da sxvadasxva mimarTulebis 

mqone v  veqtoriT miiReba. 

cxadia, rom misi moduli umciresia, roca v  

veqtori AB wrfis marTobulia.

axla SeiZleba v  veqtoris saZiebeli moduli vipovoT da gamovsaxoT is 

u  veqtoris | u |=u modulis saSualebiT; aq 

moswavlem SeiZleba mesame suraTi moiSvelios:

samkuTxedebis msgavsebis gamoyenebiT, 

gvaqvs:
vmin

u =
l

 l2+S 2
, sadac vmin aris saZiebeli v

veqtoris moduli.

aqedan gvaqvs:  vmin=
ul

 l2+S 2

praqtikuli amocanis amoxsna sxvadasxva codnaTa (veqtorTa analizi, 

samkuTxedebis msgavseba) integrirebuli gamoyenebis Sedegia.

l
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kompleqsuri davaleba Seicavs geometriuli debulebebis `veqtoruli 

meTodiT~ dasabuTebis magaliTebs; moswavleebi, am magaliTebis saSualebiT, 

gaiazreben `veqtoruli meTodis~ gamoyenebis moxerxebulobas, efeqtianobas, 

aqtualurobas. SeiZleba SeamCnion, rom veqtorebis gamoyeneba amartivebs 

dasabuTebis process; magaliTad, debuleba 1-is dasabuTebisTvis sakmarisia 

vaCvenoT, rom AP medianis im O wertilze, romlisTvisac 

     OP = 
1
2  AO .     (1)

gavlebuli BM monakveTi medinaaa da OM= 
1
3  BM .

marTlac, Tu O wertilis SerCevis Semdeg gavavlebT BO wrfes da masze 

SevarCevT iseT M wertils rom OM= 
1
3  BM , anu 

     OM= 
1
2  BO      (2), 

maSin advilad davasabuTebT: M wertili AC-s Sua wertilia: radgan (1) da (2)-dan

     OM– OP = 
1
2 ( BO – AO ),

     PM= 
1
2  BA .

moswavlem SeiZleba dasabuTebis sxva gza SemogvTavazos:

AP medianaa 

AO = 
2
3  AP ;

BO = BA + AO = BA + 
2
3  AP = BA + 

2
3  ( AB + BP )=

= BA – 
2
3  BA + 

2
3  BP = 

1
3  BA + 

1
3  BC ;

 Tu K wertili AC-s Sua wertilia, maSin BK = 
1
2  BA + 

1
2  BC .

maSasadame, BO = 
2
3  BK ;

amrigad, BO  veqtori BK  `medianis~ kolinearulia da | BO |= 
2
3  | BK |.

debuleba 2:

ABCD trapeciaa; AB da CD ferdebis Semcveli 

wrfeebi O wertilSi ikveTeba; M da N wertilebi, 

Sesabamisad, BC da AD fuZeebis Sua wertilebia.

dasabuTebisTvis ON  da OM veqtorebis kolinea-

rulobis Cvenebaa sakmarisi, anu, iseTi k ricxvis 

arseboba, romlisTvisac gvaqvs:

    ON=kOM.
aRmoCndeba, rom es k ricxvi OAD da OBC samkuTxedebis msgavsebis 

koeficientia. marTlac,

Tu  
OA
OB =k, maSin  

OD
OC =k, OA =k OB  da OD=kOC .

   OM= 
1
2 ( OB + OC ) da ON= 

1
2 ( OA + OD).

maSasadame, 

  ON=k 
1
2 ( OB + OC )=kOM.
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axla es debuleba sxva xerxiT davasabuToT; 

vTqvaT, AB da CD wrfeebi O wertilSi ikveTeba, M 

aris BC-s Sua wertili. unda vaCvenoT, rom OM wrfe 

AD-s Sua wertilze gadis, anu OM wrfis AD-sTan 

gadakveTis N wertili AD-s Sua wertilia.

	 	 ∆BOC ∼ ∆AOD, amitom gvaqvs:

  
BO
AO= 

BC
AD;

	 ∆BOM ∼ ∆AON, amitom gvaqvs:

  
BO
AO= 

BM
AN .

miviReT:  
BC
AD= 

BM
AN , aqedan:  

AN
AD= 

BM
BC = 

1
2 ; 

e. i. N wertili AD-s Sua wertilia.

rogorc vxedavT, veqtorul meTods ufro `swrafad~ mivyavarT Sedegamde; 

damtkicebis ideac gasagebia.

amocanebi TviTSefasebisTvis

sakiTxebi: sidideebi, dasabuTebis xerxebi, veqtorebi.

mkvidri warmodgenebi: sidideebi, romlebic xasiaTdeba ricxviT da 

mimarTulebiT, SeiZleba gamoisaxos mimarTuli monakveTebiT; mimarTul monak-

veTebze moqmedebebiT aRiwereba moqmedebebi sidideebze.

Sefasebis indikatorebi. moswavlem unda SeZlos, gamoiyenos veqtorebze 

operaciebi sxvadasxva praqtikuli amocanis amoxsnisas, debulebaTa dasasa buTe-

bisas.

savaraudo dro: 2 sT.

TviTSefasebis tests moswavle damoukideblad asrulebs. Sedegebi klasSi 

ganixileba. moswavleebma unda Tamamad isaubron aRmoCenil xarvezebze. 

maswavlebeli iTvaliswinebs moswavleTa mosazrebebs, iyenebs ganmaviTarebeli 

SefasebisTvis. maT mier amocanebis amoxsnisa da TviTSefasebis Semdeg,  Tqven 
maT miawvdiT Tqven mier Sedgenil Sefasebis rubrikasac da klasSi erToblivad 
ganixilavT weris Sedegebs

miTiTebebi zogierTi amocanis amosaxsnelad:

1  sul gvaqvs 6 veqtori AB , BA , BC , CB , AC , CA .

yvela am veqtors toli modulebi da sxvadasxva 

mimarTuleba aqvs.
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2  AB =(–8; 2)

  MN=(–m; n);
  –m=–8, m=8
  n=2.

3  Tu OA=P, maSin A=(2; 5); OA=(2; 5).
 vTqvaT, B=(x1; y1); C=(x2; y2).

 maSin AB =(x1–2; y1–5);  x1–2=2     x1=4
     y1–5=5  y1=10.

 B=(4; 10);
 

 BC=(x2–x1; y2–y1)=(x2–4; y2–10);
  x2–4=2     x2=6
  y2–10=5  y2=15.     C(6; 15).
 wertilebi, cxadia, erT wrfes ekuTvnis.

4  vTqvaT, A=(x; y). 

 a) AB =DC
    –1–x=2–1    x= –2 
      4–y=7+3  y= –6
 A=(–2; –6).
SeiZleba zogierTma moswavlem imsjelos ase: oTxkuTxedi paralelogramia, 

Tu diagonalebi erTmaneTiT Suaze iyofa, amitom BD da AC diagonalebis 

Suawertilebi erTmaneTs unda daemTxves. 

   –1+1
2  = 

x+2
2

     4–3
2  = 

y+7
2 , saidanac x= –2; y= –6.

diagonalebis sigrZeebi SeiZleba vipovoT or wertils Soris manZilis 

formuliT; diagonalebi ar aris toli, amitom ABCD paralelogrami ar aris 

marTkuTxedi.

5  OA=(0; 5);  2OA=(0; 10);  AB =(3; –1);  3 AB =(9; –3); –BC=CB=(–4; 4).

  2OA+3 AB –BC=(5; 11).
am veqtoris sigrZea: 25+121 = 146 .

6   2 p –3 q =–6 i +10 j –9 i +12 j =–15 i +22 j .

es veqtori gamoisaxeba OM=(–15; 22) mimarTuli mona-

kveTiT, M=(–15; 22).
cxadia, cosα=– 

15
|OM|

 , sinα= 
22

|OM|
; tgα= – 

22
15 .

α
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7  AC ⋅AD=AD⋅ACcos∠CAD=AD⋅AD=12⋅12=144.

maSasadame, amocanis amosaxsnelad AB-s codna 

ar aris saWiro. Tu es faqti moswavlem SeniSna, ma-

Sin cxadia, is maqsimalur Sefasebas daimsaxurebs.

sazogadod, nebismier ABCD marTkuTxedSi: 

AC ⋅AD=AC⋅AD⋅cos∠CAD=AD⋅(ACcos∠CAD)=AD⋅AD=AD2.

8  |2m– n |= (2m– n )2= 4m2+ n 2–4m⋅n =  4⋅25+9–4⋅5⋅3⋅ 2
3

= 69 . 

TviTSefasebis amocanebis Sefasebis rubrika

1  amocanaSi aRwerili veqtorebis miTiTebiT daimsaxurebT 1 qulas, a) 
da b) davalebebis amoxsniT 0,5 _ 0,5 qulas. amocana 2-quliania.

2  amocanaSi veqtoris saTavisa da bolos mixedviT TviT veqtoris war-
modgeniT daimsaxurebT 1 qulas; veqtorTa tolobis cnebis codniT ― kidev 
1 qulas; m da n ricxvebis povniT ― kidev 1 qulas. amocana 3-quliania.

3  amocanaSi koordinatTa saTavis koordinatebis miTiTebiT daimsa-
xurebT 0,5 qulas; a) davalebaSi dasmuli amocanis amoxsnis aRweriTa da pa-
suxis dadgeniT daimsaxurebT 1 qulas, Bb) davalebaSi dasmuli amocanis amox-
snis aRweriTa da pasuxis dadgeniT ― kidev 1 qulas.  amocana 2,5-quliania.

4  amocanis veqtorebis gamoyenebiT amoxsnisas, Tu mocemuli wer-
tilebidan romelime wyviliT YipoviT Sesabamis veqtors, daimsaxurebT 0,5 
qulas. paralelogramobis romelime niSnis mixedviT ucnobi A wveros koor-
dinatebis dadgeniT daimsaxurebT kidev 1,5 qulas,  diagonalebis sigrZeebis 
dadgeniT ― kidev 1 qulas; g) davalebis amoxsniT (magaliTad, diagonalebis  
sigrZeTa SedarebiT) ― kidev 0,5 qulas. amocana 3,5-quliania.

sxva meTodiT amocanis srulfasovani amoxsna aseve Sefasdeba 3,5 quliT.

5  amocanaSi miTiTebuli veqtorebis koordinatebis dadgeniT daimsax-
urebT 1 qulas, xolo veqtoris ricxvze gamravlebisa da veqtorTa Sekrebis 
dasaxelebuli moqmedebebis CatarebiT ― kidev 1,5 qulas; saZiebeli modu-
lis daadgeniT ― kidev 0,5 qulas, amocana 3-quliania.

6  amocanaSi koordinatTa RerZebis ortebis mixedviT veqtorebis daS-
lis codna da veqtorebze moqmedebebis Sesruleba Sefasdeba 1,5 quliT; 
geometriuli warmodgenebiT kuTxis tangensis dadgena ― kidev 1,5 quliT, 
amocana 3-quliania.
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7  amocanaSi Tu iciT skalaruli namravlis cneba, daimsaxurebT  0,5 qulas, 
Tu daukavSirebT AC diagonals AD gverds _ kidev 1 qulas. amocana 1,5-qu-
liania.

8  amocanaSi veqtoris modulis dakavSireba veqtoris skalarul kvadrat-
Tan moganiWebT 1,5 qulas, skalaruli kvadratis povna _ kidev 1 qulas. amocana 
2,5-quliania.

ramdeni qula miiReT?
19-21 ― davaleba  Sesrulebulia Zalian kargad (Sefaseba maRalia);
15-18 ― davaleba Sesrulebulia kargad (Sefaseba saSualoze maRalia);
11-14 ― davaleba Sesrulebulia nawilobriv (Sefaseba saSualoa);
11 qulaze  naklebi qulis SemTxvevaSi gWirdebaT ufro gulmodgine muSaoba 

(Sefaseba dabalia).

III Tavis damatebiTi amocanebi

amocanebi SeiZleba sxvadasxva dros da sxvadasxva miznebisTvis gamoviyenoT. 

magaliTad, TviTSefasebis testis mixedviT  aRmoCenili xarvezebis  aRmof xvris-

Tvis.

miTiTebebi amocanebis amosaxsnelad 

1   AB =DC
   (4; –3)=(–2–a; b+1),
  4=–2–a
       –3=b+1    
  
aqedan gvaqvs: a= –6, b= –4.

2  AB =CD    3   B=(x; x)

  AB =(6; –4)     (x–5)2+(x+2)2=169

Tu D=(x; y), maSin CD=(x+6, y–5).  2x2–6x+29=169

AB =CD  amitom x+6=6,    x=0;   2x2–6x–140=0
   y–5= – 4,   y=1.   x2–3x–70=0
       x1=10; x2=–7
       (10; 10) an (–7; –7).
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4  vTqvaT, A=(0; y), B=(x; 0).  5  a) AB +BC=AC ;

  15y=240, y=16; A(0; 16).       b) AC+CD=AD

  –8x=240, x= –30; B(–30; 0)       i) BC–BD=BC+DB=DC.

  AB =(–30; –16).

6   3 AB +4BC=3⋅(4; 7)+4(6; –13)=(36; –31).

7   MN= 
1
2 AC ;

   AC =(–7; 4)

   MN=(–3,5; 2)

   MN= –3,5 i +2 j  

8  a) D=(3; 2,5)

    AD =(6; –2,5)

vTqvaT, O=(x; y); maSin AO =(x+3; y–5)

   AO = 23 AD =(4; – 53 )

  x+3=4, x=1

  y–5= – 53 , y= 10
3      O=(1; 10

3 ).

b)  OA =–4 i + 53 j ;  OB = i + 14
3 j ;  OC=3 i – 19

3 j ;
SeiZleba isargeblon medianis sapovneli formuliT: Tu BE medianaa, 

 BE= 12 ( BA + BC )= 12 ((–5; –3)+(2; –11))=(– 32 ; –7). 

 BO = 23 BE =(–1; – 14
3

), OB =(1;  14
3

), OB = i + 14
3

j .

g)  OA + OB +OC=(0; 0).

9    | OA |=20, OA =(x; y)

    cosα= 
x

20, sinα= 
y

20.

  a) 3
2

= 
x

20, x=10 3

    1
2 = y

20, y=10

    OA =(10 3 ; 10).

 



100

DON'T C
OPY

b) Tu α= –45, cosα= 2
2

, sinα= – 2
2

, 

    maSin x=20⋅ 2
2

=10 2 ,

    y=20⋅(– 2
2

)= –10 2 .

10   | OA |=a

   | OB |=b.

 OA =(acosα; asinα)

 OB =(bcosβ; bsinβ)

 OA + OB =(acosα+bcosβ; asinα+bsinβ).

11  A=(3; 5), Tu C1=(x1; y1), maSin AC1=(x1–3; y1–5), |AC1|= (x1–3)2+(y1–5)2 .

Tu C2=(x2; y2), maSin |AC2|= (x2–3)2+(y2–5)2 . 

a) SeiZleba SearCioT iseTi x1, x2, y1, y2 ricxvebi, rom gvqondes, magaliTad, 

 x1–3=3; y1–5=4;
 x2–3=4; y2–5=3.

saidanac C1(6; 9), C2=(7; 8).
b) Tu aviRebT, magaliTad, x1=0, y1=0,

maSin |AC1|= 9+25 = 34  _ iracionaluri ricxvia.

12  | AB |x=|CD| gantolebas erTaderTi amonaxsni aqvs, roca | AB |≠0;

uamravi amonaxsni aqvs, roca | AB |=|CD|=0, aq unda aviRoT wertilebi: 

B=(6; 7); D=(4; 5).

ar aqvs amonaxsni, roca | AB |=0 da |CD|≠0. aviRoT B=(6; 7), D≠(4; 5), D aris 

C-sgan gansxvavebuli nebismieri wertili.

13  | AB |= 4 =2;  | BC |= 25=5;  | AC |= 49 =7. 
  2x2+5x–7=0
  D=25+56=81;   x1= – 72 , x2=1.

14  tolgverda samkuTxedis TiToeuli kuTxe 600-ia, gare kuTxe _ 1200.

  b) AB ⋅BC=8⋅8⋅cos1200=–32.

15   10⋅10cosA=50, cosA= 
1
2 , sinA= 3

2 , S=10⋅10⋅ 3
2 =50 3 .

16   OC=(5; 0), OC=5 i ;

   OG=(–2; 4),  OG=–2 i +4 j .

19   |3m–2 n |= (3m–2 n )2= 9m2+4 n 2–12m⋅n = 36+100–12⋅2⋅5⋅ 35 =8.

β
α
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Semajamebeli wera #4

Tematuri bloki: sidideebi, veqtori.

samizne cnebebi: geometriuli obieqtebi da maT Soris kavSirebi, veqtorebi.

Sefasebis indikatorebi: moswavlem unda SeZlos vetorebze moqmedebebis 
Sesruleba, veqtorebis gamoyeneba geometriuli figurebis elementebTan dakav-

SirebiT.

amocanebis nimuSebi: 

1  mocemulia a (3; –4) da b (5; 1) veqtorebi. ipoveT 2 a +3 b  veqtoris 

koordinatebi.

2  a (x0; –24) veqtoris sigrZe 26 erTeulia. ipoveT x0.

3  A(3; 2), B(5; 4) da C(6; –4) samkuTxedis wveroebia, O aris am samkuTxedis 

medianebis gadakveTis wertili. ipoveT AO  veqtoris koordinatebi.

4  ABCD paralelogramia, AB = a , AD= b . gamosaxeT a  da b  veqtorebiT AM 

veqtori, Tu cnobilia, rom M∈BC da BM:MC=1:4.

5  A(7; y) sakoordinato sibrtyis wertilia, O saTavea, α aris OA  veqtoris 

mier OX RerZTan Sedgenili kuTxe. cnobilia, rom cosα=0,28, sinα=–0,96. ipoveT  

OA  veqtoris moduli da koordinatebi.

6  A(5; 4), B(7; b), C(a; –5), D(0; –2) aris ABCD paralelogramis wveroebi. ipoveT 

diagonalebis gadakveTis wertilis koordinatebi, a da b.

7  A(5; 3), B(2; 0) da C(8; –1) sakoordinato sibrtyis wertilebia. ipoveT  

AB  da AC  veqtorebs Soris kuTxis kosinusi.

pasuxebi: 1  (21; –5). 2  x0=10, an x0=–10. 3  ( 53 ; – 43 ). 4  a +0,2 b . 5  | OA |=25 

erTeuli, OA (7; –24). 6  (3,5; –0,5), a=2, b=1. 7   
1

5 2
.

miTiTebebi:

3  SeiZleba moswavleebma ipovon koordinatebi, jer BC gverdis D Sua 

wertilis, Semdeg _ AD  veqtoris da  OA = 23 AD  veqtoris.

SesaZloa gamoiyenon medianis formula: AD = 12 ( AB + AC ).
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5  moswavle A-s pirveli koordinatis da cosα-s saSualebiT jer gamoTvlis 

OA  veqtoris moduls (sigrZes): | OA |= 7
cosα=25; Semdeg  |y|

25  =0,96 tolobidan 

miiRebs: |y|=24 da imis gaTvaliswinebiT, rom α aris IV meoTxedis kuTxe, daadgens: 

y=–24.

7  AB =(–3; –3), AC=(3; –4), . 

viyenebT or veqtors Soris kuTxis kosinusis formulas: cosα= AB ⋅AC
| AB |⋅|AC|

.

miviRebT: cosα= 
–9+12
3 2 ⋅5

= 
1

5 2
.

SesaZlebelia samkuTxedis gverdebis sigrZeTa dadgenis Semdgom kosinusebis 

Teoremis gamoyenebiTac gadaiWras es amocana.

 ganmsazRvreli Sefasebis rubrika

gTavazobT, 1 - 4  amocanebidan TiToeuli Sefasdes 1 quliT, 5 - 7  amo-

canebi _ or-ori quliT.

1  2 a , an 3 b  veqtoris koordinatebis dadgena _ 0,5 qula, jamis povna _ 

kidev 0,5 qula.

2  piTagoras Teoremis gamoyenebiT gantolebis Sedgena x0-is mimarT 

Sefasdes 0,5 quliT, gantolebis amoxsna da pasuxebis dafiqsireba _ kidev 0,5 

quliT.

3  D an O wertilebidan romelimes, an AD  veqtoris koordinatebis povna 

Sefasdes 0,5 quliT, AO  veqtoris koordinatebis povna _ kidev 0,5 quliT.

4  0,5 quliT Sefasdes BM veqtoris gamosaxva b  veqtoris saSualebiT; kidev 

0,5 quliT _ AM veqtoris gamosaxva a  da b  veqtorebiT.

5  0,5 quliT Sefasdes OA  veqtoris modulis povna, kidev 0,5 quliT _ y-is 

povna.

6  Sefasdes 0,5 quliT AB  da DC veqtorebis gamosaxva koordinatebSi; maTi 

tolobis gaTvaliswinebiT a-sa da b-s povna _ kidev 0,5 quliT. 1 qula daematos 

diagonalebis gadakveTis wertilis povnisTvis.

7  veqtorebis koordinatebis dadgena Sefasdes 0,5 quliT, veqtorTa 

skalaruli namravlis povna koordinatebis mixedviT _ kidev 0,5 quliT, 

veqtorTa modulebis povna _ 0,5 quliT, saZiebeli sididis povna _ kidev 0,5 

quliT. sul _ 2 qula.

aqve SevniSnavT, rom TiToeuli amocanis amoxsnis gansxvavebuli gza, an 

amoxsnis Ziebisas gadadgmuli `racionaluri nabijebi~ unda Sefasdes saTanado 

qulebiT.

x–2
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saswavlo procesis yoveli aqtivoba unda gamoviyenoT ganmaviTarebeli 

SefasebisTvis. Semajamebeli weris ganmsazRvreli Sefaseba gamorCeulia Tavisi 

mniSvnelobiT. amitom misi dakavSireba ganmaviTarebel SefasebasTan sayuradRebo 

da aqtualur aqtivobad unda iqces. vfiqrobT, Cveni rekomendaciebi SeiZleba 

daexmaros Tqvens muSaobas.

miuxedavad imisa, rom es Semajamebeli amocanebi adre ganxilul da arc Tu 

rTul sakiTxebs ukavSirdeba, mxolod ganmsazRvreli SefasebiT Semofargvla, 

SesaZloa, Riad datovebs araerT kiTxvas da moswavleTaTvis problemur 

sakiTxebs. es varaudi mravali sarwmuno kvleviTa da erTiani erovnuli gamocdebis 

SedegebiTac dasturdeba. ganmaviTarebeli Sefasebisas Seswavlilis gameoreba, 

sajaro ganxilva xels Seuwyobs am sakiTxebis ukeT aRqmas. swored amitom 

viyenebT ganmsazRvrel Sefasebas ganmaviTarebeli Sefasebis instrumentad.

mravalwlianma saswavlo praqtikam naTlad warmoaCina axali Sefasebebisas 

winmswrebi da Semdgomi metakognituri pauzebis, jgufuri da interaqtiuli 

ganxilvebis,  amocanaTa amoxsnis sxvadasxva gzis Ziebis da maTi Sedarebis 

qmediToba.  aseTi midgoma _ SemoqmedebiTi CarTuloba sakiTxebis ganxilvaSi, 

mkveTrad amaRlebs moswavleTa motivaciasac Semdgom muSaobaSi.

1  amocanis ganxilva daiwyeT veqtoris cnebisa da misi koordinatebis 

gansazRvrebidan, aRwereT koordinatebiT warmodgenili veqtoris ricxvze 

namravlisa da veqtorTa jamis formulebi kiTxva-pasuxis reJimSi, moswavleTa 

maqsimaluri CarTulobiT.

2  veqtoris sigrZis formulis dafaze Cawera moswavleebs daavaleT. misi 

gamoyenebiT klass aRar gauWirdeba ucnobi koordinatis mimarT kvadratuli 

gantolebis miReba. araa gamoricxuli, rom am gantolebis amoxsna zogierTi 

moswavlisTvis rTuli aRmoCndes. Tqven mogecemaT SesaZlebloba, klasis 

daxmarebiT, es xarvezic aRmofxvraT.

3  amocanac cnobil sakiTxebs ukavSirdeba, kerZod, samkuTxedis medianaTa 

gadakveTis wertilis Tvisebas. aqve mogiwevT, klasTan erTad, mocemul wertilTa 

dalagebuli wyviliT mimarTuli monakveTis _ veqtoris warmodgena. dausviT 

kiTxva klass _ ra gzebiT SeiZleba saZiebeli veqtoris dadgena? es kiTxva, 

uTuod, saintereso msjelobis sagnad iqceva. Semdeg ki aRweril gzebs Soris 

romels mianiWeben upiratesobas da ratom _ es analizic sayuradReboa.

4  amocanis ganxilvisas veqtorTa jamisa da monakveTis proporciul 

nawilebad dayofis Sesaxeb mouwevs klass msjeloba. maTi ganxilva-gaxseneba 

moswavleTa mzaobas aamaRlebs sxva araerTi amocanis amoxsnis dros.

5  amocanac araerTi sakiTxis codnas ukavSirdeba da maTi sajaro ganxilva-

gaxseneba moswavleebs Semdgom muSaobaSi Seuwyobs xels. kerZod, trigonometriis 

CarTva veqtorebTan dakavSirebul sakiTxebSi problemis gadaWris saukeTeso 

gzas warmoadgens.
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6  amocanis amoxsna ukavSirdeba wina amocanebSi ganxiluli meTodebis 

gamoyenebas. es aamaRlebs moswavleTa CarTulobas da gaamyarebs maT codnas 

aRniSnuli sakiTxebis Sesaxeb.

7  amocanaSi dasmuli veqtorTa koordinatebis dadgenis sakiTxi adrec 

araer Txel dasmula, amitom am sakiTxs moswavleebi, albaT, iolad gadaWrian. 

Semdgomi gansja veqtorTa skalarul namravls daukavSirdeba da saZiebeli 

kuTxis kosinussac am namravlis formuliT miakvleven moswavleebi. zogierTma 

moswavlem SeiZleba samkuTxedis gverdebis sigrZeebis povna da Semdeg kosinusebis 

Teoremis gamoyenebiT daasrulos amocanis amoxsna. klasma Seadaros es ori 

midgoma da Seafasos romeli ufro racionaluria mocemul SemTxvevaSi.

III Tavis Semajamebeli weris mixedviT SeiZleba daakonkretoT `solo 

taqsonomiis~ zogadi formiT warmodgenili moswavleTa miRwevebis doneebi. 

1. prestruqturuli done. moswavles aqvs bundovani warmodgena sim-

rav leebze Casatarebeli moqmedebebis, veqtorebze moqmedebebis Sesaxeb, ver 

axerxebs veqtoris koordinatebiT warmodgenas. uWirs gadmosces teqsturad 

mocemuli amocanis Sinaarsi, mocemul amocanas ver ukavSirebs venis diagramas.

2. unistruqturuli done. moswavles SeuZlia Canaweris mixedviT simravlis 

aRwera; cdilobs, metwilad xarvezebiT, sajaro ganxilviT miRebuli Sedegebis 

interpretacias; aramkafiod, magram mainc axerxebs teqsturi amocanis Sinaarsis 

gadmocemas; iyenebs adekvatur terminologias da erTveba venis diagramis 

ganxilvis procesSi.

3. multistruqturuli done. sworad gadmoscems simravleebze moqmedebis 

arss, magram praqtikuli amocanebis ganxilvisas zogjer uSvebs Secdomebs; 

aqtiurad erTveba veqtorebTan dakavSirebuli sakiTxebis sajaro ganxilvaSi, 

Tumca trigonometriis CarTva problemuria misTvis; ar aris iniciatori, 

Tumca aqtiuria venis diagramis gamoyenebis procesSi da asrulebs saTanado 

moqmedebebs. SeuZlia teqsturi amocanis Sinaarsis mkafiod gadmocema.

4. mimarTebiTi done. moswavles naTeli warmodgena aqvs simravleebze 

moqmedebebis Sesaxeb; Tanamimdevrulad, raime seriozuli xarvezis gareSe 

gadmoscems amocanis amoxsnis detalebsac ki, bolomde miyveba amoxsnis gzas; 

SeuZlia sakiTxis kvlevaSi sxvadasxva meTodis CarTva da mTeli amocanis amoxsnis 

erTiani gzis dasaxva; samuSaos dasrulebisas aanalizebs gaweul samuSaos.

5. gafarToebuli abstraqtuli done. amocanis gaazrebisas gamoTqvams 

mravalmxriv midgomas dasmuli problemisadmi; axasiaTebs daxvewili da 

logikurad gamarTuli msjeloba; avlens unarebs, romlebiTac gacilebiT 

rTuli da zogadi amocanebis gadawyvetaa SesaZlebeli; aanalizebs amocanis 

amoxsnis SesaZlo gzebs da irCevs saukeTesos, optimalurs; Tavisi msjelobiT 

axerxebs sxvaTa dainteresebas da CarTvas kvlevis procesSi.



105

DON'T C
OPYIV Tavi

Tvlis zogierTi poziciuri sistema. 
ricxvebi. moqmedebebi ricxvebze

Temebi: aTobiTi da araaTobiTi poziciuri sistemebi; ricxvebi; algebruli gamo-

saxulebis gardaqmnebi; iracionaluri ricxvebi da piTagoras Teorema

samizne cnebebi da 

maTTan dakavSirebu-

li mkvidri warmod-

genebi

sakiTxebi
sakvanZo  

SekiTxvebi

kompleqsuri 

davaleba

naturaluri ricxve-

bis Caweris sxvadasxva 

sistema; namdvili 

ricxvebi da maTi 

gamoyeneba; racio-

nalurmaCvenebliani 

xarisxi, xarisxis da 

fesvis Tvisebebi.

naturaluri ricxve-

bis Casawerad SeiZle-

ba gamoviyenoT araa-

TobiTi poziciuri 

sistemac

araaTobiTi pozi-

ciuri sistemebi; 

namdvili ricxvebi 

da maTi gamoyeneba 

sidideebis warmo-

sadgenad

ra upiratesoba 

aqvs poziciur 

sistemebs?

ratom iyeneben 

teqnologiebSi 

orobiT siste-

mas?

ricxvebis Cawe-

ris sxvadasxva 

wesi – Tvlis 

sistemebi

Sefasebis indikatorebi: moswavlem unda SeZlos ricxvis Caweris sxvadasxva 

poziciuri sistemis gaazreba, kavSiris damyareba sxvadasxva poziciur sistemaSi 

(magaliTad, orobiT da aTobiT) ricxvis Canawerebs Soris; naSTTa ariTmetikis 

elementebis gamoyeneba; sidideebis warmodgena ricxvebiT; ricxvebis, ricxvi-

Ti gamosaxulebebis da sidideebis warmodgena ekvivalenturi formiT (maT. saS. 

1); geometriuli obieqtebis gansazRvrebaTa da TvisebaTa sworad Camoyalibeba; 

geometriuli obieqtis zomis gamoTvla (maT. saS. 4); algebrul gamosaxulebaTa 

formebs Soris kavSiris damyareba; movlenebis maTematikuri modelireba (mag-

aliTad, algebruli gamosaxulebis saxiT) da problemis gadaWra (maT. saS. 2).
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me-4 TavSi vajamebT codnas ricxvebis Sesaxeb. moswavleTaTvis axalia mxo-

lod Tvlis iseTi poziciuri sistemis ganxilva, roca fuZe 10-isgan gansxvavebu-

li 1-ze meti naturaluri ricxvia. yuradReba gamaxvilebulia orobiT sistemaze 

da axsnilia misi gamoyenebis mniSvneloba.

Cveulebrivi enis msgavsad, ricxvebis enasac Tavisi `anbani~ aqvs. im enaSi, 

romelsac Cven viyenebT `anbani~ 10 cifrisgan Sedgeba. am `enas~ Tvlis aTobi-

Ti sistema ewodeba. maswavlebelma unda icodes, rom maTematikis TvalsazrisiT 

arc erT poziciur sistemas ara aqvs upiratesoba sxvasTan SedarebiT. yoveli 

poziciuri sistema erTi principiT aigeba _ airCeva raime ricxvi, magaliTad, 

p, is miiReba sistemis fuZed, yoveli n naturaluri ricxvi warmoidgineba am p 

ricxvis Tanamimdevruli xarisxebis saxiT, amasTanave, koeficientebis mniSvne-

lobebi 0-dan (p–1)-mdea.

n=ak p
k+ak–1 p

k-1 + ... + a1p+a0.

SemoklebiT ase Caiwereba:

n=(akak–1 ... a1a0)p.
am CanawerSi yoveli cifris `mniSvneloba~ damokidebulia mis mier dakave-

bul adgilze (poziciaze). magaliTad, (222)10 CanawerSi 2 monawileobs samjer. mar-

jvniv, pirveli 2 niSnavs 2 erTeuls, Semdegi _ 2 aTeuls, Semdegi _ 2 aseuls; 

Tu p>2, maSin (222)p CanawerSi 2-ebi Sesabamisad niSnavs _ 2-s, 2p-s, 2p2-s.

amave TavSi gaTvaliswinebulia zogierTi sakiTxis gameorebac. axali sakiTx-

ebis Seswavlis paralelurad, saSualo safexurze me-10 klasidan daviwyeT daw-

yebiT da sabazo safexurze Seswavlili sakiTxebis gameorebac; es Seesabameba sa-

Sualo safexurze swavlebis misias _ mzadeba skolis Semdgomi saqmianobisTvis.

4.1 Tvlis zogierTi poziciuri sistema

Tvlis sistemebze saubars aTobiTi poziciuri sistemis analiziT viwyebT. 

moswavleebs vTxovT, teqstSi warmodgenili magaliTis analogiurad, Caweron 

sxva ricxvebic saTanrigo Sesakrebebis jamis saxiT. moswavleebma kargad unda 

gaiazron, ratom ewodeba ganxilul sistemas aTobiTi sistema da ratom aris 

aRniSnuli, rom es sistema poziciuri sistemaa _ mniSvneloba aqvs TiToeuli 

cifris adgils (pozicias) CanawerSi. vixilavT erTi da imave cifris sxvadasxva 

mniSvnelobas, roca es cifri ricxvis CanawerSi sxvadasxva poziciazea warmod-

genili. sxvadasxva fuZis gamoyenebis konkretuli magaliTebis ganxilva daex-

mareba moswavleebs, gaiazron nebismieri b fuZis SemTxvevaSi ricxvis saTanrigo 

Sesakrebebad Cawera.

maswavleblebma unda icodnen, rom Canaweris arseboba da erTaderToba 

(nebismieri fuZis SemTxvevaSi) SeiZleba damtkicdes maTematikuri induqci-

is meTodiT. cxadia, skolaSi mxolod konkretul magaliTebs ganvixilavT da, 
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am konkretuli magaliTebis gamoyenebiT, aTobiT sistemaSi Cawerili ricxvebi 

`gadagvyavs~ sxva sistemaSi. es procesi dakavSirebulia naSTiani gayofis algo-

riTmTan da misi aTviseba ar unda gauWirdeT moswavleebs. yovelma moswavlem 

unda SeZlos, magaliTad, aTobiTi Canaweridan orobiT sistemaze gadasvla.

moswavlem unda gaiazros, rom, magaliTad, samobiT sistemaSi  mxolod sami 

cifri gvaqvs, es cifrebi SeiZleba iyos 0, 1 da 2. saTanrigo Sesakrebebis jamad 

warmodgenas, Cven mokled _ gaSlili formiT Cawera vuwodeT (ucxour wignebSi, 

xSirad, es termini gamoiyeneba). 

`testebSi~ swori pasuxebis dadgena ar unda gauWirdeT moswavleebs. 8  

`testi~-is amoxsnisas, moswavleebs SeiZleba avuxsnaT, rom orobiT sistemaSi 

ori cifri gvaqvs da cifrebad aiReba 0 da 1; samobiT sistemaSi _ 0, 1, 2; oTxo-

biT sistemaSi _ 0, 1, 2, 3; xuTobiT sistemaSi _ 0, 1, 2, 3, 4. Tu fuZe 10-ze me-

tia, cxadia, dagvWirdeba axali cifrebis (niSnebis) SemoReba. magaliTad, 12-obiT 

sistemaSi 12-is xarisxebis koeficientebi iqneba ricxvebi: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 

10, 11; da, maSasadame, 10 da 11-isTvis unda SemoviRoT sxva aRniSvnebi.

miTiTebebi zogierTi amocanis amosaxsnelad:

10  a) amosaxsnelia gantoleba: 1+x3=28, x=3; 

  b) 1+2x2=33, x=4;
  g) (2+x+3x2)+(3+x+2x2)=140; x=5;
  d) (3x+1)(2x+2)=130; 3x2+4x–64=0, x=4.

12  b) 111 010 100 001 101)2=(7 2415)8; aq gamoviyeneT saxelmZRvanelos teqstSi 

ganxiluli magaliTi 3.

13  nebismieri ricxvi Caiwereba samobiT sistemaSi. maSasadame, nebismier ricx-

vs gamovsaxavT 3-is xarisxebiT. Sesabamisad, avwoniT nebismieri masis tvirTs `3-

is xarisxebiani~ sawonebiT, Tumca, SeiZleba mogviwios zogierTi sawonis tvir-

Tis mxares dadeba. magaliTad, 200 grami tvirTis awonisas, tvirTis mxares vdebT 

34g da 30g sawonebs, tvirTis sawinaaRmdego mxares _ 35g, 33g, 32g da 31g sawonebs. 

miviRebT, rom tolobis orive mxare mxolod 3-is xarisxebs Seicavs.

analogiuri msjelobiT miviRebT, rom nebismieri naturaluri ricxvi Sei-

Zleba warmovadginoT 3-is xarisxebis jamis an sxvaobis saxiT, sadac yoveli 

xarisxi TiTojer iqneba gamoyenebuli. es niSnavs, rom nebismieri n masis (n∈N) 

tvirTis awonvisas Tu n-s warmovadgenT 3-is xarisxebis aq aRwerili formiT da 

minusniSnian Sesakrebebs (`sawonebs~) `tvirTisken~ gadavitanT, SevZlebT tvir-

Tis awonvas aRniSnuli wesiT.

15  a) (1001)t=t3+1=65,   t3=64,   t=4;
  b) 2t2+1=51,  2t2=50,   t=5.
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16  a) 73416=7⋅162+3⋅16+4; 
    24EF16=2⋅163+4⋅162+14⋅16+15.
 b) 307=162+3⋅16+3,
    (307)10=(133)16.
aq ar dagvWirda sxva (9-ze meti) cifrebi

    34721=8⋅163+7⋅162+10⋅16+1.
maSasadame, pirobis Tanaxmad,

 (34721)10=(87A1)16 ;   aq A=10.
SeiZleba asec vimoqmedoT:

34 721 16

 1 2170 16

  10 135 16

   7 8    16

    8     0

17   pirobis Tanaxmad,    

   b2+b+1=43, aqedan b=6.       

19   (3054)8=3⋅83+5⋅8+4=1580. 
 

 1580    12

 8    131    12

      11      10    12

       10    0

    anu 1580=10⋅122+11⋅12+8.                     

   (3054)8=(AB8)12

      aq A=10, B=11.
 

11   gvaqvs: 1+2+*⋅22+24=19;  *=0.

12   (160346)8=1 110 000 011 100 110,
     radgan (6)8=(110)2, (4)8=(100)2, (3)8=(011)2.
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4.2 racionaluri ricxvebi. ricxvis xarisxi

am gakveTilidan viwyebT gameorebas. 4.2. paragrafi naturalur, mTel da 

racionalur ricxvTa simravleebis Sesaxeb codnis gameorebas eZRvneba. am cne-

bebis ganxilvis process ar axlavs `fsevdo~ gansazRvrebebi: naturaluri ricx-

vebi ewodeba Tvlis Sedegad miRebul ricxvebs; racionaluri ricxvi ewodeba 

ricxvs (?), romelic SeiZleba Caiweros 
m
n  (m∈Z, n∈N) saxiT. maswavlebelic unda 

moeridos aseTi kiTxvis dasmas: ras ewodeba naturaluri ricxvi? ras ewodeba 

racionaluri ricxvi? moswavlem unda SeZlos daasaxelos naturaluri ricxvi, 

mTeli ricxvi, racionaluri ricxvi; unda SeZlos, miuTiTos am ricxvebis gam-

oyenebis magaliTebi; unda SeZlos miuTiTos – ra mimarTebebia sxvadasxva ricx-

viT simravleebs Soris; gamosaxos venis diagramebiT es mimarTebebi. maswavle-

belma unda icodes, rom arsebobs ricxvebis SemoRebis sxvadasxva mecnieruli 

wesi _ magaliTad, aqsiomuri meTodi, peanos aqsiomebiT (rigobiTi aspeqtis win 

wamoweva), an simravleebis urTierTcalsaxa Sesabamisobis safuZvelze (raode-

nobiTi aspeqti) naturaluri ricxvebis SemoReba. maswavlebeli unda icnobdes 

wiladebis simravleSi, ekvivalentobis mimarTebis safuZvelze, racionaluri 

ricxvebis SemoRebas, an algebruli struqturebis gamoyenebas, am ricxvebis Se-

moRebisas. maSin man SeiZleba kargad auxsnas moswavleebs, rom, magaliTad, 
3
5 ; 

6
10; 0,6 erTi da imave racionaluri ricxvis sxvadasxva Canaweria (ricxvi erTia, 

Canaweri _ sami). es ricxvi procentiTac SeiZleba gamoisaxos. mecnierulia mid-

goma _ procenti ricxvis Caweris erT-erTi formaa; sididis 60%-is povna ki 

igivea, rac am sididis 
3
5 -is povna.

axsnilia naturalurmaCvenebliani xarisxi da misi Tvisebebi; xarisxi mTeli 

maCvenebliT; ricxvis moduli da misi geometriuli azri.

miTiTebebi zogierTi amocanis amosaxsnelad:

30  aq ori Teoremaa dasamtkicebeli. vTqvaT, ricxvi dadebiTi racionalu-

ri ricxvia, maSin is SeiZleba Caiweros 
m
n  ukveci wiladis saxiT, m mTelia, n _ 

naturaluri. Tu n=1, es ricxvi naturaluri ricxvia; Tu n-is martivi gamyofi 

SeiZleba iyos mxolod 2 an 5, maSin is Caiwereba sasruli aTwiladis saxiT; wi-

naaRmdeg SemTxvevaSi, miviRebT usasrulo periodul aTwilads, radgan m-is n-ze 

gayofisas naSTi SeiZleba iyos 0, 1, 2, .... , (n–1), maSasadame, naSTebi aucileblad 

daiwyebs gameorebas, sul didi n–1 Tanrigis Semdeg.

axla Sebrunebuli Teorema davamtkicoT: yoveli naturaluri ricxvi racio-

naluri ricxvia; yoveli aTwiladi Caiwereba 
m
n  saxiT; yoveli aTwiladiT racio-

naluri ricxvi gamoisaxeba; yoveli usasrulo perioduli aTwiladi Caiwereba 
m
n  

saxiT, romelic racionalur ricxvs warmogvidgens.



110

DON'T C
OPY

33  6,6=5,600...=5,6(0). 

35  0,75; 2
10; 1

5 ; 0,2; 3
4 ; 5.

aq 0,75 da 3
4  erTi da imave racionaluri ricxvis sxvadasxva Canaweria. 

2
10 , 

1
5  

da 0,2 _ erTi da imave racionaluri ricxvis Canawerebia. maSasadame, aq warmod-

genilia 3 sxvadasxva racionaluri ricxvi.

36  0,(23)=23
99; 5,2(25)=5 225–2

990 .

39   3⋅mn =m+n
2n ,  6m=m+n,   5m=n,

  n=5,  m=1;  1
5 .

31   x → 2x → 6x.

    5x
x ⋅100% = 500%.

35   2m
n =m+10

n+10
     2mn+20m=mn+10n
    mn+20m=10n
    m(n+20)=10n

    m= 10n
n+20 ; m=10n+200–200

n+20 =10(n+20)
n+20  – 200

n+20 ; m=10– 200
n+20 ;

200 unda iyofodes n+20-ze, n+20=200, n+20=100, n+20=50 an n+20=25. ukeveci 

wiladi miiReba, roca n+20=25, aqedan, n=5, m=2.

41  Tu davuSvebT, rom perioduli aTwiladia da periodi Sedgeba k cifris-

gan, maSin am usasrulo aTwiladSi vipoviT `adgils~, romlis Semdeg gvaqvs k-ze 

meti raodenobis nuli. miviRebT winaaRmdegobas.
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4.3 kvadratuli fesvi, iracionaluri ricxvi. 
namdvili ricxvi. namdvili ricxvis gamosaxva 
ricxviT wrfeze. namdvili ricxvis moduli

am paragrafiT vamTavrebT ricxvTa simravleebisa da maT Soris mimarTebebis 

aRweras. amitom iracionaluri ricxvis cnebis SemoRebamde gavimeoreT natura-

lur, mTel da racionalur ricxvTa simravleebi, maT Soris mimarTebebi.

mniSvnelovania, moswavlem kargad gaiazros kvadratuli fesvisa da am cne-

basTan dakavSirebuli aRniSvnebi.

arsebobs ori ricxvi, romlis kvadrati aris 9; es ricxvebia 3 da (–3); 32=9, 

(–3)2=9; TiToeuli aris kvadratuli fesvi 9-dan. am ori ricxvidan erTi dadebi-

Ti ricxvia; es aris 3; am ricxvs ewodeba ariTmetikuli kvadratuli fesvi 9-dan 

da ase aRiniSneba: 9 . aseTi konkretuli magaliTebis ganxilvis Semdeg ganvixi-

lavT tolobas:

     a2 =|a|;
a2  aris ariTmetikuli kvadratuli fesvi a2-dan; maSasadame, es ricxvi aris 

a, Tu a dadebiTia; aris (–a), Tu a uaryofiTia; aris 0, Tu a=0. maSasadame, a2 =|a|, 
radgan |a|-Ti aRiniSneba a, Tu a>0; (–a), Tu –a>0 (a<0) da 0, Tu a=0.

aqve ganvixilavT iracionaluri ricxvis magaliTebs; Tu a naturaluri ricx-

via da ar aris mTeli ricxvis kvadrati, maSin a  iracionaluri ricxvia.

Temis ganxilvas vamTavrebT namdvili ricxvis modulisa da modulis Tvise-

bebis aRweriT.

miTiTebebi zogierTi amocanis amosaxsnelad:^

16  am debulebas sawinaaRmdegos daSvebis meTodiT vamtkicebT; davuS-

vaT α iracionaluri ricxvia, β _ racionaluri, maSasadame, β ase Caiwere-

ba: β=m
n  (m∈Z, n∈N); Tu α+β racionaluria, anu Tu α+m

n  = 
m1
n1

 (m1∈Z, n1∈N), maSin  

α= 
m1
n1

 – mn = 
m1n–n1m

n1n
; miviReT, rom α racionaluria, miviReT winaaRmdegoba.

19   x+2 x–1 + x–2 x–1 = x–1+2 x–1 +1 + x–1–2 x–1 +1 =| x–1 +1|+| x–1 –1|;
Tu 1≤x<2, maSin 0≤x–1<1, x–1 <1 da miviRebT: 

    | x–1 +1|+| x–1 –1|= x–1 +1+1– x–1 =2.

Tu x>2, maSin x–1>1, x–1 >1 da

    | x–1+1|+| x–1 –1|= x–1 +1+ x–1 –1=2 x–1 .

21  davuSvaT, kvadratis gverdi da diagonali Tanazomadi monakveTebia; maSin 

arsebobs monakveTi, romlis sigrZe aris l, romelic Tavsdeba m-jer kvadratis 

gverdSi da n-jer diagonalSi; maSasadame, kvadratis gverdis sigrZe gamoisaxeba 

ase: ml; diagonali _ nl; (nl)2=(ml)2+(ml)2; n2=2m2;  
n2

m2=2.
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Cven damtkicebuli gvaqvs, rom es toloba SeuZlebelia. maSasadame, kvadra-

tis gverdi da diagonali araTanazomadi monakveTebia.

16  nebismieri a da b naturaluri ricxvebisTvis a+x=b gantoleba ar aris 

amoxsnadi naturalur ricxvTa simravleSi, arc dadebiT racionalur ricxvTa 

simravleSi _ roca a≥b, maSin gantolebis amonaxsni uaryofiTi mTeli ricxvia, 

an nuli. es gantoleba amoxsnadia nebismieri a da b naturaluri ricxvebisTvis 

mTel ricxvTa simravleSi.

17  α+β da α-β racionaluri ricxvebia, maSin maTi jami da sxvaobac: 2α da 

2β racionaluri ricxvebia; e. i. α da β racionaluri ricxvebia.

19  yoveli ori perioduli aTwiladi racionaluri ricxvia, maTi namrav-

lic racionaluri ricxvia, e. i. es namravli ar SeiZleba iyos araperioduli 

aTwiladi.

20  Tu davuSvebT, rom es ricxvebi racionaluri ricxvebia, maSin jami ra-

cionaluri ricxvia, magram 2 3  ar aris racionaluri ricxvi. arc is SeiZleba, 

rom erT-erTi iyos iracionaluri, meore _ racionaluri, radgan, Tu erT-erTi 

racionaluria, meore iracionaluri, maSin namravli iracionaluri ricxvi iqne-

ba. am ricxvebis namravli ki 1-is tolia.

dasamtkicebeli debulebis sawinaaRmdego debulebaa: erT-erTi ricxvi mainc 

racionaluri ricxvia.

Cven davamtkiceT mocemuli debulebis sawinaaRmdegos mcdaroba, e. i. moce-

muli debuleba WeSmaritia.

TiToeuli ricxvis iracionaluroba SeiZleba asec damtkicdes: vTqvaT, maga-

liTad, 3 + 2  ar aris iracionaluri, anu racionaluria. maSin racionaluri 

iqneba misi kvadratic ( 3 + 2 )2=5+2 6 =m
n  ∈∅. miviReT, rom racionaluri iqneba 

6 	 	 ( 6 = 1
2 (m

n  –5)), rac mcdari daskvnaa.

moswavleebs SeiZleba SesTvazoT amave gziT daamtkicon,^rom, magaliTad:  

5 + 7 , 3 + 10 , 2 7 –3 6  iracionaluri ricxvebia.
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4.4 kvadratuli fesvis Semcveli gamosaxulebis gardaqmna

kvadratuli fesvis Semcveli gamosaxulebis gardaqmna efuZneba kvadratuli 

fesvis I, II da III Tvisebebs. erT-erTi Tviseba teqstSi damtkicebulia. sasurve-

lia, gakveTilze damtkicdes sxva Tvisebebic. am Tvisebebis gamoyenebis magali-

Tebis ganxilvis Semdeg, moswavleebs ar gauWirdebaT amocanebis amoxsna. erT-

erTi mniSvnelovani igiveoba aris:   a2=|a|;

magaliTad, (2– 7)2= 7–2, radgan |2– 7 |= 7–2    (amocana 3 ).

miTiTebebi zogierTi amocanis amosaxsnelad:

23  g)  12
2+ 3– 5

= 12( 2+ 3+ 5)
(( 2+ 3)– 5)(( 2+ 3)+ 5)

= 12( 2+ 3+ 5)
5+2 6–5

= 6( 2+ 3+ 5)
6

=

    = 6( 2+ 3+ 5)=2 3+3 2+ 30 .

26  g) a4nb8n=a2nb4n.

27   2–1
( 1+ 2)( 2–1)

+ 3– 2
( 2+ 3)( 3– 2)

+...+ n– n–1
( n+ n–1 )( n– n–1 )

=

 =( 2–1)+( 3– 2)+( 4– 3)+...+( n– n–1 )= n–1.

28  g) (x–1)2=5,
     |x–1|= 5
     x–1= 5 , x–1=– 5 ;
     x=1+ 5 , x=1– 5 .

29  ( a+ b)2=a+b+2 ab=72+2⋅18=72+36=108.

  a+ b=6 3.

30  a+ a2–b2 =  2a+2 a2–b2

2 =  a+b+a–b+2 a2–b2

2 =  a+b + a–b
 2

.

21  a) –4  1
32 = –  16

32 = –  12 .

25  2–1
( 1+ 2)( 2–1)

+ 3– 2
( 2+ 3)( 3– 2)

+...+ 100– 99
( 99+ 100)( 100– 99)

=

    =( 2–1)+( 3– 2)+...+ 100– 99=10–1=9.

28  b) 12+ 63 =  24+2 63
2 =  21+3+2 21⋅3

2 =  ( 21+ 3)2

2 = 21+ 3
 2

.

saSinao davalebis 28  amocanis Sesrulebisas, moswavleebi iTvaliswineben 

klasSi amoxsnil 30  amocanis miTiTebas.



114

DON'T C
OPY

4.5 n-uri xarisxis fesvi. racionalurmaCvenebliani xarisxi

am paragrafis ganxilviT moswavleebi gaiRrmaveben codnas n-uri xarisxis  
fesvis, racionalurmaCvenebliani xarisxis, maTze moqmedebebisa da maTi sxva-

dasxva gamoyenebis Sesaxeb. 
yuradReba gavamaxviloT n-uri xarisxis fesvsa da ariTmetikul n-uri xarisx-

is  fesvs Soris  gansxvavebaze.  guldasmiT ganvixiloT SemTxvevebi, roca n lu-

wia da roca n kentia. roca n kentia, maSin n-uri xarisxs fesvs a namdvili ricx-

vidan erTi mniSvneloba aqvs; roca n luwia, maSin n-uri xarisxs fesvs  a 
dadebiTi namdvili ricxvidan aqvs ori mniSvneloba:  an  da – an . maTgan an  aris 
ariTmetikuli n-uri xarisxis fesvi. wiladmaCvenebliani xarisxis  gansazRvrebi-

sas gaamaxvileT yuradReba xarisxis fuZeze. mravalricxovani magaliTebiT  war-

modgenilia xarisxisa da fesvis Tvisebebi.  paragrafis bolos mocemul kiTxve-

bze pasuxebi da klasSi samuSaod gankuTvnili davalebebis ganxilva moswavles 
daexmareba  sakiTxis siRrmiseulad gaazrebaSi.

miTiTebebi zogierTi amocanis amosaxsnelad

6   mivaqcioT yuradReba, rom, pirobiT, a–b<0.
    (a–b)44 +a=b–a+a=b. 

14    x35 ⋅ x910 = x6⋅x910 = x1510 =x1,5

SeiZleba Tanamamravlebi CavweroT racionalurmaCvenebliani xarisxebis sa-

xiT: x
3
5⋅x

9
10=x

15
10=x1,5.

16   b) 325 < 425 < 2435 , saidanac 2< 425 <3, –3< –425 <–2.
   g) gaviTvaliswinoT, rom 93<820<103, miviRebT: 9< 8203 <10.

22  a) SevadaroT 12
9
6  da 18

4
6 .      

  129>109, 184<204,  109>204  e. i. 12
3
2 >18

2
3      

  b) SevadaroT 18
3
4 , da 12

4
3 , 18

9
12 da 12

16
12

  189>209=512⋅109, 1216>1016,  e. i. 18
9
12<12

16
12,

     saidanac ( 1
18) 3

4 >( 1
12) 4

3 .
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amocanebi TviTSefasebisTvis

Sefasebis kriteriumebis gamoyenebiT, moswavleebi SeZleben sakuTari naS-

romis Semowmebas, aRmoaCenen xarvezebs. am xarvezebis aRmofxvraze muSaoba Sei-

Zleba damatebiTi amocanebis gamoyenebiT. moswavleebi gaecnobian naSromTa Se-

fasebis Sedegebsac.

TviTSefasebis amocanebi dakavSirebulia samizne cnebebTan: sidideebi, ricx-

vebi, geometriuli obieqtebi, zomebi, algebruli gamosaxuleba, gantoleba, 

formula.

miTiTebebi amocanebis amosaxsnelad:

1   gaviTvaliswinoT, rom orobiT sistemaSi 1+1=10.

       (10011)2

 +  (10101)2      
    (101000)2

2  b) 3x2+4x+3=98 gantolebidan vipoviT x naturalur ricxvs, x=5. 

3  b) 0,7(43)= 743–7
990 .

4  kvadratis gverdi _ x; Robis sigrZe _ 4x; meore nakveTis erT-erTi 

gverdis sigrZe _ 1,3x, meore gverdis sigrZe _ 2x–1,3x=0,7x. farTobebis Sefar-

debaa x2

1,3x⋅0,7x
= 100

91 .

5  7+2 6 + 7–2 6 = 1+6+2 6 + 1+6–2 6 = 6 +1+ 6 –1=2 6 .

6  x2–5=0, x=± 5 ;
  x– 7 =0, x= 7 .

7  ( a – b )2=a+b–2 ab=45–2⋅18=9; a – b =3 (gaviTvaliswineT rom b<a).

8         BC=b; AD=a;
CK=20;
KD=20 3 .

       a+b
2 ⋅20=800

         a–b
2 =20 3 ,

  saidanac a=40+20 3 , b=40–20 3 .
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9   58

12808 = 8  1
256=1

2.

10   8 – 56=2– 15
12; 4

49
2
7=8–1
4
49

2
7=4 1

8
3 =2– 33 ⋅2– 3

12=2– 15
12; tolia.

SeafaseT Tqveni Sedegi.

1  amocanaSi orobiTi sistemis arsis codnis gamomJRavnebiT daimsa xurebT 

0,5 qulas, miTiTebuli jamis povniT ― kidev 1,5 qulas. amocana 2 quliania.

2  amocanis a) da b) davalebebSi mocemuli ricxvebis Tanrigebis mixedviT 

warmodgeniT daimsaxurebT TiTo qulas, x-is povniT ki ― kidev 0,5-0,5 qulas. 

amocana 3-quliania.

3  amocanis a) davalebis SesrulebiT daimsaxurebT 0,5 qulas; b) davalebis 

SesrulebiT ― 1 qulas. amocana 1,5-quliania.

4  amocanaSi raime ucnobis saSualebiT kvadratis gverdis, misi perimetrisa 

da marTkuTxedis miTiTebuli gverdis gamosaxviT daimsaxurebT 1 qulas, meore 

gverdis gamosaxviT ― kidev 1 qulas, kvadratisa  da  marTkuTxedis  farTo-

bebis  CaweriT ― kidev 1 qulas,  Sefardebis povniT ― kidev 0,5 qulas. amocana 

3,5 quliania.

5  amocanaSi miaxloebiTi mniSvnelobis kalkulatoris gamoyenebiT gamoT-

vlisas daimsaxurebT mxolod 0,5 qulas. mocemuli gamosaxulebis mniSvnelobis 

kvadratSi ayvaniT, an sxva raime gziT gardaqmnisas da saZiebeli mniSvnelobis 

dadgenisas daimsaxurebT 2,5 qulas.

6  amocanaSi gantolebis yvela fesvs Soris iracionaluri ricxvebis gamoy-

ofiT daimsaxurebT 1,5 qulas.

7  amocanaSi saZiebeli sxvaobis povnis mizniT misi kvadratis Seswavla da 

ganxilvis SedegiT dasruleba, an sxva raime gziT am Sedegis miRweva, Sefasdeba 

2 quliT.

8  amocanaSi trapeciis simaRlis povniT daimsaxurebT 0,5 qulas, did fuZeze 

ferdis gegmilis povniT ― kidev 0,5 qulas, trapeciis erT-erTi fuZis povniT 

― kidev 1 qulas, meore fuZis povniT ― kidev 0,5 qulas. amocana 2,5-quliania.

9  TiToeuli davalebis swori Sesruleba. Sefasdes 1 quliT, mcire xarvezis 

SemTxvevaSi 0,5 quliT. amocana 2-quliania.

10  gamosaxulebis erTi da imave fuZiani xarisxis saxiT warmodgena _ 1+1 

qula, Sedareba _ kidev 0,5 qula. amocana 2,5-quliania.
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ramdeni qula miiReT?

21-23 qula ― davaleba Sesrulebulia Zalian kargad (Sefaseba maRalia);

17-20 qula ― davaleba Sesrulebulia kargad (Sefaseba saSualoze maRalia);

12-16 qula ― davaleba Sesrulebulia nawilobriv (Sefaseba saSualoa);

12-ze naklebi qulis SemTxvevaSi gWirdebaT ufro gulmodgine muSaoba (Sefase-

ba dabalia).

IV Tavis kompleqsuri davaleba

es kompleqsuri davaleba exmianeba saganmanaTleblo standartis mimarTule-

bas: ricxvebi da moqmedebebi. samizne cnebebia: sidideebi, ricxvi, maTi Tvisebebi, 

ricxviTi gamoTvlebi.

davaleba eZRvneba maTematikis fundamenturi sakiTxis _ ricxvis Caweris 

poziciuri sistemis arsis siRrmiseul ganxilvas da mis gamoyenebebs, moswavlee-

bisTvis kargad cnobili aTobiTi sistemis Sesaxeb warmodgenebis gafarToebasa 

da gaRrmavebas. didia am davalebis zogadi ganmaviTarebeli mniSvnelobac.

moswavleebma naSromebSi mkafiod unda aRweron aTobiTi sistemis struqtu-

ra, misi poziciuroba; daasaxelon sistemaSi gamoyenebuli cifrebi; am sistemaSi 

ricxvTa Caweris wesi; xazi unda gaesvas ricxvis Caweris erTaderTobasac.

10-obiTi sistemis sruli aRweris Semdgom unda bunebrivad daisvas kiTxva 

ricxvTa sxva poziciuri sistemebiT Caweris Sesaxeb. kerZod, unda aRweron, ra 

cvlilebebis Setana mouwevT im SemTxvevaSi, roca sistemis fuZe 10-ze meti nat-

uraluri ricxvia, rogor gadaWrian axali `cifrebis~ Semotanis sakiTxs.

naSromSi unda Candes ricxvis raime poziciur sistemaSi Cawerisas saTanado 

cifrTa (ricxvis Canaweris) dadgenis wesi; warmodgenili unda iyos sailustra-

cio magaliTebi.

gamorCeuli yuradReba unda daeTmos orobiT sistemas misi uaRresad didi 

mniSvnelobis gamo, aixsnas misi aseTi aqtualuroba. orobiTi sistemis martivi 

kavSiris demonstrireba oTxobiT da rvaobiT sistemebTan kidev ufro gaam-

didrebs naSromis xarisxs. ramdenime magaliTiT unda warmoadginon aseTi ga-

dayvanis procedurebi, aTobiT sistemaSi Cawerili ricxvis orobiTSi gadayvanis 

magaliTebic.

moswavleebma isargeblon saxelmZRvaneloSi warmodgenili samobiTi sistemis 

gamoyenebis saintereso magaliTiT _ erTi praqtikuli amocanis amoxsniT. sau-

baria mTeli ricxviT gamosaxuli raime sawonis masis dadgenaze uRliani sas-

woriT, roca dasaSvebia sasworis orive pinaze sawonebis ganTavseba. aqvea kidev 

erTi amocana sagnis masis dadgenis Sesaxeb arastandartuli sistemiT.

ar aris gamoricxuli (misasalmebelicaa!) moswavleebma moiZion saintereso 

informacia sxva arastandartuli sistemebis Sesaxeb. es informacia yuradRe-

biTaa gansaxilveli. magaliTad, SesaZlebelia dasaxeldes fibonaCis ricxvebis 
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gamoyenebiT ricxvTa Caweris SesaZlebloba. aq wamoiWreba Caweris erTaderTo-

bis sakiTxi.

naSroms sisrules Sematebs mokle istoriuli eqskursic _ gza Tvlis uZve-

lesi arapoziciuri da poziciuri sistemebidan dRes gamoyenebul sistemebamde. 

gamorCeuli adgili unda daeTmos saqarTveloSi aTobiTi sistemis SemoRebamde 

arsebul Tvlis sistemas, masSi gamoyenebul niSnebs, am sistemis ricxvTa Canaw-

eris nimuSebs.

prezentaciisas mniSvnelovania ganxilvaSi mTeli klasis CarTuloba. mox-

senebis Sinaarsi unda Seivsos yvela moswavlis moxsenebaTa mixedviTac. Tqveni 

CarTuloba ganxilvis procesSi, komentarebi da miTiTebebi Seqmnis am aqtivobis 

Semajamebel uarResad mniSvnelovan ganmaviTarebel Sefasebas.

IV Tavis damatebiTi amocanebi

miTiTebebi zogierTi amocanis amosaxsnelad:

1  b) (x+1)2=(10000)2;
     x=100002–12;
     x=(1111)2, marTlac   (1111)2+(1)2=100002

2  (2y3)x=39,      2x2+yx+3=39;
  (132)x=30,      x2+3x+2=30.
  x2+3x–28=0,    x=4;
  32+4y+3=39,   4y=4,   y=1.

9  Tu m<n, maSin   10  g) 11≤b+a≤13,
  (m–n)2 =|m–n|=n–m.    a<0,
       (b+a)2 + a2 =b+a–a=b.

14  14
3 2–2

= 14(3 2 +2)
18–4 =3 2 +2,

  P=(3 2 –2+3 2 +2)⋅2=12 2  (sm)

15  b) 8
3+1

 + 1
5+2

 – 3+2
3–2

 =  8( 3–1)
2

+ 5–2
1

 – 7+4 3
–1

=4 3–4+ 5–2+7+4 3=8 3+ 5+1.

18  35>53, amitom  33 > 55 , – 33 <– 55 , 3– 33 < 9– 55 .
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Semajamebeli wera #5

Tema: aTobiTi da araaTobiTi poziciuri sistemebi, namdvili ricxvebi; alge-

brul gamosaxulebaTa gardaqmnebi; racionalurmaCvenebliani xarisxi. 

samizne cnebebi: ricxvebi (ricxviTi sistemebi, namdvili ricxvebi), ricxviTi 

gamoTvlebi, algebruli gamosaxuleba, gantoleba. 

Sefasebis indikatorebi: moswavlem unda SeZlos ricxvis aTobiTi da araa-

TobiTi  poziciuri sistemebis gaazreba da am sistemebs Soris kavSiris war-

moCena, moqmedebebi am sistemebSi Caweril ricxvebze; sidideebis warmodgena 

ricxvebiT, ricxviTi gamosaxulebebis gardaqmna (maT. saS. 1); sxvadasxva tipis 

problemaTa gadaWra (maT. saS. 2).

amocanebis nimuSebi 

1  CawereT aTobiT sistemaSi: 2045; 33014; 1101112; 4018.

2  SekribeT mocemul sistemaSi: 

  a) 23+23;  b) 12+12;  g) 78+68;  d) 18+78.

3  SeasruleT moqmedebebi imave sistemaSi, romelSic ricxvebia warmodge-

nili: 

 a) 170610+251310;  b) 17068+25138;  g) (112+102)
2.

4  ipoveT sistemis fuZe mocemuli tolobis mixedviT: 

 a) 2001x=12910;  b) 321x=8610.

5  mziam Tavisi danazogis 12% moxucebulTa saxlis sasargeblod gadaricxa 

da darCa 1320 lari. ramdeni lari iyo mzias danazogi?

6  gaamartiveT gamosaxuleba da gamoTvaleT misi ricxviTi mniSvneloba, 

roca a= 5 +2; pasuxi CawereT ise, rom wiladis mniSvneli fesvs ar Seicavdes:

    1
3

( 1
2a

 –2a)( 1
2a+1

 – 1
2a–1 ).

7  gaamartiveT gamosaxuleba da ipoveT misi ricxviTi mniSvneloba, roca 

x=90;  
2x–2 10x

x+10–2 10x .
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8  amoxseniT gantoleba: 2( x–1)=3– x.

9  warmoadgineT 2-is xarisxis saxiT: 4
49

2
7=3 1

32 ⋅(
1

256)– 34.

pasuxebi: 1  54; 241; 55; 257. 2  a) 113; b) 102; g) 158; d) 108. 3  a) 421910; b) 

44218; g) 110012. 4  a) x=4; b) x=5; 5  1500 lari. 6   5 –2
3

. 7  3. 8  x=2 7
9 .  

9  2 13
3 .

miTiTebebi:

1  4018=4⋅82+1.  

3  gaviTvaliswinoT, rom rvaobiT sistemaSi 68+38=118, 78+58=148. xolo oro-

biT sistemaSi 112+102=1012 da      1012

      
×

 1012          
        1012
        1012
                 
        110012

4  a) 2x3+1=129, x=4; b) 3x2+2x+1=86, x=5.

5  1320 lari aris mzias danazogis 88%, mzias danazogi iyo  1320·100
88 =1500 

lari.

6  gamosaxulebis gamartivebis Semdeg miviRebT 
1
3a-s; 1

3( 5+2)
= 5–2

3(5–4)
= 5–2

3
.

7   2 x ( x – 10)
( x – 10)2

= 2 x
 x – 10

= 2 90
 90– 10

=3.

8   x= 5
3 , x=25

9 .

9   4
49

2
7=3 1

32 ⋅(
1

256)– 34=2 – 53 ⋅26=2 13
3 .
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ganmsazRvreli Sefasebis rubrika

1  yoveli ricxvis gadayvana aTobiT sistemaSi Sefasdes 0,5 quliT. sul _ 

2 qula.

2  amocanis oTxi davalebidan TiToeulis Sesruleba Sefasdes 0,5 quliT. 

sul _ 2 qula.

3  amocanis sami davalebidan TiToeulis Sesruleba Sefasdes TiTo quliT. 

sul _ 3 qula.

4  amocanis ori davalebidan TiToeulSi gantolebis Sedgena Sefasdes 0,5 

quliT, misi amoxsna da amocanis pasuxis warmodgena _ kidev 0,5 quliT. sul _ 

2 qula.

5  1 quliT Sefasdes imis dafiqsireba, rom 1320 lari aris danazogis 88%, 

danazogis gamoTvla _ kidev 1 quliT. sul _ 2 qula. amocanis amoxsna gan-

tolebis Sedgenis gziT aseve Sefasdes 2 quliT.

6  gamosaxulebis gamartiveba (miyvana 
1
3a  gamosaxulebamde) Sefasdes 2 qu-

liT. misi ricxviTi mniSvnelobis Cawera ise, rom mniSvneli ar Seicavdes fesvis 

niSans _ kidev 1 quliT. sul _ 3 qula.

7  gamosaxulebis gamartiveba Sefasdes 1 quliT, x-is mniSvnelobis Casma da 

miRebuli ricxviTi gamosaxulebis gamartiveba _ kidev 1 quliT. sul 2 qula. 

mocemuli gamosaxulebis gamartivebis gareSe misi mniSvnelobis povnis cdebi 

Sefasdes araumetes 1 quliT.

8   x -is gamoTvla Sefasdes 1 quliT, kidev 1 quliT Sefasdes gantolebis 
fesvis povna. sul _ 2 qula.

9  TiToeuli Tanamamravlis warmodgena 2-is xarisxis saxiT Sefasdes1 qu-

liT, pasuxis dafiqsireba kidev 1 quliT. sul _ 2 qula.
10-quliani Sefasebisas moswavlis mier miRebuli qulebis jami gaiyos 2-ze 

da Sedegi damrgvaldes erTeulis sizustiT.

meTerTmeteklaselTaTvis dgeba mniSvnelovani etapi _ dasasruls uaxlo-

vdeba saswavlo weli. Tqven giwevT, SeafasoT moswavleTa mier miRebuli codnis 

done, misi gamoyenebis unarebi. am sakiTxs emsaxureba daskvniTi TviTSefasebis, 

Semajamebeli weris da damatebiT amocanebze muSaoba. miRebuli informaciis 

safuZvelze maswavlebels eqmneba SesaZlebloba gaaanalizos miRebuli Sedege-

bi, meti sicxade Seitanos moswavleTa mier samizne cnebaTa da saTanado mkvid-

ri warmodgenebis arsis aTvisebis sakiTSi, aRmofxvras SeniSnuli xarvezebi da 

Seitanos saWiro koreqcia Tavis muSaobaSi. amaSi maswavlebels did daxmarebas 

gauwevs ganmaviTarebeli Sefasebebis organizeba yoveli saswavlo aqtivobis 

paralelurad, an am aqtivobaTa Semdeg.

warmogidgenT zogierT rekomendacias bolo Semajamebeli weris Semdeg Casa-

tarebeli ganmaviTarebeli Sefasebis Catarebis formisa da Sinaarsis Sesaxeb. am 



122

DON'T C
OPY

rekomendaciebs Tqven, cxadia, daakonkretebT da gaaRrmavebT Tqveni moswavlee-

bis individualur faqtorTa gaTvaliswinebiT. erTaderT rCevas ki dabejiTebiT 

SemogTavazebT _ sakiTxebi ganixileT interaqtiulad, moswavleTaTvis misaRebi 

formiT, mTeli klasis SemoqmedebiTi CarTulobiT, gamoyenebiTi aspeqtebis xaz-

gasmiT, maTi mosazrebebisa da SeniSvnebisadmi yuradRebiani damokidebulebiT.

1  amocanis ganxilvamde moswavleebTan erTad aRwereT aTobiTi da araa-

TobiTi poziciuri sistemebis arsi. moswavleebma unda mkafiod aRiqvan, rom ar-

aviTari Teoriuli xasiaTis upiratesoba ar aqvs romelime aseT sistemas sxva 

analogiur sistemasTan SedarebiT. SeecadeT, rom Catardes aseTi sistemebis 

SedarebiTi analizi, isaubron ama Tu im sistemis praqtikuli gamoyenebis up-

iratesobaze; ganixileT sailustracio nimuSebi da Semdeg Tavad am amocanis 

davalebebi moswavleebs miandeT gansaxilvelad. yovel konkretul sistemaSi 

yuradReba miaqcieT Tanrigebs _ rogor warmoidgineba isini sistemis fuZis 

mixedviT.

2  amocanis ganxilva, mas Semdeg rac wina amocana sajarod, interaqtiulad 

iyo ganxiluli, aRar iqneba moswavleTaTvis rTuli. mTavar aqcents kvlav Tan-

rigebis struqturaze vakeTebT. moswavleebTan erTad gaavleT paralelelbi 

aTobiT da araaTobiT sistemebSi ricxvTa Sekrebas Soris.

3  amocanaSi aTobiT  sistemaSi Sekrebisa da gamravlebis (axarisxebis) 

kargad cnobili Tvisebebi vrceldeba faqtobrivad nebismierfuZian poziciur 

sistemaSi, kerZod, `qveSmiweriT~ Sekrebisa da `svetSi~ gamravlebis moqmedebeb-

ze. mimarTeT moswavleebs, Tavad warmoadginon aseTi gamravlebis nimuSebi da 

Tavadve Seasrulon moqmedebebi.

4  amocanis ganxilvisas araa gamoricxuli, rom zogierTma moswavlem sin-

jvis meTodi gamoiyenos da am gziT miagnos sistemis fuZes. cxadia, es midgomac 

araa gamosaricxi, Tumca, SesaZloa, es zogjer iseT Sromatevad gamoTvlebTan 

iyos dakavSirebuli, rom arasasurveli iyos misi gamoyeneba. amitom sjobs 

`mZlavr~, efeqtian meTods mivaniWoT upiratesoba _ x-is Ziebas gantolebis 

saSualebiT. miRebuli gantolebebi imdenad martivia, rom maT fesvebs iolad 

ipovian moswavleebi.

5  amocanis amoxsnamde sajarod ganixileT _ gaixseneT ricxvis procentis 

arsi. amocanis amoxsnis gzis Ziebisas SeiZleba gaiyos moswavleTa mosazrebebi. 

Tu zogierTebi mixvdebian, rom miTiTebuli Tanxa warmoadgens sawyisi Tanxis 

88%-s da amis mixedviT aRadgenen sawyis Tanxas, cxadia, es saukeTeso midgomaa, 

Tumca arc is gzaa dasawuni, roca sawyisi Tanxis mimarT Sedgeba gantoleba da 

am gziT vipoviT am Tanxas.

6  amocanaSi saboloo Sedegis miRwevas zogierTi moswavle mocemuli ga-

mosaxulebis gamartivebis gareSe, rTuli gamoTvlebis gziT Seecdeba. es ar 

pasuxobs amocanis pirobaSi miTiTebul moTxovnas. algebruli gamosaxuleba 

erT-erT mniSvnelovan samizne cnebas warmoadgens da misi gardaqmnebis cod-
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na aqtualuria, aqvs mniSvnelovani gamoyenebiTi aspeqti. meore etapi uSualod 

radikalebTan dakavSirebul gardaqmnebs ukavSirdeba. saxelmZRvaneloSi mrav-

ladaa aseTi tipis amocanebi da kidev erTxel amaze xazgasma gaaumjobesebs mos-

wavleebis codnas.

7  amocanis amoxsnisas wamoiWreba igive problema, romelzec wina amocanis 

ganxilvis dros visaubreT. faqtobrivad, araerTi saswavlo wlis programa ukav-

Sirdeba algebrul gamosaxulebebs, maT gardaqmnas. amitom, `ucxod~ ar iRebs mas 

moswavle, Tumca mudmivi ganaxleba da gaRrmaveba sWirdeba am codnas. amjerad, 

moswavlem unda SeniSnos, rom gamosaxulebis mniSvneli sruli kvadratis saxiT 

unda Caiweros. amis mikvlevas SesaZloa mTeli klasis Zalisxmeva dasWirdes, Ses-

aZloa _ Tqveni zogierTi miniSnebac. saTanado gamartivebis gareSe, Tavidanve 

ricxviTi mniSvnelobebis Ziebaze gadasvla, daarRvevs amocanis pirobas. Tumca, 

garkveul dadebiT nabijad mainc unda CauTvaloT moswavles.

8  am amocanis amoxsnisas moswavles mouwevs martivi gardaqmnebis Sesrule-

ba da fesvis Tvisebis gamoyeneba.

9  davalebis Sesruleba racionalurmaCvenebliani xarisxis, ricxvebis Caw-

eris sxvadasxva formis codnasTan aris dakavSirebuli. 

moswavleTa mosazrebebis ganxilva am Semajamebeli weris davalebaTa da gan-

maviTarebeli Sefasebis Sesaxeb, mdidar informacias mogawvdiT moswavleTa ak-

ademiuri mzaobis Sesaxeb, aRmoCenili xarvezebis aRmofxvris gzebis Sesaxeb. am 

informaciis mixedviT Tqven SeZlebT moswavleTa akademiuri doneebis dadgenas 

solo taqsonomiis zogadi formiT warmodgenili doneebis mixedviT. 

1. prestruqturuli done. moswavles aqvs aramkafio warmodgenebi samizne 

cnebebsa da saTanado mkvidr warmodgenebze; ver aRwers ricxvTa poziciuri 

sistemis arss; ver axerxebs gamosaxulebaTa gardaqmnas; misi mosazrebebi geome-

triuli obieqtebisa da maTi zomebis dadgenis Sesaxeb ar aris sarwmuno. 

2. unistruqturuli done. moswavle kargad icnobs aTobiTi poziciuri 

sistemis arss, SeuZlia am sistemaSi ricxvebze moqmedebaTa Sesruleba, Tumca 

am Teoriis sxva poziciur sistemebze gavrceleba uWirs; SeuZlia martivi gar-

daqmnebiT operireba algebrul gamosaxulebebze, martivi gantolebebis amoxs-

na; xsnis umartives geometriul amocanebs, Tumca uWirs xolme obieqtTa Soris 

damokidebulebebis dadgena da saWiro formulebis moxmoba.

3. multistruqturuli done. moswavle kargad aRwers ricxvTa araerT 

poziciur sistemas, Tumca uWirs am sistemebis struqturis zogadad, mkafiod 
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Camoyalibeba da aRwera; kargad aRwers racionalur da iracionalur ricxvTa 

simravleebs; asrulebs algebrul gamosaxulebaTa gardaqmnebs; xsnis ararTul 

geometriul amocanebs, iyenebs saTanado Teorias, Tumca uWirs Catarebuli ms-

jelobis mravalmxrivi analizi, sxvadasxva meTodis gamoyeneba.

4. mimarTebiTi done. kargad aqvs aRqmuli ricxvTa poziciuri sistemebis 

agebis zogadi principi, adarebs am sistemebs, mkafiod, dastruqturebulad aR-

wers am Teoriis arss da iyenebs kidec mas sTanado amocanebis amoxsnisas; geo-

metriuli amocanebis kvlevisas iyenebs saTanado kavSirebs obieqtebs Soris. 

sakiTxebs gadmoscems naTlad da misawvdomad.

5. gafarToebuli abstraqtuli done. moswavles SeuZlia saintereso amoca-

naTa dasma da gadaWra ricxvTa nebismier poziciur sistemaSi, iyenebs kvlevis 

sxvadasxva meTods, algebrul gamosaxulebaTa gardaqmnebisas aqvs arastandar-

tuli, efeqtiani midgomebi; geometriuli amocanebis amoxsnisas SeuZlia amox-

snis optimaluri gzis moZieba, sxvadasxva meTodis gamoyeneba; xSirad axerxebs 

dasmuli amocanis ganzogadebas da asaxelebs misi amoxsnis gzas; kritikulad 

aanalizebs wamoWril mosazrebebs da Tavad iZleva maTze amomwurav pasuxs. misi 

msjeloba aris mkafio, mecnierulad gamarTuli da formiT daxvewili.
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maCvenebliani da logariTmuli funqciebi

Temebi: maCvenebliani da logariTmuli funqciebi.

saaTebis savaraudo raodenoba: 20 sT.

Temis farglebSi dasamuSavebeli sakiTxebi: logariTmuli da maCvenebliani 

funqciis Tvisebebi, grafikebi.

samizne cneba da 

maTTan dakavSi-

rebuli mkvidri 

warmodgenebi

sakiTxebi sakvanZo SekiT-

xvebi

kompleqsuri 

davaleba

Sesabamisoba, fun-

qcia, funqciis 

Tvisebebi, Seqceuli  

funqcia; bunebaSi 

mimdinare movlen-

ebi SeiZleba aRiwe-

ros maCvenebliani 

da logariTmuli 

funqciebiT; sabanko 

saqmeSi gamoiyeneba 

maCvenebliani fun-

qciis Tvisebebi.

logariTmi, logariT-

mis Tvisebebi, Ziri-

Tadi logariTmuli 

igiveoba; maCveneb-

liani da logariTmu-

li funqciebis gamo-

yeneba.

ra procesebi 

SeiZleba aRiw-

eros maCveneb-

liani funqciis 

gamoyenebiT? ra 

gamoyeneba aqvs 

logariTmebs 

gamoTvlebis 

Catarebis pro-

cesSi?

maCvenebliani da 

logariTmuli 

funqciebi da 

maTi zogierTi 

gamoyeneba.

Sefasebis indikatorebi: moswavlem unda SeZlos Sesaswavli movlenidan ga-

momdinare cvlad an mudmiv sidideTa Soris funqciuri kavSiris damyareba, war-

modgena sxvadasxva formiT, funqciis (logariTmuli, maCvenebliani) gamoyeneba 

sxvadasxva konteqstSi cvlilebaTa aRsawerad da realuri movlenebis modeli-

rebisTvis (maT. saS. 3).

me-5 Tavi, ZiriTadad, maCvenebliani da logariTmuli funqciebis Seswavlas 

eTmoba. 

es Tema yovelTvis Sedioda saskolo kursSi. Tumca, axalma midgomam, maTe-

matikis gamoyenebiT aspeqtebze yuradRebis gamaxvilebam gvibiZga, rom sakiTxebi 

axleburad gadmogveca _ viwyebT praqtikuli amocanebiT da vamTavrebT am ga-

moyenebebis ufro farTo gadmocemiT. es momenti Semajamebel-kompleqsur dava-
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lebaSic aris gaTvaliswinebuli. amasTanave, formalur sizusteebs (magaliTad, 

namdvilmaCvenebliani xarisxis ganxilvisas) nakleb yuradRebas vaqcevT. wina 

planze geometriuli warmodgenebi (grafikebi) da induqciuri ganzogadebebia.

ganvixilavT ra 2-is xarisxs mTeli da wiladi maCveneblebiT, vacxadebT 2-is 

xarisxis arsebobas nebismieri namdvili maCvenebliT, anu maCvenebliani funqci-

is (2x funqciis) arsebobas namdvil ricxvTa simravleze; amasTanave, es keTde-

ba geometriul warmodgenebze (grafikebze) dayrdnobiT. Camoyalibebulia da 

ilustrirebulia xarisxis Tvisebebi (grafikebze dayrdnobiT).

axali standartis Sesabamisad, specialuri paragrafia gamoyofili maCveneb-

liani, logariTmuli gantolebebisa da utolobebis gansaxilvelad. es Temebi 

logariTmuli da maCvenebliani funqciebis Tvisebebs ukavSirdeba.

5.1 maCvenebliani funqcia

maCvenebliani funqciis Seswavla im procesebis ganxilviT mimdinareobs, 

romlebic am funqciiT aRiwereba.

ganvixileT bankSi vadian anabarze sargeblis daricxvis ori forma _ wliuri 

martivi procentisa da rTuli procentis daricxva. sakiTxebi nacnobia moswav-

leebisTvis da maTi gaxseneba maCvenebliani funqciis Sesaswavlad saWiro winare 

codnis gaaqtiurebas emsaxureba. daricxvis TiToeuli wesi formulebiT aRvwe-

reT _ wliuri martivi procentis daricxvis wesi moicema Pn=P+Prn formuliT, 

sadac P sawyisi Tanxaa, r _ wliuri saprocento ganakveTi _ sawyisi Tanxis is 

nawili, romelic daemateba sawyis Tanxas; n _ xelSekrulebis dadebis momenti-

dan ganvlili wlebis raodenoba, Pn aris _ n wlis Semdeg dagrovili Tanxa.

rTuli procentis daricxvis wesi moicema Pn=P(1+r)n formuliT, (n∈N). Sei-

Zleba iTqvas, rom martivi procentis daricxvis SemTxvevaSi, Tanxa izrdeba 

ariTmetikuli progresiis wesiT da aRiwereba wrfivi funqciiT; rTuli pro-

centis daricxvis SemTxvevaSi Tanxa izrdeba geometriuli progresiis wesiT da 

aRiwereba y=Pax saxis funqciiT _ maCvenebliani funqciiT.

ganxilulia maCvenebliani funqciis ramdenime SemTxveva da, am ganxilvis sa-

fuZvelze, Camoyalibebulia maCvenebliani funqciis ramdenime Tviseba: 1. gansaz-

Rvris are namdvil ricxvTa R simravlea; 2. mniSvnelobaTa simravle _ dadebiT 

namdvil ricxvTa simravle. 3. y=ax funqcia zrdadia, roca a>1, klebadia, roca 

0<a<1.

amocanebi, romelTa Sesruleba codnis ganmtkicebas emsaxureba, isea gana-

wilebuli, rom saSinao davalebis Sesrulebis dros moswavleebs ar SexvdebaT 

siZneleebi. sakontrolo kiTxvebze da `testebze~ pasuxebis SerCeva, Teoriuli 

masalis codnis gamoyenebiT, advilad moxerxdeba.
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miTiTebebi zogierTi amocanis amosaxsnelad:

12    a)  avagoT   y=( 12 )x   da  y=x+3  funqciebis 
grafikebi da vipovoT maTi gadakveTis wertilis 
abscisa. SeiZleba moswavleebma grafikebis asage-
bad, zogjer gamoiyenon romelime kompiuteruli 
resursic. magaliTad, Desmos,  Geogebra,…

gadakveTis wertilia (–1; 2), gantolebis fes-

via x= –1.

13  a) 5 >1, amitom m>n;  g) 5 –1>1, amitom m<n; 

  d) ( 2 +1)–n=( 1
2+1

)n=( 2 –1
2–1 )n=( 2 –1)n, 0< 2 –1<1, amitom m>n;  

  e)  ( 5 +2)–n=( 1
5+2

)n=( 5 –2
5–4 )n=( 5 –1)n, 0< 5 –2<1 amitom m>n.

14  a) 3 < 5 , amitom a>1.

15  y=– ( 13 )x
, mniSvnelobaTa simravlea: (–∞; 0); v) 5x>0; 5x+2>2, amitom y=5x+2 

funqciis mniSvnelobaTa simravlea: (2; +∞).

16  d) (xm+ym)2–(
1
m4 xy)m= x2m+2xmym+y2m–4xmym = x2m–2xmym+y2m =|xm–ym|.

17  d) 3x=4–x;

gantolebas erTi fesvi aqvs da es fesvi dadebiTia.

z) 4–x+1=6–x, gantoleba ase gadavweroT:  

  ( 14 )x=5–x.
am gantolebas aqvs ori fesvi: 

   x1 da x2, x1<0, x2>0.

18  y=ax (a>0, a≠1); arc luwia da arc kentia _ y(–x)=a–x=( 1a )x
; y=ax zrdadia, 

roca a>1, klebadia, roca 0<a<1; amitom y=ax ar aris perioduli; y=ax dadebiTia 

R simravleze, amitom mas ar aqvs nuli, funqcias ar aqvs eqstremumis wertilebi.

19  funqciebis grafikebi SeiZleba miviRoT f(x)=2x funqciis grafikisgan  

a) g(x)=2x+1=f(x+1). g-s grafiki miiReba f-is grafikisgan paraleluri gadataniT  

p (–1; 0) veqtoriT (marcxniv, 1 erTeuliT).

b) h(x)=2x–2=f(x)–2, sadac f(x)=2x; h-is grafiki miiReba paraleluri gadataniT 

p (0; –2) veqtoriT (`qvemoT~ 2 erTeuliT).

g) k(x)=–2x=–f(x), sadac f(x)=2x; amitom k funqciis grafiki miiReba f funqciis 

grafikisgan x RerZis mimarT RerZuli simetriiT.

y=3x

y=4–x

x1

x2

0 x

y

(–1; 2)
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20  a) y=5⋅2x

grafiki miiReba y RerZis mimarT y=2x funqciis gra-

fikis gaWimviT.

b) y=2–x+3;

y=( 12 )x+3;

grafiki miiReba y=( 12 )x
 fun-

qciis grafikis paraleluri gadataniT p (0; 3) veqtoriT.

g) y=ex+2; miiReba y=ex funqciis grafikisgan parale-

luri gadataniT p (–2; 0) veqtoriT.

moswavleebi iyeneben maCvenebliani funqciis Tvise-

bebs, grafikebs, grafikebis gardaqmnis wesebs, romleb-

zec klasSi imuSaves da asruleben saSinao davalebas. 

gTavazobT miTiTebebs ramdenime amocanis amosaxnelad.

12   es amocana klasSi amoxsnili 12  amocanis msgavsad grafikebis gamoy-

enebiT unda amoixsnas. d) SemTxvevaSi moswavleebi aageben  y=4x da y=17– x2   fun-

qciebis grafikebs da ipovian gadakveTis wertils: (2; 16). gantolebis fesvia   
x=2.

15  klasSi amoxsnili 13  davalebis msgavsia: e) 5 –2= 
( 5 –2)( 5 +2)

 5 +2
=( 5 +2)–1, 

( 5 +2)m>( 5 +2)n,  5 +2>1 amitom m>n.

16  v) y=( 13 )x–3, mniSvnelobaTa simravlea (–3; +∞) Sualedi.

17  d)  a 2 ⋅( 1a ) 2 –1
=a 2a1– 2=a.

18  0,3x=4; y=4 wrfe y=0,3x funqciis grafiks erT wer-

tilSi kveTs. gantolebas aqvs erTi amonaxsni, romelic 

uaryofiTi ricxvia.

19  

  a) 3x=–x2+5 gantolebas ori  fesvi aqvs.

3

e2

4

y=0,3 x

y=
 –x

2 +5
 

y=
3x  



129

DON'T C
OPY

g) 3x=–x2 gantolebas fesvi ar aqvs _ y=3x da y=–x2 fun-

qciebis grafikebi ar ikveTeba.

20  grafikebs avagebT funqciaTa 

grafikebis gardaqmnis wesebis gamoye-

nebiT.

b) y=( 15 )x
-is grafiki simetriulia 

y=5x-is grafikis ordinatTa RerZis mimarT.

g) g(x)=5x–2 funqciis grafiki miiRe-

ba y=5x funqciis grafikisgan paraleluri gadataniT  

p (2; 0) veqtoriT (`marjvniv 2 erTeuliT~).

d) y=2|x|

sazogadod, y=f(|x|)-is grafiki Sei-

Zleba avagoT Semdegi wesiT: jer aigeba y=f(x) funqciis 

grafiki mxolod x≥0, x∈D(f) mniSvnelobebisTvis da Semdeg 

aigeba am grafikis simetriuli Oy RerZis mimarT.

5.2 logariTmuli funqcia

paragrafis dasawyisSi ganixileba Seqceuli funqciis cneba. am cnebas mar-

tivi magaliTebis gamoyenebiT vixsenebT. ganvixilavT wrfivi funqciis Seqceuli 

funqciis magaliTs, vagebT mis grafiks da yuradRebas vamaxvilebT urTierT-

Seqceuli grafikebis ganlagebaze _ grafikebi y=x wrfis mimarT simetriulia. 

gadavdivarT maCvenebliani funqciis Seqceuli funqciis ganxilvaze _ vagebT 

am funqciis (logariTmuli funqciis) grafiks; vayalibebT ramdenime Tvisebas; 

magaliTad, Tu a>1, maSin y=logax funqcia zrdadia (0; +∞) Sualedze. calke gamo-

vyofT aTobiT da naturalur logariTmebs _ y=lgx da y=lnx formulebiT moce-

mul funqciebs.

teqsts axlavs sakontrolo kiTxvebi da `testebi~; pasuxebis povna logariT-

mis gansazRvrebisa da Tvisebebis codnas moiTxovs. yuradReba gaamaxvileT Ziri-

Tad logariTmul igiveobaze: alogax=x tolobaze, romelic WeSmaritia nebismieri 

dadebiTi a da x-isTvis, amasTanave, a≠1. am tolobis gamoyenebiT, martivad ixs-

neba 11  amocanis davalebebi.

y=5x

y=( 1
5

)x

y=
3x  

y= –x2 
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miTiTebebi zogierTi amocanis amosaxsnelad:

14  urTierTSeqceuli funqciebis grafikebi 

simetriulia y=x wrfis mimarT; Tu wertili (a; b) 

ekuTvnis y=f(x) funqciis grafiks da f Seqcevadi 

funqciaa, maSin (b; a) wertili ekuTvnis misi Seq-

ceuli funqciis grafiks; SevaxsenoT moswavleebs 

am simetriis koordinatebiT warmodgenac: 

x′=y
  y′=x.

f(x)=10x da g(x)=log10x funqciebis grafikebi simetriulia y=x wrfis mimarT:

15  moswavleebi ixseneben utolobebis amoxsnis xerxebs: 

 a)  3–x
x+2>0;  b) x2–4x+3>0.

orive utoloba SeiZleba kvadratuli utolobis amoxsnis wesiT amoixsnas: 

 (3–x)(x+2)>0, (x–3)(x+2)<0; (–2; 3).
 x2–4x+3>0, (x–3)(x–1)>0; (–∞; 1)∪(3; +∞).

18  a) viyenebT logariTmuli funqciis Tvisebebs; e≈2,7; e>1;

  (10
1
3 )6=100; ( 5 )6=125; ln 5 >ln 103 .

19  Tu fuZe 1-ze metia, maSin 1-ze meti ricxvis logariTmi dadebiTia, 1-ze 

naklebi ricxvis logariTmi uaryofiTia. Tu fuZe 1-ze naklebia, 1-ze meti ric-

xvis logariTmi uaryofiTia, 1-ze naklebi ricxvis logariTmi dadebiTia.

 ln5,7>0,  ln0,36<0;   ln5,7
ln0,36 <0.

20 ,^ 21  viyenebT logariTmuli funqciis Tvisebebs:

20  a) log 1
3
(x–4)=–2, x–4=9, x=13;

  b) log 1
2
(x2+1)=–2, x2+1=4, x=± 3 .

21  d) log 1
2
(1–2x)>0,

     log 1
2
(1–2x)>log 1

2
1.

aq viTvaliswinebT, rom unda Sesruldes pirobebi (logariTmis Tvisebis gaT-

valiswinebiT): 

1–2x>0  x< 1
2  

   1–2x<1;    x>0 ;    (0; 1
2 ).

log10x

y=10x

y=
x
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saSinao davalebis amocanebis umravlesoba klasSi amoxsnili amocanebis ana-

logiurad ixsneba; viyenebT logariTmis gansazRvrebas, Tvisebebs (zrdadoba, 

klebadoba), ZiriTad igiveobas.

20  b)  log3(2x+5)=0,
       log3(2x+5)=log31;
       2x+5=1, x=–2.

21  a) log3x<log33; logariTmi zrdadia, x<3; gasaTvaliswinebelia: x>0. pasuxi: 

(0; 3).

b) log 1
2
x<log 1

2
2 ; fuZe 1-ze naklebia, logariTmuli funqcia klebadia; x> 2 ;  

( 2 ; +∞). 

gakveTilze SeiZleba visaubroT maCvenebliani da logariTmuli funqciebis 

gamoyenebebis Sesaxeb; sabanko saqmeSi praqtikuli gamoyenebebi teqstSi iyo mo-

cemuli. yuradRebas gavamaxvilebT sabunebismetyvelo mecnierebebSi maCveneb-

liani funqciis gamoyenebebze da am mimarTulebiT im aRmoCenebze, romelic qal 

mecniers mari kiuris ekuTvnis; vTxovoT moswavleebs, damatebiT moiZion masala 

am gamoCenili mecnieris Sesaxeb. amasTanave, vemzadebiT kompleqsuri davalebis 

Sesasruleblad; moZiebul masalas kompleqsur davalebaSi gamoviyenebT. kidev 

erTxel gavamaxviloT yuradReba qali maTematikosebis warmatebebze maTemati-

kasa da mecnierebis sxva dargebSi. 

5.3 logariTmis Tvisebebi

winare codnis gaaqtiurebis Semdeg vasabuTebT logariTmis Tvisebebs. wina-

re codna logariTmis gansazRvreba, maCvenebliani da logariTmuli funqciebis 

Seqcevadobisa da maCvenebliani funqciis Tvisebebis warmodgenaa. am sakiTxebis 

gamoyenebiT, vasabuTebT Tvisebebs: Tu a>0, b>0, a≠1, b≠1, u>0, v>0, n nebismieri 

ricxvia, maSin 

1) loga(uv)=logau+logav;   2) loga( uv )=logau–logav; 

3) logau
n=nlogau;    4) logau= logbu

logba
.

kidev erTxel gavamaxvilebT yuradRebas ZiriTad logariTmul igiveobaze, 

romelic logariTmis gansazRvrebis Sedegia: roca b>0, a>0, a≠1, 
ax=b,  x=logab,   alogab=b.
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moswavleebi, xSirad, analogiiT msjeloben; Secdomebis Tavidan asacile-

blad vamaxvilebT yuradRebas araswor tolobebze, logariTmis araswor ga-

moyenebaze. logariTmis Tvisebebis Sesaxeb codnis ganmtkicebas didi mniSvne-

loba aqvs. mniSvnelovania, martivi SemTxvevebiT, `erTmoqmedebiani~ amocanebiT 

dawyeba. `testebSi~ pasuxebis moZieba, logariTmis Tvisebebis swor gamoyenebas 

ukavSirdeba.

7  da 8  amocanebiT SeiZleba logariTmis Tvisebebis gamoyenebis Sesaxeb 

codnis ganmtkiceba. ramdenime amocanis sajaro ganxilvis Semdeg, SeiZleba da-

narCeni SemTxvevebis ganxilva moswavleebs damoukidebeli muSaobis saxiT Sev-

TavazoT.

miTiTebebi zogierTi amocanis amosaxsnelad:

9  a) 72=32⋅23, maSasadame, 

  log572=log5(3
2⋅23)=2log53+3log52=2b+3a.

  b) log530=log5(2⋅3⋅5)=log52+log53+log55=a+b+1.

analogiuria saSinao davalebis 7  amocana.

10  g) ln e53 =lne
5
3 = 5

3 lne= 5
3 .

SevaxsenoT moswavleebs naturaluri logariTmis aRniSvna, neperis ricxvis 

mniSvneloba logariTmis praqtikul gamoyenebebSi.

12  log
3
25–log3

758
81 = 

log325
log3 3  – log3

625
81 = 2 log325–log3

625
81  = log3(625⋅ 81

625)=log381=4.

zogierTma maswavlebelma SeiZleba (klasis mzaobis gaTvaliswinebiT) fuZis 

Secvlis kerZo SemTxvevebi daasabuTos; magaliTad,  log
anb

m= 
m
n logab; 

maSin  log
3
25=(2: 1

2 )log35=log3625;

  log
23
2=(1: 1

3 )log22=3.

13     a)   3log2
6=2log2

6⋅log2
3, 5log2

3=2log2
3⋅log2

5.

     log26>log25, log23>0, amitom 3log2
6>5log2

3.

SeiZleba asec amovxsnaT: vTqvaT, x=3log2
6, y=5log2

3, maSin log2x=log26⋅log23; 
     log2y=log23⋅log25.

radgan log2x>log2y, logariTmi am SemTxvevaSi zrdadia, amitom x>y.

   g) SevadaroT: log0,23+log0,24 da log0,27
     log0,23+log0,24=log0,212;
     12>7, 0<0,2<1, amitom log0,23+log0,24<log0,27. 



133

DON'T C
OPY

14  a) radgan 4<7<8, amitom 2<log27<3.

 radgan 5<16<25, amitom 1<log516<2.
 maSasadame, log27>log516. 

 b) vadarebT ricxvebs: log1110 da log1011-s.

 log1110<log1111=1;
 log1011>log1010=1.
 maSasadame, log1011>log1110.

15  am amocanaSi mocemuli formulebis Sesaxeb zemoT visaubreT; es formu-

lebi fuZis Secvlis formulis Sedegebia.

6  d) lnx–3ln(x+1)=lnx–ln(x+1)3=ln x
(x+1)3;    v) 

1
2 log7(x–3)=log7 x–3 .

7  b) log51,5=log5
3
2 =log53–log52=b–a.

9  b) 2log7 70–log710=log770–log710=log7
70
10 =log77=1.

10  d) lg12–lg120=lg 12
120=lg 1

10 =–1.

saSinao davalebis amocanebis umravlesoba saklaso amocanebis analogiuria; 

magram aucilebelia iseTi amocanebis CarTvac, romlebic gansxvavebul msjelo-

bas moiTxovs. klasSi dawvrilebiT gavarCioT 11 -is samive amocana. gamoviyva-

noT da gamoviyenoT formula:

logba= 1
logab

, a>0, b>0, a≠1, b≠1.

11  a) moswavlem unda SeniSnos, rom log73 da log37 erTisgan gansxvavebuli 

urTierTSebrunebuli dadebiTi ricxvebia, amitom maTi jami 2-ze metia.

b) log 1
3
3+log3

1
2 =–1–log32>–2, radgan log32<1, –log32>–1.

g) 4log57=x, 7log54=y
 log5x=log57⋅log54;
 log5 y=log54⋅log57.

maSasadame, x=y.

klasSi es amocana meore xerxiTac amovxseniT (ixileT, 13 -is amoxsnebi).

12  a) viyenebT msjelobas, romelic 14  davalebebis amoxsnisas gamoviyeneT:

      8<9<16, 3<log29<4;    5<24<25, 1<log524<2;
maSasadame, log29>log524.

 b) viyenebT 14 -is b) amocanis amoxsnis msgavs msjelobas:

    log98<1; log89>1; maSasadame, log89>log98.
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5.4 maCvenebliani da logariTmuli  gantolebebisa da 
utolobebis amoxsnis magaliTebi

maTematikis axali standartis mixedviT, saSualo safexurze maTematikis 

programis SinaarsSi bevri axali sakiTxi ganixileba, ideurad ufro mdidari 

da mravalferovani gaxda programa. es cvlilebebi reformis pirveli wlebidan 

daiwyo: geometriuli gardaqmnebi, koordinatTa da veqtorTa meTodi, albaToba 

da statistika, monacemTa analizi, wrfivi daprogramebis amocanebi. aman, cxa-

dia, gamoiwvia tradiciuli masalis Semcirebis aucilebloba (trigonometriuli 

gantolebebi, iracionaluri gantolebebi da utolobebi, logariTmuli da maC-

venebliani gantolebebi, modulis Semcveli, parametris Semcveli gantolebebi). 

zogierTma mecnierma aRniSnul masalas `repetitoruli~ maTematika uwoda da 

maTi momravleba misaRebi gamocdebiT axsna. erTiani erovnuli gamocdebis eq-

spertTa jgufi iTvaliswinebs im cvlilebebs, romlebic saskolo maTematikis 

Sinaarsma ganicada. magaliTad, mxolod umartivesi trigonometriuli gantole-

bebis ganxilva moeTxoveba abiturients. aRar gvxvdeba rTuli logariTmuli da 

maCvenebliani gantolebebi da utolobebi.

maCvenebliani da logariTmuli gantolebebisa da utolobebis ganxilva Cven 

Sesabamisi funqciebis Tvisebebsa da grafikebs davukavSireT. magaliTad, masalis 

ganxilva teqstSi maCvenebliani gantolebiT iwyeba: ax=b. am gantolebis amoxsnas 

vukavSirebT y=ax da y=b funqciebis grafikebis gadakveTis wertilebis povnis 

amocanas. Tu b≤0, maSin grafikebi ar ikveTeba, gantolebas ar aqvs amonaxsni; Tu 

b>0, radgan y=ax funqcia monotonuri funqciaa da yvela dadebiT mniSvnelobas 

erTel iRebs, gantolebas erTi amonaxsni aqvs.

gantolebis amoxsnas win unda uswrebdes Semamzadebeli aqtivobebi; vixsenebT 

y=ax funqciis Tvisebebs, grafikis gamosaxulebas a-s sxvadasxva mniSvnelobisT-

vis _ roca a>1 da roca 0<a<1. Semdeg vmsjelobT gantolebis amoxsnis Sesaxeb.

sasurvelia, klasSi dawvrilebiT gavarCioT gantolebaTa SemoTavazebuli 

magaliTebis amoxsnebi.

analogiurad mimdinareobs maCvenebliani utolobis amoxsna _ grafikis ga-

moyenebiT. yuradRebas vamaxvilebT y=ax funqciis Tvisebebze. am Tvisebebis gans-

xvavebulobaze 0<a<1 da a>1 SemTxvevebSi. klasSi ganvixilavT im utolobebs, 

romelTa Sesaxeb msjeloba paragrafis Teoriul nawilSia warmodgenili. loga-

riTmul gantolebebze msjeloba Sesabamisi funqciis ganxilviT iwyeba; ganto-

lebis gardaqmnisas SeiZleba miviRoT gantoleba, romelic mocemulis tolfasi 

ar aris, Seicavs fesvebs (amonaxsnebs), romlebic mocemuli gantolebis fesvebi 

ar aris (gareSe fesvebi). maTi aRmoCena ori gziT SeiZleba _ vamowmebT pasuxebs, 

an viTvaliswinebT gansazRvris areebs.

logariTmuli utolobis amoxsnisas, sasurvelia, Tavidanve gaviTvaliswinoT 

logariTmis gansazRvris are. sasurvelia, iseTi gantolebac ganvixiloT, rom-

lis amoxsna gansazRvris aris povnas ukavSirdeba; magaliTad, lgx+lg(x–1)=lg(x2–x) 
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gantolebis amoxsnisas (roca ar viTvaliswinebT gansazRvris areebs) miiReba 

gantoleba, romelsac nebismieri ricxvi akmayofilebs, magram nebismieri ricxvi 

ar SeiZleba iyos am gantolebis fesvi, radgan gantoleba mxolod im x-ebisTvis 

aris gansazRvruli, romlebic x>0
          x–1>0

sistemis amonaxsnebia. amrigad, (1; +∞) Sualedi mocemuli gantolebis amonaxsnTa 

simravlea.

miTiTebebi zogierTi amocanis amosaxsnelad:

12  b) lg(lgx)≥0  lgx≥1    
       lgx>0    x≥1  x≥10.
       x>0

13  b) lg 1
2
(1–2x)>–2

    1–2x>0   2x<1       x<0,5
      1–2x<4  2x>–3  x>–1,5

 (–1,5; 0,5).

14  a) log5x
2>log5x

    x2>x   x(x–1)>0    x–1>0  
       x>0  x>0
 (1; +∞).

15  a) log7x=3x+1
    y=log7x
      y=3x+1.
gantolebas fesvi ar aqvs.

b) log 1
2
x=2x–3

 y=log 1
2
x

  y=2x–3
gantolebas erTi fesvi aqvs.

y=
3x

+1

y=log7x

1

– 1
3

y=
2x

–3

y=log1
2

x
–

3
2



136

DON'T C
OPY

16  b) lgx=–2–lg(a+b)+lg2;
    lgx=lg0,01–lg(a+b)+lg2;

    lgx=lg 2
100(a+b)

;

    x= 1
50(a+b)

.

18  b) ( 1
5 )1–x–( 1

5 )x=4,96.   g) 4 x–2+16=10⋅2 x–2

aRvniSnoT: ( 1
5 )x=y.   aRvniSnoT 2 x–2=y;

    1
5y

 –y=4,96;        y2–10y+16=0;

    5–25y2=124y;         y1=8, y2=2.
    25y2+124y–5=0;    x–2 =3; x–2 =1; 

    y= –62±63
25

;  y= 1
25

.    x=11; x=3.

    ( 1
5 )x= 1

25
;   x=2.

19 -Si a) da g) utolobebi  aRniSvnebis SemotaniT ixsneba; b) da d) _ erTnair 

fuZeze dayvaniT.

b) 34x+3≤3–2x2, –2x2≥4x+3, 2x2+4x+3≤0. utolobas ara aqvs amonaxsni.

g) 9x– 28
32x–1  + 1

3
>0;  aRvniSnoT: 9x=y.

 y– 28⋅3
y

+ 1
3

>0,    3y2+y–28⋅9
y

>0.

radgan y>0, amitom vRebulobT:  

 3y2+y–28⋅9>0,  y= –1±55
6

,

 y1=9, y2= – 28
3

,

 y>9 an y<– 28
3

,
 9x>9, x>1.

21  a) log5
2x+log 1

5
x=2;

    log5
2x–log5x–2=0;

    log5x=2, log5x=–1;

    x=25, x= 1
5

.
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22  a) gaviTvaliswinoT, rom log
3
x=2log3x da SemovitanoT aRniSvna log3x=y, ma-

Sin gvaqvs:

 4y– 1
y

=3;

 4y2–3y–1=0;

 y1=1, y2=– 1
4

;

 log3x=1; log3x=– 1
4

;

 x=3, x= 1
34 .

b) 8x+18x=2⋅12x.
klasSi am amocanis garCevis Semdeg, moswavleebi advilad amoxsnian analo-

giur gantolebebs.

Tu gantolebas gadavwerT 23x–32x⋅2x=2⋅3x⋅22x saxiT, SevamCnevT, rom yoveli wevri 

3x xarisxisaa (3x xarisxis erTgvarovani gantolebaa), amitom gavyoT gantolebis 

yvela wevri, magaliTad, 2x⋅32x-ze, anu 18x-ze. miviRebT:

 ( 8
18

)x+1=2(12
18

)x.

 ( 4
9

)x+1=2( 2
3

)x;    ( 2
3

)x=y;  y2–2y+1=0;  y=1;

 ( 2
3

)x=1, x=0.

23  a) log5x⋅log7x=log57. 
viyenebT fuZis Secvlis formulas.

   log5x⋅log5x
log57

=log57

   (log5x)2=(log57)2

   log5x=log57 an log5x=–log57

   x=7 an x= 1
7

.

24  a) log0,2log2
x2

x+2
>0

   x2

x+2
>0       x+2>0, x≠0

     log2
x2

x+2
>0       x2

x+2
>1

     log2
x2

x+2
<1       x2

x+2
<2.

    

  x+2>0  x>–2
    x2–x–2>0    x>2 an x<–1
    x2–2x–4<0    1– 5 <x<1+ 5
    1– 5 <x<–1 an 2<x<1+ 5 .
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25  a) aq –x>0, x<0, amitom log2x
2=2log2(–x);  b) 2lg(1–x)=2lg(1–x);

       2log2(–x)–log2(–x)–2=0;          1–x>0;   x<1;
    log2(–x)=2;            (–∞; 1).
   –x=4;  x=–4.

26  a)  2–x>0     x<2
        x–3>0  x>3
       2–x>x–3  x<2,5  ar aqvs amonaxsni.

 b) lg(x2+1)>lg(4x–7)

    4x–7>0        x> 7
4      x> 7

4 ;               ( 7
4 ; +∞).

        x2+1>4x–7     x2–4x+8>0     x2–4x+8>0, D
4 =4–8<0;  

          x nebismieria

  
sasurvelia, rom am gantolebaTa da utolobaTa amoxsnis Semdeg maswavle-

belma Seajamos ganxiluli sakiTxi, xazi gausvas maCvenebliani da logariTmu-

li funqciebis Tvisebebisa da Sesabamisi grafikebis codnis aucileblobas gan-

tolebebisa da utolobebis amoxsnisas. amasTanave, SeiZleba gamoiyos ramdenime 

xerxi: 

1. vcdilobT, Tu SesaZlebelia, gantolebis (utolobis) orive mxare erTi da 

imave fuZis xarisxad warmovadginoT; maSin SesaZlebeli xdeba funqciebis Tvise-

bebis gamoyeneba.

2. SeiZleba saWiro gaxdes axali cvladis SemoReba, am cvladis mimarT miRe-

buli gantolebis an utolobis amoxsna da pirveli tipis gantolebis, an utolo-

bis miReba.

3. logariTmul utolobebSi aucilebelia gansazRvris aris dadgena da misi 

gaTvaliswineba. zogjer gantolebis amoxsnis drosac SeiZleba dagvWirdes gan-

sazRvris aris povna; Tumca, aq, xSirad, SemowmebiT SemovifarglebiT xolme; 

frTxilad unda viyoT logariTmis Tvisebebis gamoyenebisas; magaliTad, Tu x>0, 

maSin lgx2=2lgx da Tu x<0, lgx2=2lg(–x). anu, lgx2=lg|x|, roca x≠0.

4. zogierTi gantoleba cvladis Semcvel xarisxze gayofiT ixsneba, roca 

yvela wevri cvladis Semcvel erTnair xarisxs Seicavs; maswavleblebma ician, 

rom, faqtobrivad, am dros ori sxvadasxva fuZis xarisxebis mimarT `erTgvaro-

vani~ gantoleba gvaqvs.

am saubris mimdinareobisas, SeiZleba Sesabamisi sailustracio magaliTebis 

ganxilvac amoxsnili amocanebidan.

5. SeiZleba dagvWirdes fuZis Secvlis formulis gamoyeneba.

es saubari, ganxilul amocanebTan erTad, daexmareba moswavleebs saSinao 

davalebis SesrulebaSi.
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magaliTebi:

13  log2x<log2(x+4). aucilebelia sistemis amoxsna:

    x<x+4
      x>0
      x+4>0.

16  lgx–lgy=0, lg x
y =0

    x
y =1  y=x

      x>0  x>0
      y>0  y>0.

miviReT y=x wrfis is nawili, romelic I meoTxeds ekuTvnis da ar Seicavs 

saTaves.

17  b) 2⋅3x+1– 4⋅3x–2=150; aq sakmarisia aRniSvna:  3x=y.

18  e) 0,04x–26⋅0,2x+25≤0,     0,2x=y,
      y2–26y+25≤0,
      y1=25, y2=1,
      1≤y≤25 (y-is mimarT miRebuli utoloba bolomde unda amovxsnaT);

      1≤( 1
5

)x≤25,
      50≤5–x≤52, 0≤–x≤2, –2≤x≤0.

19   b) log2
2x–log2x≤6.    21  b) 25x–10x=2⋅4x

      log2x=y       52x–2x⋅5x=2⋅22x

      y2–y–6≤0,  –2≤y≤3, –2≤log2x≤3,  gavyoT, magaliTad, 2x⋅5x-ze.

      1
4
≤x≤8.       ( 5

2
)x–1=2⋅( 2

5
)x,

        y–1= 2
y

,

                y2–y–2=0, y1=2, y2=–1,

         ( 5
2

)x=2, x=log 5
2
2.

22  b) log5x+log7x=log535.   23  b) lg2x–2>lgx.

     log5x+ log5x
log57

=log57+1,   vTqvaT, lgx=y.

      log5x
log57

(log57+1)=log57+1,   y2–y–2>0;  y>2 an y<–1; 
    log5x=log57,     lgx>2 an lgx<–1, amasTanave x>0. 

    x=7.      x>100 an 0<x< 1
10

.

24  b) ( 2
3

)x2–3x > ( 3
2

)3;

      ( 2
3

)x2–3x> ( 2
3

)–3,    
x2–3x+3<0, utolobas ar aqvs amonaxsni.
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5.5 maCvenebliani da logariTmuli funqciebis 
gamoyenebis magaliTebi

am paragrafiT vajamebT gaweul muSaobas maCvenebliani da logariTmuli 

funqciebis Sesaxeb. winare codnis gaaqtiureba am funqciebis Tvisebebisa da 

grafikebis Sesaxeb codnis gaaqtiurebas ukavSirdeba. mniSvnelovania saubari ne-

peris ricxvisa da misi mniSvnelobis Sesaxeb praqtikuli amocanebis amoxsnisas. 

am ricxvis mniSvnelobam gvikarnaxa, rom sasurvelia, moswavleebi skolaSi gaec-

non neperis ricxvs _ iracionaluri ricxvis kidev erT magaliTs. sasurvelia 

dafaze erTdroulad warmovadginoT da aRvweroT y=2x, y=3x da y=ex funqciebis 

grafikebi. vsaubrobT im mimdevrobis Sesaxeb, romelic e ricxvs ukavSirde-

ba; moswavleebs veubnebiT, rom am mimdevrobis wevrebis gamoTvliT SeiZleba e 

ricxvis povna miaxloebiT. es mimdevroba zrdadia, Tumca, misi yoveli wevri 3-ze 

naklebia, n-is zrdasTan erTad am mimdevrobis n-uri wevri `usasrulod uaxlo-

vdeba~ e ricxvs, romelsac neperis ricxvi ewodeba _ n-is zrdisas e ricxvsa da 

mimdevrobis n-ur wevrs Soris sxvaobis moduli nebismier dasaxelebul dade-

biT ricxvze naklebi xdeba. es nawili moswavleTa Semzadebacaa kompleqsuri 

davalebis Sesasruleblad.

gadavdivarT nacnob sakiTxebze. aq gakveTili, iseve, rogorc TiTqmis yvela 

sxva gakveTili, interaqtiuli formiT CavataroT.

_ vTqvaT, bankSi Setanilia 400 lari da wliuri ganakveTi (ricxviT gamosax-

uli) r-ia (magaliTad, Tu procentuli daricxva 12%-ia, maSin r=0,12).

1 wlis Semdeg ra Tanxa iqneba?

_ 2 wlis Semdeg ra Tanxa iqneba?

_ 3 wlis Semdeg ra Tanxa iqneba?

_ n wlis Semdeg ra Tanxa iqneba?

_ ra formuliT gamoisaxeba Tanxa n wlis Semdeg?

_ Tu daricxva weliwadSi n-jer xdeba da TiToeul jerze r/n ricxvia daricx-

vis ganakveTi, maSin t wlis Semdeg ramdenjer moxdeba daricxva? ra formuliT 

moxdeba t wlis Semdeg dagrovili Tanxis gamoangariSeba?

aq SeiZleba davexmaroT moswavleebs da erTad mivideT daskvnamde _ n-is 

zrdis SemTxvevaSi (`dausruleblad~, `usasrulod~), vambobT, rom daricxva 

uwyvetad mimdinareobs da dagrovili Tanxa gamoiTvleba formuliT:

      A=Pen.

teqstSi warmodgenili maTematikuri modeli ukavSirdeba baqteriebis popu-

laciis gamravlebas, romelic xelsayreli pirobebisas, SeiZleba iTqvas, uwyve-

tad mimdinareobs da maCvenebliani funqciis Tvisebebis ganxilviT aRiwereba. 

amasTanave, SeiZleba naturaluri logariTmis gamoyeneba da N(t)=N0e
kt formul-

idan t-s (drois monakveTi) mimarT formulis miReba:

     kt=lnN(t)
N0

,    t= 1
k lnN(t)

N0
.

am formulas moswavleebi gamoiyeneben 3  amocanis amoxsnisas.
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miTiTebebi zogierTi amocanis amosaxsnelad:

1  gamovsaxoT aTwiladiT procentuli ganakveTi; r=9,5⋅ 1
100=0,095.

pirobis Tanaxmad,

 P(1+ 0,095
4 )4t=2P,

 (1,02375)4t=2,
 4t= ln2

ln1,02375 ,

 t=	14 ⋅
ln2

ln1,02375  ≈	14 ⋅	
0,69315
0,02347  ≈	7,38.

maSasadame, Tanxa miaxloebiT merve wlis meore kvartlis dasasruls gaor-

kecdeba.

2  t wlis Semdeg dagrovili Tanxaa A=Pe0,075t.
Tu t=1, maSin A=Pe0,075. Tanxa gaizrdeba e0,075-jer; e0,075 ≈ 1,078.

maSasadame, gaizrdeba 1,078-jer, anu 7,8%-iT (miaxloebiT).

3  pirobis Tanaxmad, R(30)= 1
2 R0 (iyo R0, 30 dRis Semdeg ganaxevrda).

 
1
2 R0=R0e

k·30, 30k=ln 1
2 ,

 k= –ln2
30

 ≈	–0,69315
30

  ≈	–0,023.

axla vipovoT t-s is mniSvneloba, roca R(t)= R0

100
 . miviRebT:

 R0

100
=R0e

kt, saidanac

 t= –ln100
k

 ≈	– 4,605
–0,023

 ≈ 200,22.  miaxloebiT, 200 dRis Semdeg.

4  a) t wlis Semdeg dagrovili Tanxa ase gamoiTvleba:

    P(1+	0,075
12

)12t.
pirobis Tanaxmad,

   P(1+	0,075
12

)12t=500 000;   b)   P(1+	0,12
12

)12t=500 000,

   P⋅1,0062512t=500 000,         P⋅1,0112t=500 000,

   P=	 500 000
1,00625240  ≈ 112 087.        P=	500 000

1,01240  ≈	45 900 (lari).

5   a) 2P0=P0e
rt;    b) 3P0=P0e

rt,

     rt=ln2, t=	ln2
r

;      rt=ln3, t=	ln3
r

.

6   m(t)=m0e
–kt    (k>0).

   m(1500)= 1
2 m0,   1

2 m0=m0e
–1500k,

   e–1500k= 1
2 ,      1500k=ln2,

   k= ln2
1500 =	0,69315

1500
 ≈ 0,00046 ≈ 0,0005.

 vipovoT m(1 000 000).    m0e
–0,0005⋅1000000=m0e

–500= m0

e500 .
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7  N(t)= M
1+( M

N0

 –1)e–kt
= 10000e

1
5 t

e
1
5 t+( 10000

500  –1);

  N(t)=10 000e
1
5 t

e
1
5 t+19

; 

a) N(5)= 10000e
19+e

 ≈ 1251 (Tevzi).

b) N(t)=2 000 _ amovxsnaT t-s mimarT gantoleba:

 10 000e
1
5 t

e
1
5 t+19

=2000;

 8 000e
1
5 t=38 000;

   e
1
5 t= 19

4 ;

 t=5ln 19
4  ≈ 7,8 ≈ 8 (Tve).

1  A=Pert;    2  r=0,1;
 25 000=10 000ert,    t=10;        A=Pe0,1t; 
 e10r=2,5;          Tu t=2, A

P =e0,2 ≈ 1,22.

 r= ln2,5
10  ≈ 0,91629

10  ≈ 0,09=9%.      gaizrdeba miaxloebiT 1,22-jer, anu 22%-iT.

3  pirobis Tanaxmad,

 Q(60)= 1
2 C,  amitom 

1
2 C=Ce60k,

 1
2 =e60k,     –ln2=60k,

 k=– ln2
60  =– 0,69315

60  ≈	–0,012;

80%-iT Semcireba niSnavs, rom darCeba sawyisi raodenobis 1
5 :

 1
5 C=Cekt.

 ekt= 1
5 ,     kt=–ln5,  

 t= –ln5
–0,012  ≈  1,60944

0,012  ≈ 134 (dRe).

4  P=105300e0,015t.
 150 000=105 300 e0,015t;        e0,015t ≈ 1,4245;

 t ≈  ln1,4245
0,015  ≈  0,353821

0,015  ≈ 23,6 ≈ 24 (weli); 

 2022+24=2046, miaxloebiT 2046 wels.
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5  N=100ekt. roca t=0, maSin N=100; roca t=5, maSin N=300;

  100e5k=300,   e5k=3,  k= ln3
5  ≈ 1,0986

5  ≈ 0,22.

 gaorkecdeba, roca N(t)=2N(0),   100ekt=200,

  t= ln2
k  ≈ 3 (sT).

6  a) y(0)=1   Ce0=1
         y(4)=10           Ce4k=10.

      C=1;  k= ln10
4 .

 d) y(0)=5   C=5  C=5
          y(3)=1     Ce3k=1   k= –ln5

3 .

kompleqsuri davalebis Sesruleba daexmareba moswavleebs kargad ga-

iazron samizne cnebebi _ Sesabamisoba, grafiki, funqcia, damokidebuleba si-

dideebs Soris; ganiviTaron da gaimyaron sidideebs Soris damokidebulebebis 

formulebiT gamosaxvis Cvevebi, formulebis Sedgenisa da gamoyenebis unarebi. 

kompleqsur davalebaSi dasmuli amocanis amoxsna yvela moswavlem unda SeZlos. 

bevri ufro rTuli amocana SexvdaT maT, gansakuTrebiT, bolo paragrafis amox-

snisas. kompiuteris gamoyenebiT, moswavleebi SeZleben kovid-19-is gavrcelebis 

grafikuli gamosaxulebebis moZiebas, SeamCneven, rom sawyis etapze gavrcele-

bas eqsponencialuri zrdis xasiaTi hqonda. mniSvnelovania, rom, aRweris ukeT 

dasaxasiaTeblad logariTmuli masStabic aris gamoyenebuli; logariTmuli 

skala gamoiyeneba sidideTa didi diapazonebis SemTxvevaSi; logariTmul skala-

ze monakveTis sigrZe proporciulia im sidideTa Sefardebis logariTmis, rom-

lebic am monakveTis boloebiT aris warmodgenili. Cveulebriv skalaze monakve-

Tis sigrZe aRniSnuli sidideebis sxvaobis proporciulia. moswavlem SeiZleba 

warmoadginos sxvadasxva qveyanaSi sawyis etapze Tveebis mixedviT kovid-19-is 

SemTxvevaTa zrdis tendenciebi, gadmoitanos plakatze Sesabamisi grafikebi da 

imsjelos am grafikebis mixedviT.

moxsenebaSi SeiZleba im amocanebis gamoyenebac, romlebic saskolo saxel-

mZRvaneloSia mocemuli; magaliTad, sabanko saqmeSi logariTmuli da maCveneb-

liani funqciebis gamoyeneba. sasurvelia, moxsenebaSi logariTmebis warmoSobis 

istoriis CarTvac. saWiro iqneba jon neperis moRvaweobis Sesaxeb informaciis 

moZieba. man, pirvelma, gamoaqveyna logariTmebis cxrilebi, romlebsac gasaoc-

ari cxrilebi uwoda (1614 wels). am naSromSi mokled iyo aRwerili logariTme-

bi da misi Tvisebebi, aqve iyo sinusebis, kosinusebis da tangensebis cxrilebi. 

termini `logariTmi~ aseve neperis mieraa SemoRebuli. SemoTavazebuli amocana 

ki ase ixsneba: 
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Tu A sawyisi Tanxaa, maSin n wlis Semdeg gveqneba:

 A(1+ 12
100 )n (lari);

 20 000=10 000(1+ 12
100 )n,       2=(1+ 12

100 )n.    

SeiZleba 10-is fuZiT visargebloT:

 n=log1,122= lg2
lg(1,12)  = 0,3010...

0,0492...  ≈ 6,11 ≈ 6. 

moswavle iyenebs amocanebs biologiidan, romlebic saxelmZRvaneloSia 

mocemuli; aRwers maT amoxsnebs.

SeiZleba saubari gagrZeldes logariTmebis gamoyenebaze qimiaSi, fizikaSi, 

mosaxleobis zrdis prognozirebaSi.

amocanebi TviTSefasebisTvis

sakiTxebi: maCvenebliani da logariTmuli funqciebi; Tvisebebi, grafikebi, 

gamoyenebebi.

mkvidri warmodgenebi: maCvenebliani da logariTmuli gantolebebisa da 

utolobebis amoxsnisas viyenebT am funqciebis Tvisebebs, grafikul warmod-

genebs; sidideebs Soris damokidebulebebi SeiZleba aRiweros formulebiT, 

grafikebiT.

Sefasebis indikatorebi: moswavlem unda SeZlos sidideebs Soris damo-

kidebulebebis algebruli da geometriuli saxiT warmodgena; formulebis ga-

moyeneba sidideebs Soris damokidebulebebis aRsawerad.

miTiTebebi amocanebis amosaxsnelad:

1  radgan f(x)=( 1
a– 17

)x maCvenebliani funqcia klebadia, amitom fuZe 1-ze 

nak lebi dadebiTi ricxvia, maSasadame, a– 17>1, a> 17+1.

2  b) 553 =5
5
3 .

  (0,2)–1 1
3 =5

4
3 , 5

5
3 =5

4
3 . amrigad, 553 >(0,2)–1,(3).

3  1=loga9; a=9.

4  a) 2x+log25=80,  2x·5=80,   2x=16,   x=4;
  b) log 1

3
(x2+6)= –4,  x2+6=34,   x2=81–6,  x2=75,

  x=5 3  an x=–5 3 .
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5   
1
3 (log2x+2log2 y)+5log2 p–log4q=log2 xy23 +log2 p

5–log2q
1
2 =log2

xy23 ⋅p5

q
.

6   2log9 21–4log3 78 =log3 21–log3 7 =log3 3 = 12 .

7   log2(x–1)>log2
1
7 ;

   x–1>0
       x–1> 1

7 , x> 8
7 .

8  log5
2(2x+5) +log0,2(2x+5)–2=0

  log5
2(2x+5) –log5(2x+5)–2=0

  log5(2x+5)=2  an  log5(2x+5)=–1
  2x+5=25,  x=10
an

  2x+5= 1
5 ,   x=– 12

5 .

9  ( 1
2 )x+1=y,     ( 1

4 )x+1=y2,
  y2–7y+10≥0,
  y≥5 an y≤2,  
  ( 1

2 )x+1≥5,  2–x–1≥5,   2–x≥10,   –x≥log210,   x≤–log210,
an

  ( 1
2 )x+1≤2,   2–x≤4,   –x≤2,   x≥–2.

10  Pe0,12t–P>50 000,    t=10;
  P(e1,2–1)>50 000

  P> 50 000
e1,2–1  ≈ 21550,64;

  P≥21551.

SeafaseT Tqveni Sedegi

1  amocanaSi funqciis klebadobis arsis codniT Tqven daimsaxurebT 0,5 qu-

las, wiladuri da maCvenebliani funqciebis zrdadobisa da klebadobis ganxil-

viT ― kidev 1 qulas, saZiebeli simravlis dadgeniT ― kidev 0,5 qulas. amocana 

2-quliania.

2  amocanis TiToeul davalebaSi gamosaxulebebis erT fuZeze dayva niT 

daimsaxurebT 0,5 qulas, maCvenebliani funqciis zrdadobis (klebadobis) cod-

niT da misi gamoyenebiT ― kidev 0,5 qulas. amrigad, amocana 2-quliania.

3  amocanaSi miTiTebul wertilSi funqciis mniSvnelobis ganxilviTa da a-s 

povniT daimsaxurebT 1 qulas. cxrilis sworad SevsebiT ― kidev 1,5 qulas. amo-

cana 2,5-quliania.



146

DON'T C
OPY

4   amocanis a) davalebaSi xarisxis Tvisebebisa da logariTmuli igiveobis 

gamoyenebiT gantolebis gamartivebiT daimsaxurebT 1 qulas, miRebuli maCven-

ebliani gantolebis amoxsniT ― kidev 0,5 qulas. b) davalebaSi mocemuli gan-

tolebis kvadratul gantolebaze dayvaniT daimsaxurebT 1 qulas, misi amoxsniT 

― kidev 0,5 qulas. amocana 3-quliania.

5   da 6   amocanebSi logariTmis Tvisebebis gamoyenebiT davalebis Ses-

ruleba moganiWebT 2-2 qulas. es amocanebi 2-qulianebia.

7  amocanaSi logariTmuli funqciis Tvisebebis (zrdadoba-klebadoba, axal 

fuZeze gadasvla, gansazRvris aris dadgena) gamoyenebiT utolobis amoxsnaSi 

daimsaxurebT 2 qulas.

8   amocanis dakavSireba kvadratuli gantolebis amoxsnasTan Sefasdeba 1 

quliT, kvadratuli gantolebis amoxsna ― kidev 0,5 quliT, martivi logariT-

muli gantolebebis amoxsna ― kidev 0,5-0,5 quliT. amocana 2,5-quliania.

9  amocanaSi gamosaxulebaTa erT fuZeze dayvana Sefasdeba 0,5 quliT, 

kvadratuli utolobis amoxsna ― kidev 0,5 quliT, maCvenebliani utolobebis 

amoxsna ―  TiTo quliT. amocana 3-quliania.

10  amocanaSi uwyveti daricxvis formulis codniT daimsaxurebT 0,5 qulas, 

mosalodneli sargeblis formulis dadgeniT ― kidev 0,5 qulas. sawyisi Tanxis 

dadgeniT ― kidev 1 qulas. amocana 2-quliania.

ramdeni qula miiReT?

21-23 qula ― davaleba Sesrulebulia Zalian kargad (Sefaseba maRalia);

17-20 qula ― davaleba Sesrulebulia kargad (Sefaseba saSualoze maRalia);

12-16 qula ― davaleba Sesrulebulia nawilobriv (Sefaseba saSualoa);

12 qulaze naklebi qulis SemTxvevaSi gWirdebaT ufro gulmodgine muSaoba (Se-

faseba dabalia).
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V Tavis damatebiTi amocanebi

miTiTebebi zogierTi amocanis amosaxsnelad

1  daricxuli Tanxis gamosaTvlelad viyenebT formulas: S=Prn, sadac,  

P=10 000 sawyisi Tanxaa, r=0,08 _ daricxvis procenti, gamosaxuli aTwiladiT, 

n=3 _ wlebis raodenoba.

   S=10 000⋅0,08⋅3=800⋅3=24000 (lari).

2   S=P(1+r)n–P;
  P=10 000,   n=3,  r=0,06;
  S=10 000(1,063–1) ≈ 1910,2 (lari).

3  0,2=a⋅ 19 ,   a=1,8;

  y=1,8⋅3x.
  x=0, y=1,8.

4  zrdadia, roca 2a+3>1; klebadia, roca 0<2a+3<1; amosaxsnelia es martivi 

utolobebi.

 

5  roca x=1, y=4–1=3, b=3; (1; 3) wertili y=ax-is grafiksac ekuTvnis: 3=a1, 
a=3.

6  d) log0,2(5x2–55)=–3,    5x2–55=125,     x2=36,   x=±6.

8  d) log 1
4
(4x+5)<–2;  9  a) da g) tolfasi gantolebebia.

     4x+5>0       |x–4|=3;
       4x+5>16;         x–4=3,   x=7 an x–4=–3, x=1. 

 4x>11,   x>11
4 .

11  e) 
log35

2+ 13  

log3
5 

=2+ 
1
3 = 

7
3 .

12  g) 3log25 – 5log23.

  3log25=5log23, radgan  log
2
(3log25)=log

2
(5log23).

maSasadame, am ricxvebis sxvaoba nulis tolia.

sazogadod, Tu a>0, b>0, c>0, b≠1, maSin alogb
c=clogb

a.

d) log38⋅log29=3log32⋅2⋅log23=6, radgan log32= 1
log23

.

e) 
9log425 
25log23 

=
32log25 
52log23 

=( 3log25 
5log23 

)2=1.

aqac, g) davalebis msgavsad, gamoviyeneT formula: alogb
c=clogb

a.
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y=lg(x+1)

y=
x2

–3
x

–1

13  unda davalagoT zrdis mixedviT ricxvebi: ln25
4 , lg10

5
2 ,   –log210, 0 da 4.

miviRebT: –log210=log0,510;   0;   ln25
4 ∈(1; 2);  ln100 10= 5

2 ; 22ln2=4.

15  b) lg(x+1)=x2–3x gantolebas ori fesvi aqvs, erTi 

0-is toli, meore 3-ze meti.

16  lg125=3lg5=3lg 10
2 =3–3lg2=3–3a.

17  d)  5x–17 –2 5x–19 =3,

vTqvaT, 5x–19 =y, maSin 5x–17 = 5x–19⋅52 =5 5x–19 .

miviRebT:

 5y–2y=3,    3y=3,   y=1;
 5x–19 =50, x=19.

18  a) 5log5(3x–1)=x+1;
  3x–1=x+1,    2x=2,    x=1.

  g) 3⋅9x–4⋅6x+4x=0; gavyoT 6x-ze. 

  3( 3
2 )x

–4+( 2
3 )x

=0

  ( 3
2 )x

=y

  3y–4+ 1
y =0,   3y2–4y+1=0,   D

4 =1, y= 2±1
3 ,  y1=1,   y2=

1
3 .

  ( 3
2 )x

=1, x=0;

  ( 3
2 )x

= 1
3 , x=log 3

2

1
3 =–log 3

2
3.

19   x>0  
     log2x≥0  x≥1
      log2x≠4  x≠16

 [1; 16)∪(16; +∞).
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20  –x>0, x<0; mocemuli utoloba gadavweroT ase:

  4lg2(–x)–lg(–x)–5>0.

  4y2–y–5>0,  y= 1±9
8 ,   y1= 54 ,   y2= –1;

  lg(–x)> 5
4 ,   –x>10

5
4 ,   x<–10

5
4 ; 

an  lg(–x)<–1,   –x< 1
10,    x>– 1

10; amasTanave x<0. 

miviReT (–∞; –10
5
4 )∪(– 1

10; 0).
x2≤400 utolobis amonaxsnTa simravlea [–20; 20].

pasuxi: [–20; –10
5
4 )∪(– 1

10; 0).

21  b) 8000(1+0,1)n>20 000;  22  Pe0,034t=7500, t=5;

  1,1n> 5
2 ;        Pe0,17=7500;

  n> ln2,5
ln1,1  ≈	9,6.        P= 7500

e0,17  ≈	6 327,5 (lari).

  10 wlis Semdeg.

Semajamebeli wera #6

Tematuri bloki: maCvenebliani da logariTmuli funqciebi. 

samizne cnebebi: Sesabamisoba, funqcia, sidideebs Soris damokidebuleba, 

grafiki, gantoleba, utoloba..

Sefasebis indikatorebi: moswavlem unda SeZlos maCvenebliani da logariT-

muli funqciebis Tvisebebis gamoyeneba gantolebebisa da utolobebis amoxsni-

sas, sabanko saqmesTan dakavSirebuli amocanebis gadawyvetisas.

amocanebis nimuSebi

amoxseniT amocanebi:

1  (16; 4) wertili Zevs y=logax funqciis grafikze. ipoveT a.

2  a-s ra mniSvnelobebisTvis aris y=(5a–1)x funqcia klebadi?

3  gamoTvaleT: a) log55 5 +log327;

    b) 3lg5+2lg2 2 .
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4  amoxseniT gantoleba: 

 a) 3log
3
x+2=45;    b) log 1

2
(2x–3)=–2;  g) lg(x–6)2=2;     d) 32x–5 + 32x–9 =10 3 .

5  amoxseniT utoloba log0,2(x–1)>–2.

6  barbarem icis, rom bankSi anabarze sargeblis rTuli procentis daricx-

vis wesiT wliuri saprocento ganakveTia 3,4%. sul cota ramdeni lari unda 

Seitanos man bankSi, rom 6 wlis Semdeg dagrovilma Tanxam Seadginos aranakleb 

25 000 lari?

pasuxebi: 1  a=2. 2  (0,2; 0,4). 3  a) 4,5; b) 3. 4  a) x=5; b) x=3,5; g) x=16; x= –4; 

d) x=5. 5  (1; 26). 6  sul cota 20456 lari.

miTiTebebi:^

4  g) lg(x–6)2=2; 2lg|x–6|=2; |x–6|=10, saidanac x=16 an x=–4. 

d) SemoviRoT aRniSvna: 32x–5 =y, an 32x–9 =y. miiReba, Sesabamisad, gantoleba  

y+ 
y
9 =10 3 , an 9y+y=10 3 .

5  unda amoixsnas sistema: x–1>0
            x–1<25.

6  visargebloT formuliT: P=P0(1+r)n, sadac n=6, P=25000, r= 
3,4
100. saZiebelia 

P0-is umciresi mniSvneloba, rom

P0 ≥ 25000
1,0346  ≈ 20455,8.

unda Seitanos sul cota 20456 lari.

ganmsazRvreli Sefasebis rubrika

gTavazobT Semdeg Sefasebebs:

1  swori amoxsna Sefasdes 1 quliT.

2  amoxsna 0,5 quliT Sefasdes, Tu moswavlem SeniSna, rom 0<5a–1<1, Tum-

ca ver amoxsna ormagi utoloba; an bolomde amoxsna mxolod 5a–1<1 utoloba. 

uSec domo amoxsna Sefasdes 1 quliT.

3  a) da b) davalebebidan TiToeulis swori amoxsna Sefasdes 1 quliT. sul 

_ 2 qula.
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4  a) 0,5 quliT Sefasdes alog
a
b=b formulis gamoyenebiT gantolebis gamar-

tiveba; miRebuli gantolebis amoxsna _ kidev 0,5 quliT. sul _ 1 qula.

b) wrfivi gantolebis miReba Sefasdes 0,5 quliT, miRebuli gantolebis amox-

sna _ kidev 0,5 quliT. sul _ 1 qula.

g) Tu moswavlem ar gaiTvaliswina x–6-is orive mniSvneloba da gantoleba 

amoxsna mxolod x–6>0 SemTxvevisTvis, Sefasdes 1 quliT. gantolebis orive fes-

vis povna _ 2 quliT.

d) amoxsna 1 quliT Sefasdes, Tu moswavlem aRniSna  32x–5  da 32x–9  gamosax-

ulebebidan erT-erTi da meore gamosaxa axali cvladiT; kidev 0,5 qula daema-

tos axali cvladis mniSvnelobebis povnisTvis da 0,5 qula _ saboloo pasuxis 

dafiqsirebisTvis.

im SemTxvevaSi, Tu moswavlem 32x an 32x  aRniSna axali cvladiT da mis mimarT 

Seadgina gantoleba, magram is ver amoxsna, visargebloT 0,5 an 1-quliani Sefase-

biT.

5  Tu moswavlem amoxsna utoloba gansazRvris aris gaTvaliswinebis gareSe, 

an gaiTvaliswina gansazRvris are, magram ar Secvala utolobis niSani, Sefasdes 

1 quliT. sworad amoxsnili utoloba _ 2 quliT. 

6  1 quliT Sefasdes P=P0(1+r)n formulaSi Sesabamisi mniSvnelobebis Casma 

da kidev 1 qula daematos miRebuli gantolebis (an utolobis) amoxsnisTvis da 

pasuxis dafiqsirebisTvis.

Segrovda sul 14 qula. imisaTvis, rom moswavle SevafasoT 10 quliani 

sistemiT, mis mier dagrovili qulebis jami gavamravloT  
10
14-ze da Sedegi da-

vamrgvaloT erTeulis sizustiT. am meTodis gamoyenebiT maswavlebels eZleva 

SesaZlebloba ufro detalurad Seafasos naSromSi dafiqsirebuli yoveli ra-

cionaluri moqmedeba da winaswarve ar SeizRudos 10-quliani SefasebiT.

meoTxe Tavis Semajamebeli weris Sedegebis analiziT SesaZlebelia sayur-

adRebo daskvnebi gakeTdes ganxiluli sakiTxebis Sesaxeb moswavleTa codnisa 

da misi gamoyenebis unarebis Sesaxeb. aranakleb mniSvnelovania, rom es viTareba 

Semdgomi Temebis Seswavlis xarisxzec aisaxeba. es faqtori kidev ufro aRr-

mavebs am aqtivobis Semdgom Casatarebeli ganmaviTarebeli Sefasebis mniSvnelo-

bas. Tqveni moswavleebis individualur TvisebaTa da maTi akademiuri mzaobis 

codna xels SegiwyobT ukeT moargoT Cveni rekomendaciebi ganmaviTarebeli Se-

fasebis Sesaxeb Tqvens saswavlo process, Tqvens uaRresad mniSvnelovan sagan-

manaTleblo muSaobas.

Cveni rekomendaciebis ZiriTadi ideaa: sakiTxebis sajaro, SemoqmedebiTi, in-

teraqtiuli ganxilviT mkafio aqcenti gakeTdes ganxilul samizne cnebaTa da 

meTodTa arsis wvdomaze, codnis gaRrmavebaze, Temis gamoyenebiTi aspeqtebis 

gaTavisebaze moswavleTa mier.



152

DON'T C
OPY

1  amocanaSi kidev erTxel unda gaesvas xazi: rogor SevamowmoT mocemu-

li wertili ekuTvnis Tu ara mocemul wirs, an ares? iqneb Tavad daasaxelon 

wertilebi, romlebic ekuTvnis an ar ekuTvnis mocemul grafiks. aqve arsebiTia 

logariTmis cnebis gansazRvris ganxilvac.

2  amocanaSic aucilebelia klasma gaixsenos raime SualedSi funqciis zr-

dadoba-klebadobis (monotonurobis) cnebebi, yuradReba gamaxvildes Sualedis 

sazRvris wertilebis mimarTac. gaamaxvileT yuradReba: magaliTad, zrdadobis 

Sualedi argumentis mniSvnelobaTa simravles gulisxmobs da ara Tavad funqci-

is mniSvnelobebis; daixmareT maCvenebliani funqciis Tvisebebi, grafikebi 1-ze 

meti da 1-ze naklebi (dadebiTi) fuZis SemTxvevaSi.

3  amocanis ganxilvisas klasma unda gaixsenos da warmoadginos logariT-

mis Tvisebebi da miusadagos mocemul konkretul davalebebs.

4  amocanaSi kvlav mivubrundeT xarisxisa da logariTmis Tvisebebs. klasi 

gaixsenebs mocemuli tipis gantolebaTa amoxsnis xerxebs. xarisxis logariTmis 

gamartivebisas tipuri Secdomaa fuZis modulis gauTvaliswinebloba, sasurve-

lia konkretuli magaliTebis ganxilviT SesaZlo SecdomaTa Tavidan acileba; 

yuradReba unda gamaxvildes logariTmuli gantolebis amoxsnisas miRebuli Se-

degis Semowmebis mniSvnelobazec.

5  amocanaSi arsebiT mniSvnelobas iZens gansazRvris aris gaTvaliswineba. 

kidev erTxel CauRrmavdiT utolobaTa sistemis amoxsnis arss _ misi amonax-

snia sistemis utolobebis amonaxsnTa simravleebis TanakveTa.

6  amocanas da analogiur amocanebs finansuri sferodan didi praqtikuli 

da ganmaviTarebeli mniSvneloba aqvs, kerZod, aseTia rTuli procentis daricx-

vis wesiT anabris gaxsnasTan dakavSirebuli aratrivialuri amocanebi, maTSi 

warmodgenili sawyisi da dagrovili Tanxebis damakavSirebeli formulebi. xazi 

unda gaesvas am formulebSi saprocento ganakveTis warmodgenas aTwiladiT ga-

mosaxuli nawilis saxiT.

ganmaviTarebeli Sefaseba unda gulisxmobdes moswavleTa mosazrebebis 

analizsac Semajamebeli weris amocanaTa Sesaxeb, mTeli davalebis sirTulis 

donisa da moculobis Sesaxeb. es informacia uTuod gamogadgebaT muSaobaSi.
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meoTxe Tavis Semajamebeli werisa da ganmaviTarebeli Sefasebis Sedegebis 

mixedviT SeiZleba ase davakonkretoT solo taqsonomiis zogadi formiT war-

modgenili moswavleTa akademiuri doneebi. 

1. prestruqturuli done. moswavles aramkafio warmodgena aqvs ganxilul 

samizne cnebebze, Tavad sakiTxebze, ar SeuZlia mkafio pasuxis gacema dasmul 

kiTxvaze, ver erkveva arsebul analizur da geometriul warmodgenebSi. 

2. unistruqturuli done. zogjer axerxebs martivi sakiTxebis ganxilvaSi 

CarTvas mxolod daskvniT etapze _ instruqciebis gacnobis Semdeg da gamoTv-

lebis Sesrulebisas. iyenebs terminebs, Tumca zusti arsi samizne cnebebisa ar 

aqvs gacnobierebuli.

3. multistruqturuli done. SeuZlia logariTmuli da maCvenebliani fun-

qciebis grafikebis warmodgena, Tumca ver aRwers mWidro kavSirs am funqciebs, 

maT grafikebs Soris. icis, ra meTodebi arsebobs, magaliTad, logariTmuli gan-

tolebis amoxsnis, Tumca konkretul amocanebSi zogjer uWirs am codnis gamoy-

enebiT amocanis bolomde gadaWra.

4. mimarTebiTi done. moswavles gaazrebuli aqvs ganxiluli samizne cne-

bebis Sinaarsi; aRwers da axasiaTebs logariTmul da maCveneblian funqciebs da 

warmoaCens maT urTierTkavSirs; icis da praqtikulad iyenebs dasmul amocanaTa 

amoxsnis meTodebs, aanalizebs miRebul Sedegebs da mkafiod gadmoscems maT.

5. gafarToebuli abstraqtuli done. moswavles Rrmad aqvs gaazrebu-

li samizne cnebaTa Sinaarsi. aRwers logariTmul da maCveneblian funqciebs 

urTierT kavSirSi, zogadad, funqciaTa Tvisebebis konteqstSi; amaxvilebs yur-

adRebas am ori funqciis specifikur Tvisebebze; davalebaTa ganxilvisas kri-

tikulad aRiqvams gamoTqmul mosazrebebs da Tavad iZleva kvlevis nimuSs. misi 

msjeloba gamoirCeva mravalmxrivi analiziT, aris mkafio da damajerebeli.
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VI Tavi

geometriis agebulebis, dasabuTebis xerxebisa da 
maTSi logikis gamoyenebis Sesaxeb

Temebi: simravle, ricxvebi. mimarTebebi sivrceSi wrfeebs Soris, sibrtyeebs 

Soris, wrfesa da sibrtyes Soris.

saaTebis savaraudo raodenoba: 18 sT

Temis farglebSi dasamuSavebeli sakiTxebi: simravle, ricxviTi simravleebi; 

aqsioma, Teorema, Teoremis dam tkiceba, stereometris sawyisebi.

samizne cnebebi da 

maTTan dakavSirebuli 

mkvidri warmodgenebi

sakiTxebi sakvanZo 

SekiTxvebi

kompleqsuri 

davaleba

simravle, ricxvebi, 

ricxvebze moqmedebebi; 

geometriuli obieqtebi 

da maT Soris kavSirebi. 

amocanebis formulire-

ba SeiZleba simravleTa 

Teoriis gamoyenebiT; 

simravleebze moqmede-

bebiT SeiZleba aRiweros 

cnebebs Soris kavSirebi. 

sivrculi geometriuli 

figurebi _ wrfe da 

sibrtye sivrceSi; ste-

reometriis ageba iwyeba 

aqsiomebisa da saw yisi 

cnebebis Camo yalibebiT; 

geometriuli faqtebi 

mtkicdeba logikis wese-

bis gamoyenebiT _ logi-

kuri gamomdinareobis 

gamoye nebiT.

simravle, ricx-

viTi simravlee-

bi. 

wrfeebis para-

leluroba 

sivrceSi, wrfi-

sa da sibr tyis 

paraleluroba, 

wrfisa da si-

brtyis marTob-

uloba, marTob-

ulobis piroba; 

sami marTobis 

Teorema.

ra saxis 

aTwiladiT Cai-

wereba racio-

naluri ricx-

vi? ra saxis 

aTwiladiT Sei-

Zleba CavweroT 

iracionaluri 

ricxvi?

ra saxiT va-

yalibebT da 

vamtkicebT 

geometriul 

debulebebs? 

ras viyenebT 

Teoremebis 

damtkicebisas?

stereometri-

is Tvisebebi da 

maTi praqtikuli 

gamoyenebebi.
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Sefasebis indikatorebi: moswavlem unda SeZlos amocanebis formulireba sim-

ravleTa Teoriaze dayrdnobiT; cnebebs Soris kavSirebis warmodgena venis di-

agramebiT; sidideebis Cawera ricxviTi maxasiaTeblebis saSualebiT; realur 

cxovrebaSi geometriuli figurebis amocnoba, aRwera, klasifikacia, geometriu-

li obieqtebis gansazRvrebaTa da TvisebaTa sworad Camoyalibeba da praqtikul 

amocanebSi gamoyeneba; geometriuli obieqtis zomis (sigrZe, farTobi, moculo-

ba) gamoTvla (maT. saS. 4).

pirveli Tavis ZiriTadi Temebia: simravleebi, mimarTebebi maT Soris;  
mimarTebebi sivrceSi wrfeebs Soris, sibrtyeebs Soris, wrfesa da sibrtyes 
Soris; logikis gamoyeneba debulebebis (maT Soris geometriuli debulebebis) 
dasabuTebisas. moswavleebi am sakiTxebis Seswavlis paralelurad, muSaoben kom-

pleqsuri davalebis Sesrulebaze.

6.1 simravleTa Teoriis elementebi. ricxviTi simravleebi

saswavlo masalis safuZvels Teoriul-simravluri midgoma qmnis. Sesabamis-

ad, gavlili masalis gameoreba simravleTa Teoriisa da ricxviTi simravleebis 

ganxilviT iwyeba.

pirveli paragrafi eZRvneba simravleTa Teoriis ZiriTadi cnebebis, ricx-

viTi simravleebisa da maT Soris mimarTebebis gameorebas. pirveli gakveTili 

SeiZleba daviwyoT simravlis cnebaze warmodgenisa da simravleebze moqmede-

bebis gameorebiT; simravlis mocemis xerxebis aRwera moswavleebis CarTulobiT 

unda mimdinareobdes. moswavleebi asaxeleben simravleebis mocemis sxvadasxva 

SemTxvevas: sasruli simravlis mocema elementebis CamoTvliT, simravlis moce-

ma maxasiaTebeli Tvisebis miTiTebiT. gameorebis procesi amocanebis amoxsnis 

paralelurad unda gagrZeldes; magaliTad, klasSi amosaxsneli 1  da 2  amo-

canebiT vixsenebT sasruli simravleebis gaerTianebaSi elementebis raodenobis 

formulas, universaluri simravlisa da simravlis damatebis cnebebs, vxsniT 

Sesabamis amocanebs. amocanebSia gadatanili simravleebze moqmedebebis Tvise-

bebis dasabuTebebic. amas mosdevs ricxviTi simravleebis (N, Z, Q, R) warmodgena, 

maT Soris mimarTebebis aRweriT vazustebT moswavleebis warmodgenas racio-

naluri ricxvebis Caweris xerxebis Sesaxeb (wiladi, aTwiladi, usasrulo peri-

oduli aTwiladi); iracionaluri ricxvebis Caweras usasrulo araperioduli 

aTwiladebiT. moswavlem unda SeZlos iracionaluri ricxvebis magaliTebis gax-

seneba (fesvebTan dakavSirebiT, π), im usasrulo aTwiladebis dasaxeleba, rom-

lebic araperiodul aTwiladebs warmoadgens. ricxvis Caweris dasaxelebuli 
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sxvadasxva xerxi ukavSirdeba mkvidr warmodgenebs ricxvebis Sesaxeb; iraciona-

luri ricxvebis Sesaxeb saubari SeiZleba davasruloT oqros kveTis Sefardebis 

warmodgeniT _  misi mniSvneloba iracionaluri ricxvis axali magaliTia.

amocanebis dayofa saklaso da saSinao davalebebad, maTi mravalferovneba, 

sirTulis mixedviT dalageba xels uwyobs samizne cnebebis (simravle, ricxvi, 

moqmedebebi simravleebze, ricxvebze) Tanamimdevrul gaazrebas; davalebebi Sei-

cavs problemebs, romelTa analizi moswavles samizne cnebebis arsis gaazrebam-

de miiyvans.

miTiTebebi zogierTi amocanis amosaxsnelad

simravleebsa da simravleebze moqmedebebs exeba paragrafis amocanebis 

didi nawili; zogierTi simravleebze moqmedebebis diagramebiT gamosaxvis gamo-

yenebiT ixsneba.

1  amocanaSi viyenebT ori sasruli simravlis gaerTianebaSi elementebis 

raodenobis formulas. SeiZleba moswavlem amocana diagramis gamoyenebiTac 

amoxsnas. SemoviRoT aRniSvnebi: A _ inglisuris mcodneTa simravle. Sesabami-

sad, n(A)=75; B _ frangulis, n(B)=50. pirobis Tanaxmad, n(A∩B)=28. dafasTan ga-

moZaxebuli moswavle Tavad daaskvnis: 

a) kiTxva exeba n(A∪B) ricxvis povnas. n(A∪B)=75+50–28=97.

b) am kiTxvaSi moiTxoveba n( A∪B ) ricxvis povna: 100–97=3. moswavlem unda 

SeZlos am ricxvis ase warmodgenac: n(A∩B).
g) moswavleebis umetesoba advilad miagnebs amox-

snis gzas: 

    n(A∪B)–n(A∩B)=97–28=69.

zogierTma moswavlem SeiZleba airCios diagramis mi-

TiTeba:

2  am amocanis ganxilvas universaluri simravlisa da simravlis damatebis 

cnebebis gaxsenebiT viwyebT. Semdeg moswavleebi aRweren ori simravlis tolo-

bis dadgenis wess; magaliTad, C=D maSin da mxolod maSin, roca yoveli x-isTvis, 

romelic ekuTvnis C-s, gamomdinareobs, rom x∈D da, piriqiT, yoveli x-isTvis, 

romelic ekuTvnis D-s, gamomdinareobs, rom x∈C, anu C⊂D da D⊂C.

magaliTad, (1)-is damtkiceba ase mimdinareobs:

vTqvaT, x∈ A∪B , maSin x∉A∪B; maSasadame x∉A da x∉B; maSin x∈A  da x∈B ; aqedan, 

x∈A∩B . axla, vTqvaT, x∈A∩B , maSin x∈A  da x∈B ; maSasadame, x∉A da x∉B; amitom 

x∉A∪B; maSin x∈ A∪B .

zogierTma moswavlem SeiZleba arCios, msjeloba venis diagramiT awarmoos.

b) universalur simravled SeiZleba aviRoT skolis moswavleTa simravle;

inglisuri
franguli

47 23
3

22
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A _ inglisuris SemswavlelTa simravle; B _ germanulis SemswavlelTa 

simravle, C _ frangulis SemswavlelTa simravle. maSin, pirobis Tanaxmad, 

n(U)=1600, n(A)=1200; n(B)=950; n(A∩B)=50. unda vipovoT n(A∩B).
aq SeiZleba visargebloT formuliT: 

A∩B= A∪B ; maSasadame, n( A∪B )=50; amitom n(A∪B)=1600–50=1550.

axla visargebloT formuliT: 

   n(A∪B)=n(A)+n(B)–n(A∩B)
   1550=1200+950–n(A∩B).
amrigad,   n(A∩B)=2150–1550=600.

3  amocana wina amocanis analogiuria. erT-erTi davaleba SeiZleba klasSi 

erToblivad amovxsnaT; danarCenebs moswavleebi damoukideblad asruleben. Se-

degebi SeiZleba gamoviyenoT ganmaviTarebeli Sefasebis gansaxorcieleblad. es 

aqtivoba SeiZleba jgufuri muSaobis formiT CavataroT.

d) SeiZleba moswavlem ase imsjelos: vTqvaT, x∈(A∪C)∩(B∪C)
aq gvaqvs:  x∈(A∪C) da x∈(B∪C). 
Tu x∈C, maSin x∈(A∩B)∪C; Tu x∉C, maSin x∈A da x∈B. aqedan vRebulobT x∈A∩B.

maSasadme, x∈(A∩B)∪C. 
axla, vTqvaT, piriqiT,

   x∈(A∩B)∪C.

maSin   x∈A∩B da x∈C.
Tu x∈C, maSin x∈A∪C da x∈B∪C,    saidanac    x∈(A∪C)∩(B∪C).
Tu x∉C, maSin x∈A∩B, saidanac x∈A da x∈B; Sesabamisad, x∈A∪C da x∈B∪C, 

saidanac x∈(A∪C)∩(B∪C).
orive SemTxvevaSi:

   x∈(A∪C)∩(B∪C).

4   pirobis Tanaxmad, A={1; 2; 3; 4; 6; 12}, B={1; 5}, C={3; 5; 7; 9; 11}.
maSin, cxadia,

A∪B={1; 2; 3; 4; 5; 6; 12}, B∩C={5}, (A∪B)∩C={3; 5}, (A∩B)∩C={1}∩C=∅.

5  moswavlem SeiZleba gamoiyenos cdisa da Semowmebis xerxi; magaliTad, Tu 

A=N, B=Z, maSin A∪B=A ar sruldeba; magram, Tu A=Z da B=N, maSin A∪B=A da 

A∩B=B.

SeiZleba, msjelobiT, SevamciroT cdaTa ricxvi, Tu gaviTvaliswinebT piro-

bas:

    N⊂Z⊂Q⊂R.    (1)

maSin, magaliTad, Q∪N=Q, Q∩N=N.
maSasadame, pirobebi sruldeba, rodesac B⊂A.

magaliTad,

    R∪Z=R     R=A
    R∩Z=Z  Z=B.
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7  Tu A-sa da B-s daeswro x moswavle, A-sa da C-s _ y moswavle, B-sa da 

C-s _ z moswavle, maSin, cxadia, x+y=25, x+z=12, y+z=23; maSasadame, 2x+2y+2z=60, 
x+y+z=30. moswavleebis raodenoba aris 30.

A-sa da B-s daeswro 30–23=7 (moswavle); A-sa da C-s _ 30–12=18 (moswavle);  

B-sa da C-s _ 30–25=5 (moswavle).

8  am amocanis amoxsnisas SeiZleba moswavleTa dasaxmareblad mogviwios 

kiTxvebis gamoyeneba: 

• ra SemTxvevaSia n(A∪B∪C)=n(A)+n(B)+n(C) toloba swori?

• ra ricxvis umcires mniSvnelobas veZebT? (n(A∩B∩C)–is)

• xom ar aris umjobesi vimsjeloT n(A∩B∩C) ricxvis Sesaxeb?

• risi tolia n(A∪B∪C)?
amoxsnas viwyebT kiTxvebze pasuxebis mofiqrebis Semdeg.

cxadia, A∩B∩C=A∩B∪C=A∪B∪C

  n(A∪B∪C)≤n(A)+n(B)+n(C)

pirobis Tanaxmad, n(A)=35%, n(B)=30%, n(C)=25%. maSasadame,

  n(A∪B∪C)≤90%

  n(A∩B∩C)≤90%

  n(A∩B∩C)=100%–n(A∩B∩C)
  n(A∩B∩C)≥10%.
 es `meTodi~ (damatebiT simravleebze gadasvla) xSirad gamoiyeneba kom-

binatorul amocanebsa da albaTobis TeoriaSi. amitom, sasurvelia, amocanis 

dawvrilebiTi ganxilva; es daexmareba moswavleebs amoxsnan analogiuri amocana 

saSinao davalebidan.

9  Tu x=4n+2 (x∈N, n∈N); nebismieri n naturaluri ricxvi SeiZleba gamoi-

saxos 3k, 3k+1 an 3k+2 saxiT; sadac k=0, 1, 2.... e. i. x=12k+2, x=12k+6 an x=12k+10.

maSasadame, A∩B simravlis nebismieri elementi aris 12k+6 saxis (k=0, 1, 2...). 
es ricxvebi naturaluri k ricxviT ase gamoisaxeba: 12k–6 (k∈N).

10  mxolod ori suveniri SeuZenia 21–7=14 turists, mxolod sami _ 29–14=15 

turists.  turistTa saerTo raodenobaa: 7+14+15=36.

11  amocanis mocemuloba venis diagramiT gamovsa-

xoT; ganxilvas viwyebT samive saxeobaSi monawileTa ra-

odenobis aRniSvniT. miviRebT:

a) 50–(7+1+12+5+3+2+14)=50–44=6.
b) 1; g) 7; d) 14; e) 37.

7 1

3
5

12

14

2

I II

III
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12  venis diagramis mixedviT, davaskvniT, rom mxolod Sokoladis nayini 21 

gamokiTxuls uyvars, mxolod xilis nayini _ 38-s. nayinis moyvarulTa saerTo 

raodenoba aris:

21+40+38=99≠100.
maSasadame, gamokiTxvis Sedegebi arasworadaa 

aRricxuli.

13   a) 1,02<1,0234107...<1,03,   WeSmariti utoloba gvaqvs;

   b) 1,0234107...<1,03, WeSmariti utolobaa;

  g) 1,0234107...>1,0234107, informacia ar aris sakmarisi;

  d) 1,0234107...<1,0235106...,  WeSmariti utolobaa;

  e) 1,0234107...+1,0235106... ≤ 2,046922<2,048,  WeSmariti utolobaa;

  v) 1,0234107...+1,0235106...>2,0469>2,046. 
maSasadame, x+y<2,046 mcdari utolobaa.

14  a) a+b SeiZleba iyos racionaluri ricxvi; magaliTad, (3– 5 )+( 5 )=3∈Q.

b) ab SeiZleba iyos racionaluri ricxvi; magaliTad, (– 3 )⋅ 3 =–3∈Q.
g) a+b  SeiZleba iyos racionaluri; magaliTad, (2– 3 )+(2+ 3 )3

= 4 =2.

d) a
b

 SeiZleba iyos racionaluri ricxvi; magaliTad, a 24 , b= 2 . maSin    

 24

2
=

 24

 24 =1∈Q.

15  am amocanis gamoyenebiT, moswavleebi gaiazreben mkvidr warmodgenebs 

ricxvebisa da maTi warmodgenebis Sesaxeb _ ricxvis Cawera SeiZleba sxvadasxva, 

Tumca ekvivalenturi formebiT; yoveli racionaluri ricxvi SeiZleba CavweroT  
m
n  wiladis saxiT (m∈Z, n∈N); magaliTad, – 3

5
= (–3)

5
; –1,7= –17

10
 –; 0,(1)= 1

9
.  n  (n∈N) 

iracionaluri ricxvia im SemTxvevaSi, roca n ar aris raime naturaluri ricxvis 

kvadrati, 3  da 5  iracionaluri ricxvebia, 9 =3 racionaluri ricxvia, 3= 3
1

.

18  pirobiT, (1+ 3 )2+a(1+ 3 )+b=0, saidanac b= – 4–a– 3 (a+2). b racionaluria, 

Tu a= –2.
saSinao davalebis amocanebis nawili klasSi amoxsnili amocanebis analogi-

uria da im xerxebis gamoyenebiT ixsneba, romlebic klasSi gamoiyenes moswav-

leebma. magaliTad, simravleebze moqmedebebis Tvisebebis damtkicebisas (amo-

cana 2 ), viyenebT ori simravlis tolobis damtkicebis meTods: Tu A⊂B da 

B⊂A, maSin A=B. anu A=B maSin da mxolod maSin, roca, yoveli x∈A-sTvis, miiReba: 

x∈B da,^piriqiT, yoveli x∈B-sTvis, miiReba: x∈A. 1  da 3  amocanebis amox-

snac ar unda gauWirdeT moswavleebs. magaliTad, simravleebi 1  amocanaSi 

ase Caiwereba: A={1; 3; 5; 15}, B={2; 3; 5; 7}, C={2; 4; 6; 8}. am warmodgenis gamoy-

enebiT advilad vpoulobT pasuxebs 1  amocanaSi dasmul kiTxvebze.

3  am amocanaSi carieli simravlea, magaliTad,  1x =0 gantolebis amonaxsn-

Ta simravle, x2+9=0 gantolebis mTel amonaxsnaTa simravle.

Sokoladis xilis

61–40=21 78–40=3840
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4  amocanaSi erTi da imave simravlis uxuces wevrzea saubari; es simravle 

maTematikosebisa da moWadrakeebis simravlis TanakveTaa. 

5  amocana 1  amocanis analogiuria da, simravleebis warmodgeniT ele-

mentebis miTiTebis gziT, advilad ixsneba.

6  f(x)⋅g(x)=0 gantolebis amonaxsnTa simravle Seicavs f(x)=0 da g(x)=0 gan-

tolebaTa yvela amonaxsns _ aRniSnuli simravle aris A da B simravleebis 

gaerTianeba.

(f(x))2+(g(x))2=0 toloba sruldeba maSin da mxolod maSin, roca f(x)=0 da g(x)=0. 

maSasadame, (f(x))2+(g(x))2=0 gantolebis amonaxsnTa simravle aris A da B simravle-

Ta TanakveTa.

7  da 8  amocanebis analogiuri amocanebi klasSi amoixsna.

9  analogiuri amocana, venis diagramis gamoyenebiT, klasSi amoixsna.

10  moswavlem unda SeZlos 1-dan 100-mde 7-is jeradebis A simravlisa da 

9-is jeradebis B simravlis elementebis raodenobis gamoTvla: n(A)=[100
7 ]=14; 

n(B)=[100
9 ]=11.

b) amocanaSi, cxadia, moiTxoveba n( A∪B ) raodenobis dadgena. radgan 

n(A∪B)=14+11–1=24, amitom n( A∪B )=100–24=76.

amasTanave, cxadia, rom a) kiTxvis pasuxi aris 100–1=99 (oriveze iyofa mxo-

lod ricxvi 63).

11  am amocanis analogiuri klasSi amovxseniT.

12  aq viyenebT formulas: 

  n(A∪B)= n(A)+n(B)–n(A∩B),
  26=15+21–n(A∩B)
  n(A∩B)=10.

13  n(A)=15, n(B)=17.
pirobaSi ar aris miTiTebuli, rom 28 Zroxas So-

ris yoveli mewvelia, an Wrelia. amitom, mewveli an 

Wreli Zroxebis raodenoba ≤28.

15+17–x≤28
x≥4.

mewveli Wreli

28
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14  analogiuri amocana klasSi amovxseniT. 

moswavlem unda gaiTvaliswinos, rom venis dia-

gramis Sevsebas `saerTo nawilSi~ ricxvis Cas-

miT viwyebT.

a) 57; b) 17; g) 53.

15    48 – 300 =4 3 –10 3 = –6 3 ;
     –6 3 = – 108 ;
     10 < 108 <11;
      –11<– 108 <–10.
pasuxi: –11.

16  SeiZleba am ricxvebis kvadratebi SevadaroT (radgan orive dadebiTia):

     ( 6 + 10)2=16+2 60=16+4 15
     (3+ 7 )2=16+6 7
SevadaroT 4 15  da 6 7 ; anu, SevadaroT 240 da 252.

cxadia 252> 240.  amrigad, 6 7>4 15  da 3+ 7 > 6 + 10.

17  vTqvaT, x=5n–2 (n∈N).
SeiZleba ganvixiloT n-is yvela SemTxveva: n=3k–2, n=3k–1, n=3k (k∈N). maSin 

x=15k–12, x=15k–7 an x=15k–2.  maTgan 3-is jeradebia x=15k–12  saxis ricxvebi.

18  amocana ukavSirdeba samizne cnebebze mkvidri warmodgenebis gaazrebas: 

yoveli racionaluri ricxvi SeiZleba Caiweros  
m
n  saxiT, sadac m∈Z, n∈N; Tu n 

ar aris racionaluri ricxvis kvadrati, maSin n  aris iracionaluri ricxvi.  

– 4
5

=(–4)
5

; – 8
15

=(–8)
15

; –8=(–8)
1

; 0,(2)= 2
9

; –16
–25

= 4
5

  racionaluri ricxvebia, xolo 2 , 

7  da 4
27

 iracionaluri ricxvebia.

19  klasSi amoxsnili 18 -is analogiuria. (2– 3 )-is gantolebaSi CasmiT mi-

viRebT:  b=–7–2a+ 3(a+4). b racionaluri  iqneba, Tu a= –4.

21  davamtkicoT rom iracionaluria 73  davuSvaT sawinaaRmdego _ 73    
racionaluri ricxvia, maSin is SeiZleba warmovadginoT ukveci wiladis saxiT,   

73 = m
n

, saidanac m3=7n3. m3 iyofa 7-ze, e. i. m-ic  iyofa 7-ze, m=7k, maSin (7k)3=7n3,   

n3=49k3, n3 iyofa 7-ze, n-ic iyofa 7-ze. miviReT winaaRmdegoba _ m
n

 ikveceba 7-ze, 
is ar aris ukveci.  

qarTuli ucxouri

40–23=17

150–(17+23+57)=53 

80–23=5723
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davamtkicoT rom iracionaluria log23. 

davuSvaT sawinaaRmdego _ log23= m
n

, sadac m
n

 ukveci wiladia,  maSin  

2
m
n=3, 2m=3n . marcxena mxare iyofa 2-ze, marjvena ki ar  iyofa. miviReT winaaRm-

degoba.
davamtkicoT rom iracionaluria 4– 5 . 

davuSvaT sawinaaRmdego _  4– 5 = m
n

, sadac m
n

 ukveci wiladia, maSin  

5 =4n2–m2

n2 , e. i. 5  racionaluri ricxvia, is Caiwereba ukveci wiladis saxiT:    

5 = m1
n1

 aqedan m1
2 =5n1

2. miviReT, rom m1 aris 5-is jeradi m1=5k, e. i. n1
2=5 k2, n1

2 aris 

5-is jeradi, maSasadame 5-is  jeradia n1   da m
n

 wiladi ukveci ar aris, ikveceba  

5-ze. miviReT winaaRmdegoba.

6.2. debulebaTa dasabuTebis xerxebi. 
aucilebeli da sakmarisi pirobebi

axal sakiTxebze gadasvlamde vamowmebT saSinao davalebas; am process gan-

maviTarebeli SefasebisTvisac viyenebT _ vazustebT da koreqtivebi Segvaqvs 

moswavleTa amoxsnebSi, romlebic simravleebsa da simravleebze moqmedebebs 

ukavSirdeba; vamowmebT, SeuZlia Tu ara moswavles ganasxvavos ricxviTi sim-

ravleebis elementebi racionaluri da iracionaluri ricxvebis Caweris wese-

bis mixedviT. SeuZlia Tu ara moswavles, daasabuTos simravleebze moqmedebebi 

simravleebis tolobis cnebis gamoyenebiT.

am paragrafSi  warmodgenili masaliT vagrZelebT gameorebis process; mim-

dinareobs codnis gameoreba da gaRrmaveba debulebebis dasabuTebis xerxebis 

Sesaxeb; aq viTvaliswinebT saSualo safexuris standartis Sefasebis indikators 

_ maT. saS. 9. moswavlem unda SeZlos `... debulebis dasabuTebis pirdapiri da 

arapirdapiri meTodebis flobiT logikuri daskvnebis gamotana~. sawinaaRmde-

gos daSvebis meTodis gamoyeneba, aucilebeli da sakmarisi pirobebis gamoyofa, 

winadadebebis Camoyalibeba am terminebis gamoyenebiT _ mniSvnelovani sakiTxe-

bia saSualo safexurze swavlebis miznebis ganxorcielebisas, mzadebacaa umaR-

les skolaSi swavlis gasagrZeleblad an SromiTi saqmianobis warmatebiT gan-

saxorcieleblad. mniSvnelovania sawinaaRmdegos daSvebis meTodis gamoyenebis 

magaliTebis aRwera fizikidan da yoveldRiuri cxovrebidan. axali magaliTe-

bis ganxilva moswavleTa aqtiuri CarTulobiT unda mimdinareobdes; gamorCeu-

li aqcenti unda keTdebodes im daskvnebze, romlebic praqtikul gamoyenebas 

axlavs. zogjer moswavleebi imeoreben am daskvnebs, zogjer _ Tavad akeTeben 

daskvnebs.
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mniSvnelovania aucilebeli da sakmarisi pirobebis gamoyofa da am termin-

ebiT erTi Teoremis saxiT ori debulebis Camoyalibeba. es sakiTxebi XX saukune-

Si maTematikis swavlebis reformebis mimdinareobisas VII-VIII klasebSic ki ganixi-

leboda; Tumca, xSirad, I kurselebsac ki uWirT aRniSnuli pirobebis gamoyofa 

da damtkicebis procesis Catareba. SemoTavazebuli Teoriuli da praqtikuli 

amocanebi daexmareba moswavleebs am terminebSi Teoremebis Camoyalibebis unar-

Cvevebis gamomuSavebaSi.

amocanebis amoxsna aRniSnuli sakiTxebis Sesaxeb codnis ganmtkicebis kargi 

saSualebaa.

miTiTebebi zogierTi amocanis amosaxsnelad

1  pirobiTi winadadebis saxiT Teorema ase Camoyalibdeba:

`Tu oTxkuTxedi paralelogramia, maSin misi diagonalebi ikveTeba da gada-

kveTis wertiliT Suaze iyofa~.

2  aq gvaqvs gamomdinareoba: p → q _ `Tu x ricxvi nulis tolia, maSin xy 

namravli nulis tolia~.

b) p aris sakmarisi piroba q-sTvis, q aris aucilebeli piroba p-sTvis. `xy 

namravli nulis toli rom iyos, sakmarisia x iyos nulis toli~.

3  aq gvaqvs gamomdinareoba: p → q (`Tu n naturaluri ricxvi iyofa 9-ze, 

maSin n-is aTobiT CanawerSi cifrebis jami iyofa 3-ze). Sebrunebuli debuleba _ 

q → p ar aris WeSmariti: `Tu naturaluri ricxvis aTobiT CanawerSi cifrebis 

jami iyofa 3-ze, maSin es naturaluri ricxvi iyofa 9-ze~. kontrmagaliTi: 15; 
1+5=6 iyofa 3-ze, magram 15 ar iyofa 9-ze.

4  aq moswavlem piTagoras Teorema ki ara, aramed gamoiyena misi Sebrunebu-

li Teorema: `Tu samkuTxedis erTi gverdis sigrZis kvadrati danarCeni ori 

gverdis sigrZeebis kvadratebis jamis tolia, maSin samkuTxedi marTkuTxaa~.

5  erTi Teoremis saxiT aRniSnuli ori Teorema ase SeiZleba Camovayali-

boT: wertili, romelic kuTxes ekuTvnis, toli manZilebiT rom iyos daSore-

buli kuTxis gverdebidan, aucilebeli da sakmarisia, rom es wertili kuTxis 

biseqtrisaze mdebareobdes.

6  Sebrunebuli Teorema: Tu paralelogramis diagonalebi tolia, maSin es 

paralelogrami marTkuTxedia.

paralelogrami marTkuTxedia maSin da mxolod maSin, roca misi diagonalebi 

tolia.

7  a) imisaTvis, rom ori namdvili ricxvis jami racionaluri iyos, sakmari-

sia (magram ar aris aucilebeli), rom orive ricxvi iyos racionaluri.

b) imisaTvis, rom moigoT latariaSi, aucilebelia (magram ar aris sakmarisi), 

gqondeT erTi mainc latariis bileTi.
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8  g) 1) ori naturaluri ricxvidan TiToeuli iyofa meoreze maSin da mxo-

lod maSin, roca es ricxvebi tolia.

2) imisaTvis, rom ori naturaluri ricxvidan TiToeuli iyofodes meoreze, 

aucilebeli da sakmarisia, rom es ricxvebi toli iyos.

debulebebSi `maSin da mxolod maSin~ yovelTvis SeiZleba Seicvalos `aucile-

beli da sakmarisiaTi~. amis gaTvaliswinebiT, winadadebebi sxvadasxva formiTaa 

Camoyalibebuli saxelmZRvanelos pasuxebSi.

9  Sebrunebuli Teorema: Tu kvadratul samwevrs aqvs ori namdvili fes-

vi, maSin misi diskriminanti dadebiTia. marTlac, davuSvaT sawinaaRmdego _ 

diskriminanti uaryofiTia, an nulia. pirvel SemTxvevaSi gantolebas fesvebi 

ara aqvs, meore SemTxvevaSi erTi fesvi aqvs. miviReT winaaRmdegoba.

10  es amocana dirixles principis erT-erT sailustracio magaliTs war-

moadgens. davuSvaT sawinaaRmdego _ Tu arcerT galiaSi 2 kurdRelze meti ar 

aRmoCnda, maSin kurdRlebis raodenoba ar SeiZleba aRematebodes 12⋅2=24-s, mi-

viReT winaaRmdegoba.

sawinaaRmdegos daSvebis xerxiT ixsneba 11  amocanac.

12 - 13  amocanebis analogiuri amocanebi wina paragrafSic amovxseniT.

14  amocanis 1) davalebis mixedviT, moswavleebi msjeloben da askvnian, rom 

zogjer dasabuTebis pirdapiri xerxis gamoyeneba ufro mizanSewonilia, radgan 

arapirdapiri xerxis gamoyenebisas meti sirTuleebis gadalaxva gvixdeba.

jgufebis warmomadgenlebma unda warmoadginon damtkicebis orive xerxi (sa-

survelia, TiToeuli jgufis prezentaciebi sxvadasxva moswavles evalebodes). 

imsjelon orive xerxis gamoyenebaze, ra sirTuleebi axlavs arapirdapiri xerxis 

gamoyenebas?

pirdapiri damtkiceba: vTqvaT, f(x) da g(x) mocemul SualedSi zrdadi fun-

qciebia _ am Sualedis nebismieri ori x1 da x2 ricxvisTvis, Tu x2>x1, maSin  

f(x2)>f(x1) da g(x2)>g(x1). maSasadame, Tu x2>x1, maSin f(x2)+g(x2)>f(x1)+g(x1), rac, gansaz-

Rvrebis Tanaxmad, niSnavs f(x)+g(x) funqciis zrdadobas amave SualedSi. 

sawinaaRmdegos daSvebis meTodis gamoyeneba: vTqvaT, f da g zrdadi fun-

qciebia mocemul SualedSi, magram f+g ar aris zrdadi funqcia am SualedSi. ma-

Sin unda arsebobdes ricxvebi x1 da x2, iseTi, rom x2>x1, magram f(x2)+g(x2) ≤ f(x1)+g(x1).
es utoloba mxolod maSin SeiZleba Sesruldes, roca mcdaria erT-erTi 

piroba mainc: f(x2)>f(x1) an g(x2)>g(x1), anu ar aris zrdadi erT-erTi funqcia f da 

g funqciebs Soris. miviReT winaaRmdegoba. aq ramdenime momentia, romlis gaT-

valiswineba ar aris advili (magaliTad, zogadobis kvantoris sawinaaRmdego _ 

arsebobis kvantoris gamoyeneba). damtkicebis bolo winadadebebic kargad unda 

axsnas moswavlem.

saSinao davalebis amocanebis umetesoba klasSi amoxsnili amocanebis analo-

giuria, magram exeba sxva geometriul debulebebs. amitom moswavleebisgan 

moiTxovs samizne cnebebis (dasabuTebis pirdapiri da arapirdapiri xerxebi, 

aucilebeli da sakmarisi piroba) kargad gaazrebas.
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2) davalebis ganxilvisas, sxvadasxva kerZo 

SemTxvevis an damtkicebis meTodis sinjvis Semdeg 

moswavleebi, mosalodnelia, miakvleven dasmuli 

amocanis pasuxs. magaliTad, aseTi ABCD oTxkuTxe-

dis (araamozneqili oTxkuTxedis) diagonalebi 

tolia, oTxkuTxedi ki ar aris marTkuTxedi.

1  Tu x ricxvi dadebiTia, maSin x ricxvis 

kvadrati nulis toli ar aris _  q → p. 

imisaTvis, rom x ricxvi iyos dadebiTi, aucilebelia, rom x ricxvis kvadrati 

ar iyos nulis toli. 

imisaTvis, rom x ricxvis kvadrati nulis toli ar iyos, sakmarisia x ricxvi 

iyos dadebiTi.

2  b) Tu oTxkuTxedi marTkuTxedia, maSin misi diagonalebi tolia.

3  WeSmaritia q → p Teorema: Tu n naturaluri ricxvis aTobiTi Canaweris 

bolo cifri aris 5, maSin n naturaluri ricxvi iyofa 5-ze.

4  ninikos msjeloba ar aris swori; daskvna unda gakeTdes Teoremidan: 

`Tu paralelogramis diagonalebi tolia, maSin paralelogrami marTkuTxedia~ 
da ara Teoremidan: `Tu paralelogrami marTkuTxedia, maSin diagonalebi to-
lia~.

5  monakveTis SuamarTobis Tviseba: sibrtyis wertili ekuTvnis am si-
brtyeze mdebare monakveTis SuamarTobs maSin da mxolod maSin, roca es werti-
li toli manZilebiT aris daSorebuli monakveTis boloebidan.

6  samkuTxedi marTkuTxaa maSin da mxolod maSin, roca misi erTi gverdis 
kvadrati danarCeni ori gverdis kvadratebis jamis tolia.

7  a) imisaTvis, rom mocemul sam a, b da c ricxvs Soris ori ricxvi mainc 
toli iyos, sakmarisia, magram ar aris aucilebeli, rom Sesruldes toloba: 

  (a–b)2+(b–c)2+(c–a)2=0.

9   analogiuri amocana klasSi iyo damtkicebuli. es amocanebi eyrdnoba 
Semdeg princips: Tu gvaqvs ramdenime WeSmariti pirdapiri Teorema, romlebic 
amowuravs yvela SemTxvevas, maSin yvela Sebrunebuli Teorema WeSmaritia.

aq gvaqvs sami pirdapiri Teorema:
Tu D>0, kvadratul gantolebas aqvs ori fesvi,
Tu D=0, aqvs erTi fesvi,
Tu D<0, ara aqvs fesvi.
yvela SemTxveva amoiwura, WeSmaritia samive Sebrunebuli Teorema. moswav-

leebTan erTad SevajamoT am sakiTxis ganxilva da, kvlav, sawinaaRmdegos daS-
vebis xerxiT, davamtkicoT samive Sebrunebuli Teorema.



166

DON'T C
OPY

10  dirixlis principis gamoyeneba klasSic ganvixileT. es principi sawi-
naaRmdegos daSvebis xerxis gamoyenebas eyrdnoba. TiToeul karavSi rom araum-
etes 1 turisti aRmoCndes, maSin 6 karavSi araumetes 6 turisti iqneba, miviReT 
winaaRmdegoba.

analogiuria 13  amocana. Tveebis ricxvi 12-ia. Tu ar moiZebna 4 moswavle, 
romlebic erTsa da imave TveSia dabadebuli, maSin TiToeul TveSi dabadebulTa 
ricxvi ar aRemateba 3-s, 12 TveSi dabadebulTa ricxvi _ 36-s. miviReT winaaRm-
degoba.

14  pirdapiri da arapirdapiri xerxebis Sedareba klasSi ganvixileT. es 
amocana analogiurad ixsneba.

pirdapiri xerxi: Tu n=2k1, m=2k2 (n∈N, m∈N, k1∈N, k2∈N), maSin
n+m=2k1+2k2=2(k1+k2) _ luwia.

arapirdapiri xerxi. davuSvaT n luwia, m luwia da (m+n) kentia, maSin n an 
m aucileblad kentia, miviReT winaaRmdegoba.

Sebrunebuli debulebaa: Tu ori naturaluri ricxvis jami luwia, maSin es 

naturaluri ricxvebi luwi ricxvebia. es debuleba ar aris WeSmariti _ orive 

Sesakrebi SeiZleba kenti iyos.

6.3 Teoremebi da aqsiomebi. TeoremaTa damtkicebis xerxebi

winare codnis gaaqtiureba moswavleTaTvis nacnobi geometriuli figurebis 

dasaxelebiTa da Tvisebebis aRweriT iwyeba. mosalodnelia, rom  aseT figure-

bad moswavleebi wertils, wrfesa da sibrtyes daasaxeleben. SeiZleba am figu-

rebis Sesaxeb Cveni warmodgenebis aRwerazec gadavideT _ magaliTad, wertilis 

ganxilvis dros zomebs ugulebelvyofT; wertilis gamosaxulebis zomebis ugu-

lebelyofas mivyavarT geometriuli wertilis warmodgenasTan, am geometriuli 

figuris nawilebad warmodgena SeuZlebelia. roca fizikaSi vsaubrobT materi-

aluri wertilis Sesaxeb da did sagnebsac ki (raime procesis ganxilvis dros) 

wertilad miviCnevT _ am dros mxedvelobaSi ar viRebT am obieqtis zomebs. am 

SemTxvevaSi, rogorc wesi, am `wertilis~ moZraobis traeqtoria gvainteresebs 

da es traeqtoriac abstraqciis Sedegia, roca ar ugulebelvyofT mxolod si-

grZes. aq SeiZleba gamoviyenoT saxelmZRvaneloSi aRwerili warmodgenebi da 

praqtikuli aspeqtebi, romlebic am cnebebisa da maTi Tvisebebis Sesaxeb aris 

warmodgenili. zogierTi mecnieri aqsiomebs, romlebic ZiriTad geometriul fi-

gurebs aRwers, am geometriuli figurebis `irib~ gansazRvrebebad moixseniebs.

geometriuli saskolo kursis aqsiomuri meTodiT gadmocema, roca CamoT-

vlilia ZiriTadi geometriuli cnebebi (gansazRvrebebis gareSe SemoRebuli), 

Camoyalibebulia aqsiomebi da maTze dayrdnobiT mtkicdeba Teoremebi, damaxa-
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siaTebeli iyo adrindeli saxelmZRvaneloebisTvis da moswavleebis mier Znelad 

aiTviseboda. am saxelmZRvaneloebSi evkliduri geometriis agebis sxvadasxva 

interpretacia ganixileboda. Tumca, aqsiomuri meTodis mkacri dacva saskolo 

kursSi SeuZlebelia (ix., mag., [41], [25]).

maswavleblebs kidev erTxel SevaxsenebT, rom aqsioma aris debuleba, ro-

melic daumtkiceblad miiReba da aq miuRebelia, rom davamatoT sityvebi _ 

`TvalsaCinoebis gamo~ (Tu planimetriis aqsiomaTa sistemidan bolo aqsiomas, 

paralelurobis aqsiomas, SevcvliT misi sawinaaRmdegoTi, axal sistemaze aigeba 

geometria, romelic iseve arawinaaRmdegobrivia, rogorc evkliduri).

Cven vkmayofildebiT ZiriTadi geometriuli obieqtebis Sesaxeb warmodge-

nisa da warmoSobis aRweriTa da ramdenime aqsiomis warmodgeniT. maTze dayrd-

nobiT, SeiZleba warmovadginoT sawinaaRmdegos daSvebis xerxiT TeoremaTa dam-

tkicebis magaliTebi.

teqstSi warmodgenilia sami aqsioma, romlebiTac aRiwereba ZiriTadi geome-

triuli cnebebi, wertili da wrfe sibrtyeze.

Camoyalibebulia cnobili aqsioma, romelic germaneli maTematikosis hil-

bertis klasifikaciaSi me-5 jgufis erTaderTi aqsiomaa _ paralelurobis aq-

sioma.

vixsenebT warmodgenebs Teoremisa da Teoremis Semadgeneli nawilebis Sesa-

xeb. warmodgenilia sawinaaRmdegos daSvebis xerxiT erT-erTi Teoremis damtki-

ceba, romelic iseve `TvalsaCinoa~, rogorc zogierTi aqsioma, magram Teoremaa 

_ mtkicdeba erT-erTi aqsiomis gamoyenebiT.

warmodgenilia geometriis agebis erT-erTi fragmenti _ ramdenime aqsioma 

da, maTze dayrdnobiT, vamtkicebT Teoremebs.

miTiTebebi zogierTi amocanis amosaxsnelad:

2   Tu kvadratul gantolebas aqvs ori fesvi, maSin misi diskriminanti 
dadebiTia.
   davuSvaT, D ar aris dadebiTi _ 0-is tolia, an uaryofiTi. maSin, am kvadrat-

ul gantolebas eqneba, Sesabamisad,  erTi fesvi, an ar eqneba fesi.

4   mocemulia: a||c; b||c.
                                             
  u. d. a||b

cxadia, a, b da c wrfeebi erT sibrtyezea. davuSvaT sawinaaRmdego, vTqvaT, a 

da b wrfeebi ar aris paraleluri _ a da b wrfeebi ikveTeba. maSin miviRebT, rom 

maTi gadakveTis wertilze c wrfis paraleluri ori wrfe gadis; es ewinaaRmde-

geba paralelurobis aqsiomas; radgan a da b wrfeTa saerTo wertili ar SeiZ-

leba ekuTvnodes c wrfes da masze c wrfis paraleluri araumetes erTi wrfis 

gavleba SeiZleba.

a
b
c
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5  davuSvaT sawinaaRmdego, vTqvaT, a da b wrfeebi ikveTeba C wertilze 

da C1 misi simetriuli wertilia O centris mimarT. amrigad, Cvens daSvebas mi-

vyavarT daskvnamde _ a da b-s ori saerTo wertili aqvs, C da C1. marTlac, a 

wrfeze mdebare C wertilis simetriuli ekuTvnis b-s (C1 ekuTvnis b-s). b wrfeze 

mdebare C wertilis simetriuli wertili ekuTvnis a-s (C1 ekuTvnis a-s).

6  vTqvaT, A wertili ar ekuTvnis a wrfes. Se-

varCioT raime B wertili a wrfeze. vTqvaT, O aris AB 

monakveTis Sua wertili. ganvixiloT centruli sime-

tria O centris mimarT. vTqvaT, b aris a wrfis sime-

triuli O centris mimarT. es wrfe gadis A wertilze 

da paraleluria a wrfis (wina amocanis Tanaxmad).

am konstruqciis mofiqreba moswavleebs SeiZleba gauWirdeT; SeiZleba da-

vexmaroT da SevaxsenoT wina amocanaSi dasabuTebuli debuleba.

7  ukve damtkicebulia (ixileT 6  amocanis amoxsna), rom, Tu A wertili ar 

ekuTvnis a wrfes (mokled amas ase CavwerT: A∉a), maSin arsebobs b wrfe, romelic 

gadis A-ze da a wrfis paraleluria. paralelurobis aqsiomis Tanaxmad, A wer-

tilze a wrfis paraleluri erTze meti wrfis gavleba SeuZlebelia, maSasadame,  

Tu A wertili ar ekuTvnis a wrfes, maSin arsebobs erTaderTi wrfe, romelic A 

wertilze gadis da a wrfis paraleluria.

8  Tu (an) geometriuli progresiaa, maSin an+2=an⋅q
2 (1 mniSvnelia). amrigad, 

an⋅an+2 namravli ar SeiZleba iyos uaryofiTi.

9  a) davuSvaT sawinaaRmdego: m ar iyofa 3-ze, maSin m-is 3-ze gayofisas 

naSTi SeiZleba iyos 1 an 2; m=3k+1 an m=3k+2, (k=0, 1, 2, ...). magram (3k+1)2 da (3k+2)2 

ricxvebidan arc erTi ar iyofa 3-ze.

b) davuSvaT sawinaaRmdego, m=3k, (k∈N). maSin m2=9k2 da 9k2–1 ar iyofa 3-ze, 

miviReT winaaRmdegoba.

10  da 11  amocanebis analogiuri amocanebi adrec iyo ganxiluli. es amocane-

bi moswavleebs SeiZleba damoukidebel samuSaod mivceT. SeiZleba moswavleebma 

gaixsenon Teorema: Tu pirdapiri  TeoremebiT yvela SemTxveva amowurulia da 

isini WeSmaritia, maSin yvela Sebrunebulic WeSmaritia.

12  SeiZleba ganvixiloT rombi, romlis diagonalebia 6 da 8 (gverdi _ 5);  

S= 1
2 ⋅6⋅8=24.  mocemuli formuliT miviRebT:  S= (10–5)4=52=25.

O
A

Ba
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13  davuSvaT sawinaaRmdego, P wertili ar ekuTvnis AD monakveTis Suamar-

Tobs. maSin PA≠PD. magram APD samkuTxedi tolferdaa (radgan ∠A=∠D). miviReT 

winaaRmdegoba. 

moswavlem unda axsnas, rom gamoyenebulia monakveTis SuamarTobis Tviseba 

_ monakveTis SuamarTobi aris im wertilTa simravle (yvela im wertilis geome-

triuli adgili), romlebic toli manZilebiTaa daSorebuli monakveTis boloe-

bidan.

saSinao davalebis amocanebis nawili an Zvelis gameorebaa, an klasSi amoxsni-

li amocanebis analogiuria (magaliTad, 8  da 9 ).

2  Sebrunebuli Teorema: Tu oTxkuTxedis diagonalebi tolia, maSin es 

oTxkuTxedi marTkuTxedia.

am Teoremis mcdarobas moswavleebi kontrmagaliTis moyvaniT daasabuTeben.

3  damtkiceba CavataroT sawinaaRmdegos daSvebis xerxiT; vTqvaT, si-

brtyeze or wrfes aqve ori an meti saerTo wertili, maSin miviRebT winaaRm-

degobas I2 aqsiomasTan, romlis Tanaxmadac, yovel or wertilze mxolod erTi 

wrfe gadis.

4  I3 aqsiomis Tanaxmad, arsebobs sami wertili, romlebic erT wrfes ar 

ekuTvnis. ganvixiloT nebismieri wrfe. am aqsiomis Tanaxmad, SeuZlebelia, rom 

es samive wertili am wrfes ekuTvnodes _ erTi wertili mainc ar ekuTvnis ganx-

ilul wrfes.

5  a) davuSvaT sawinaaRmdego _ c wrfe ori paraleluri wrfidan erT-

erTs, vTqvaT, a-s, ar kveTs, xolo meores, vTqvaT, b-s kveTs raime M wertilze. 

maSin miviRebT, rom M wertilze gadis a-s paraleluri ori wrfe _ b da c. mi-

viReT winaaRmdegoba.

b) davuSvaT sawinaaRmdego, vTqvaT, romelime sami wertili, magaliTad, A, B 

da C, erT wrfes ekuTvnis. maSin am sami wertilidan erT-erTi wertili orive 

paralelur wrfes ekuTvnis, rac SeuZlebelia. miviReT winaaRmdegoba.

g) Tu davuSvebT sawinaaRmdegos, maSin b da c gansxvavebul wrfeebs ori saer-

To wertili aRmoaCndeba. miviReT winaaRmdegoba.

6  davuSvaT sawinaaRmdego _ paralelogrami rombia. rombis diagonalebi 

urTierTmarTobulia, rac amocanis pirobas ewinaaRmdegeba. e. i. mocemuli para-

lelogrami rombi ar aris.

7  m2 kentia. davuSvaT sawinaaRmdego _ m luwia, m=2k, maSin m2=4k2 luwia. 

miviReT winaaRmdegoba.
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8  a) Tu romelime samkuTxedis kuTxeebi aris 400, 600 da 700, maSin jami 

iqneba 1700. miviReT winaaRmdegoba.

b) aq miiReba winaaRmdegoba samkuTxedis utolobasTan: 9+11 meti ar aris  

20-ze _ aseTi samkuTxedi ar arsebobs.

9  Tu davuSvebT, rom C aris A-sa da B-s Soris, maSin unda gvqondes 

AC+CB=AB; 9+CB=7, rac SeuZlebelia.

12  Tu a=pm, b=pn, m∈Z, n∈Z, maSin pm=pn+c, c=p(m–n). e. i. c iyofa p-ze.

13  a) Tu orive Sesakrebi 28-ze naklebia, x≤27, y≤27, maSin x+y≤54. es ewi-

naaRmdegeba pirobas: x+y=55.

b) Tu aTive ricxvi ar aRemateba 7-s, maSin maTi jami ar aRemateba 70-s, rac 

ewinaaRmdegeba pirobas.

g) Tu samive ricxvi metia 5-ze: x>5, y>5, z>5, maSin xyz>125, rac ewinaaRmdegeba 

pirobas (xyz=124).

geometriuli debulebebis garda, warmodgenilia algebruli debulebebis 

dasabuTebis magaliTebic.

6.4 sibrtyis ZiriTadi Tvisebebi. 
sivrceSi wrfeebisa da sibrtyeebis urTierTganlageba

stereometriis kursis mkacri aqsiomuri agebisganac Tavs vikavebT. saskolo 

kursSi aqsiomebis sistemis sruli CamoTvla da maTze dayrdnobiT Tvisebebis 

damtkiceba mizanSewonilad ar iTvleba da arc axali standartis moTxovnebs 

Seesabameba _ sakmarisia, rom moswavleebs SevuqmnaT mkafio warmodgena geome-

triis aqsiomuri agebis arsis Sesaxeb. amis gaTvaliswinebiT saxelmZRvaneloSi, 

SeiZleba iTqvas, aqsiomebze saubari fragmentuli da arasrulia, misawvdomobisa 

da simkacris Sexameba garkveul kompromiss moiTxovs _ dasaxelebulia ramde-

nime aqsioma sivrceSi figuraTa urTierTganlagebis Sesaxeb; maT Soris _ kuT-

vnilebis aqsiomebi da, am SemTxvevaSic, kompromisuli variantia warmodgenili, 

romelic sam wertilze sibrtyis gavlebis ori aqsiomis gaerTianebas exeba. mas-

wavleblebs imasac SevaxsenebT, rom aqsiomuri agebisas, romelime aqsioma SeiZ-

leba misi ekvivalenturi winadadebiT iyos Secvlili (magaliTad, gansxvavebuli 

midgomebi kolmogorovisa da pogorelovis saxelmZRvaneloebSi _ zogierT mas-

wavlebels es SeiZleba axsovdes). magaliTad, Cven mier SemoTavazebuli aqsio-

ma `sam wertilze sibrtyis gavlebis Sesaxeb~, zogierT wignSi sxva aqsiomiT iyo 

Secvlili _ `Tu or sxvadasxva wrfes saerTo wertili aqvs, maSin am wrfeebze 

SeiZleba sibrtyis gavleba da, amasTanave, mxolod erTis~.
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teqstSi warmodgenilia sivrceSi wrfeebisa da sibrtyeebis urTierTganla-

gebis SemTxvevebi. am SemTxvevebis kargad gaazrebisa da Sesabamisi gansazRvre-

bebis codnis gamoyenebiT, advilad SevarCevT pasuxebs `testebSi~.

amocanebis saSualebiT, sivrcul figurebsac vixsenebT da Teoriul masalas 

kveTebis agebis meTodikis axsnisTvis viyenebT.

miTiTebebi zogierTi amocanis amosaxsnelad:

4  amocanis amoxsnamde, vimeorebT masalas marTkuTxa paralelepipedis 

Sesaxeb _ waxnagebi, zedapiri, zedapiris farTobi, moculoba. yvela waxnagi 

marTkuTxedia, moculoba ase gamoiTvleba: V=abc, sadac a, b da c erTi wverodan 

gamosuli sami wibos sigrZeebia. moswavleebi advilad daasaxeleben wertilebs, 

romlebic, magaliTad, A1B1C1D1 marTkuTxedis sibrtyes ekuTvnis: upirvelesad, 

wertilebi: A1, B1, C1 da D1. kidev unda dasaxeldes O1 wertili. am amocanis amox-

sna arcerT moswavles ar unda gauWirdes.

5  moswavleebma unda gamoamJRavnon piramidis elementebis codna da advi-

lad upasuxeben kiTxvebs.

6
Tu A, B da C wertilebi erT wrfes ar ekuTvnis, arse-

bobs erTaderTi sibrtye, romelsac es wertilebi ekuTvnis. 

am sibrtyes ekuTvnis samive wrfe, AB, AC da BC.

5  a) wrfeze aviRoT ori wertili, A da B; A, B da M wert-

ilebze gadis erTaderTi sibrtye, romelsac ekuTvnis AB wrfe 

da M wertili _ WeSmaritia.

b) mocemul wrfeze, cxadia, uamravi, sibrtye gadis. amis axsnas SeZleben mos-

wavleebi (wrfis gareT sivrceSi SeiZleba aviRoT sxvadasxva wertili).

7  MN wrfes α sibrtyesTan, romelic gadis AB da CD wrfeebze, ori saer-

To wertili aqvs. amitom MN Zevs α sibrtyeze.

8  moswavlem unda gamoiyenos acdenili wrfeebis, gadamkveTi wrfeebisa 

da wrfisa da sibrtyis urTierTganlagebis SemTxvevebis gansazRvrebebi.

A B

M

B

A C
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6.5 wrfisa da sibrtyis paraleluroba

warmodgenilia wrfisa da sibrtyis paralelurobis niSani da am debule-

bis Sebrunebuli debuleba. damtkicebuli Teoremebis gamoyenebiT, mocemu-

lia sivrculi figuris kveTebis agebis magaliTebi. winare codnis gaaqtiureba 

sivrceSi wrfeebis, wrfeebisa da sibrtyeebis urTierTganlagebis SemTxvevebis 

ganxilvas ukavSirdeba.

wrfisa da sibrtyis paralelurobis niSans sawinaaRmdegos daSvebis xerxiT 

vamtkicebT. mivaqcioT moswavleTa yuradReba imas, rom, daskvnis gakeTebisas, 

unda miuTiTos is gansazRvreba, aqsioma, an adre damtkicebuli debuleba, rom-

lidanac es daskvna keTdeba. magaliTad, roca davuSvebT, rom a wrfe ar aris 

α sibrtyis paraleluri da kveTs α-s C wertilSi, maSin C iqneba α-sa da im β 

sibrtyis saerTo wertili, romelic a da b paralelur wrfeebze gadis. aseTi 

wertilebis simravle ki wrfea _ b wrfea. miviRebT winaaRmdegobas, a da b pa-

ralelur wrfeebs saerTo wertili aqvs (C wertili). Teorema ekvivalenturi 

saxiTac aris Camoyalibebuli _ mocemuli Teoremis Sebrunebulis mopirdapi-

rec WeSmaritia (kontrapoziciuri). mtkicdeba mocemuli Teoremis Sebrunebuli 

Teoremac.

miTiTebebi zogierTi amocanis amosaxsnelad:

3  a) DC||AB, amitom DC||(AMB); 
  (AMB)-Ti aRvniSneT A, M da B wertilebze gamavali sibrtye.

  b) BC||AD, amitom BC||(AMD);
  g) AB||DC, amitom AD||(DMC).

4  moswavlem unda SeZlos kontrmagaliTebis ageba, 

roca a∈α, b∈β, magram a da b erT sibrtyes ekuTvnis (mag-

aliTad, paraleluri wrfeebia).

Tumca, isic SeiZleba, rom a wrfe ekuTvnodes α si-

brtyes da ar ekuTvnodes arc erT sibrtyes, romelsac 

ekuTvnis b. aseTia, magaliTad, 3  amocanis naxazze war-

modgenili DC da AM wrfeebi.
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5  a) gamoviyenoT damtkicebuli Teorema: a||α, a wrfe ekuTvnis (ABC) sibr-

tyes, es sibrtye da α sibrtye ikveTeba AC wrfeze, amitom a||AC, anu MN||AC.

b) MN=12 sm,

 MB= 23 AB.

vipovoT AC.

∆MBN ∼ ∆ABC,   AC
MN  = AB

MB  ,

          AC=12⋅ 32  =18 (sm).

g) AC=20 sm, BM:AM=4:1,  vipovoT MN.

 AC
MN  = AB

MB  , AC
MN  = 54 ,

 MN=20⋅ 45 =16 (sm).

6  wrfisa da sibrtyis paralelurobis Sesaxeb Teoremis Tanaxmad, a||β. 

aq ukve SegviZlia Sebrunebuli Teoremis gamoyeneba _ c||a. analogiurad, c||b. 

moswavlem unda SeZlos marTkuTxa paralelepipedis gamosaxulebisa da 

sivrceSi wrfeebsa da sibrtyeebs Soris mimarTebebis gansazRvrebebis gamoy-

enebiT, daasaxelos 3  _ 5  amocanebSi miTiTebuli sibrtyeebi.

6  a) aq viyenebT damtkicebul Teoremas _ AC||(MEF), 
amitom AC||EF.

b) analogiuri amocana klasSi iyo amoxsnili. saZiebeli 

sidideebis sapovnelad, viyenebT samkuTxedebis msgav sebas: 

∆BEF ∼ ∆BAC.

7  a) ar SeiZleba. kubs oTx-oTxi wibo paraleluri aqvs da erT-erTis 

paraleluri wrfe danarCenebis paraleluric aris.

b) SeiZleba. magaliTad, AA1 wrfe paraleluria mxo-

lod BB1, CC1 da DD1 wiboebis.

g) SeiZleba; magaliTad, OO1 wrfe,^ sadac O da O1 wer-

tilebi kubis romelime ori mopirdapire waxnagis cen-

trebia;

d) ar SeiZleba, xuTi paraleluri wibo kubs ar aqvs.

e) SeiZleba. magaliTad, AD1 wrfe mxolod BC1 diag-

onalis paraleluria.
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6.6 wrfisa da sibrtyis marTobulobis niSani

winare codnis gaaqtiureba dakavSirebulia sivrceSi da sibrtyeze geometri-

uli figurebis urTierTganlagebis SemTxvevebis Sesaxeb codnis gameorebasTan. 

yuradRebas vamaxvilebT wrfeebis urTierTganlagebis SemTxvevebis ganxilvaze; 

or wrfes SeiZleba hqondes mxolod 1 saerTo wertili; am SemTxvevaSi vambobT, 

rom wrfeebi ikveTeba. or wrfes Soris kuTxe ki gadakveTisas miRebuli kuTxee-

bidan umcires kuTxes ewodeba. ori wrfis gadakveTisas miRebuli oTxive kuTxe 

SeiZleba marTi iyos; am SemTxvevaSi vambobT, rom wrfeebi marTobulia (urT-

ierTmarTobulia). amis Semdeg gadavdivarT wrfisa da sibrtyis urTierTgan-

lagebis SemTxvevebis ganxilvaze da ganvsazRvravT wrfisa da sibrtyis marTo-

bulobas _ wrfes ewodeba sibrtyis marTobuli, Tu es wrfe marTobulia wrfisa 

da sibrtyis gadakveTis wertilze gavlebuli da sibrtyeze mdebare nebismieri 

wrfis. amis Semdeg moswavleebma SeiZleba gamoTqvan varaudi, rom sakmarisia 

wrfe marTobuli iyos gadakveTis wertilze gamavali ori wrfis, rom is marTo-

buli iqneba nebismieri wrfis, romelic gadakveTis wertilze gadis, maSasadame 

_ sibr tyis. am varaudamde misvla SesaZlebelia saxelmZRvaneloSi aRwerili 

SemTxvevis TvalsaCino warmodgeniT daviwyoT da gadavideT c wrfis marTobuli 

ori wrfis demonstrirebaze.

moswavleebi Teoremis damtkicebis procesSi monawileoben; Tumca, aucile-

belia, maswavlebelma warmarTos es procesi da kiTxvebis saSualebiT miiyvanos 

moswavleebi saWiro daskvnebamde. moswavleebi, maswavleblis miTiTebiT, ixsen-

eben Teoremebs, romlebic damtkicebis procesSi gamoiyeneba: samkuTxedebis 

tolobis niSnebi, monakveTis SuamarTobis Tviseba. Tumca, zogjer SeiZleba 

ukarnaxoT saWiro moqmedebebis Catarebis aucilebloba _ m⊥a, m⊥b; u. d. m⊥x. 

xom ar davukavSiroT damtkicebis procesi samkuTxedebis monakveTebs? amisT-

vis gadavzomoT: MA1=MA2; SevarCioT raime A da B wertilebi, Sesabamisad, a da 

b wrfeebze, X wertili aris x wrfis AB wrfesTan gadakveTis wertili. axla 

SegviZlia garkveuli TanamimdevrobiT ganvixiloT samkuTxedebi da am ganxilvis 

kvalobaze mivideT sasurvel Sedegamde. saxeldobr mTavaria, Tavidan SeirCes 

samkuTxedebis wyvili, romelTa Sesaxeb SeiZleba tolobis sakiTxis ganxilva. es 

samkuTxedebia ∆A1AB da ∆A2AB. III niSnis Tanaxmad, saxelmZRvaneloSi aRwerilia 

maTi tolobis damtkiceba. 

maSasadame, ∠A1BX=∠A2BX;

Sedegi: ∆A1BX=∆A2BX (I niSniT).

moswavleebi advilad miiyvanen damtkicebas bolomde. SeiZleba CaataroT 

eqsperimenti: moswavleebs daavaloT saxelmZRvaneloSi gaecnon am debulebis 

damtkicebas da Semdeg sajaro ganxilviT warmoadginon es damtkiceba.

gadavdivarT kidev erTi dabulebis ganxilvaze _ wrfisa da sibrtyis marTo-

bulobis II niSnis ganxilvaze. am debulebis Camoyalibebis Semdeg moswavleebTan 

erTad vmsjelobT am niSnis interpretaciebze yoveldRiur cxovrebaSi.
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sasurvelia, saxelmZRvaneloSi `s~ (sxvadasxva) rubrikiT warmodgenili 

teqstis gamoyenebiT, visaubroT qarTuli maTematikuri terminebis Sesaxeb.

amocanebis saSualebiT, ganvamtkicebT codnas wrfisa da sibrtyis marTobu-

lobis pirobebis Sesaxeb. wrfisa da sibrtyis marTobulobis gansazRvrebisa da 

wrfisa da sibrtyis marTobulobis niSnebis gamoyenebiT moswavleebi advilad 

SearCeven swor pasuxebs `testebSi~ (da SeZleben kidec arCevanis dasabuTebas).

miTiTebebi zogierTi amocanis amosaxsnelad:

6   AO⊥a, AO⊥b, amitom, wrfisa da sibrtyis marTobu-

lobis niSnis Tanaxmad, AO⊥α; maSasadame, AO⊥c.

piTagoras Teoremis gamoyenebiT, 

 AC2=AO2+OC2=182+242,
 AC= 900 =30 (sm).

7  MD fuZis sibrtyis marTobulia, maSasadame, MD⊥BD; ∆MBD-dan, 

MB2=72+82=49+64=113.

am amocanis ganxilvisas, SeiZleba visaubroT piramidis 

simaRlis Sesaxeb _ MD wrfe kveTs ABC samkuTxedis si-

brtyes da MD am sibrtyis marTobulia, MD aris MABC pi-

ramidis simaRle. Tu saWiro iqneba piramidis moculobis 

gamoTvla, maSin V= 1
3 Q⋅H formulaSi, H=MD, Q – ABC sam-

kuTxedis farTobia.

8  OM=15 sm, AB=16 sm. OM⊥α, amitom OM⊥AB.

	 	 ∆MOB marTkuTxaa, MB= 152+82 =17 (sm).

Tu gaviTvaliswinebT, rom O aris ABC sam-

kuTxedze Semoxazuli wrewiris centri, AO=OB=OC, 

amitom MC=MA=MB=17 (sm).

9  a) pirobis Tanaxmad, mkveTi sibrtye AC 

wrfis marTobulia. amitom AC wrfe marTobulia yvela im wrfis, romelic mkveT 

sibrtyes ekuTvnis da mkveTi sibrtyisa da AC wrfis gadakveTis K wertilze ga-

dis. amitom OK⊥AC (BK⊥AC); BK aris ABC samkuTxedis simaRle, K aris AC-s Suaw-

ertili, e. i. PK aris APC samkuTxedis simaRle, kveTa PKB 

samkuTxedia.

b) farT(∆PBK)= 12 PO⋅BK,

BK=BCsin600=2 3 ⋅ 3
2

=3 (sm),

PO= PB2–BO2= (2 3 )2–( 23 ⋅3)2 =2 2 .

farT(∆PBK)= 12 ⋅2 2 ⋅3=3 2  (sm2).

α

M

D
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6  davuSvaT sawinaaRmdego, a ar aris b wrfis para-

leluri. maSin A wertilze SeiZleba gavavloT sxva c wrfe, 

romelic aris b wrfis paraleluri. maSin miviRebT, rom 

c⊥α, rac, cxadia, SeuZlebelia (A wertilze SeuZlebelia 

am sibrtyis marTobuli ori wrfis gavleba).

7  AOB, AOC da BOC toli marTkuTxa samkuTxedebia; 

AO=BO=OC=2, 
  AB=BC=AC=2 2
  PABC=6 2  (dm).

8  a) ABCD marTkuTxa trapeciaa, radgan AB⊥α, 
CD⊥α, AB⊥AD, CD⊥AD.

b) MN trapeciis Suaxazia;

MN= 6,2+10,4
2  =8,3 (sm).

g) ∠C=600, amitom AD=BK=(10,4–6,2)tg600=4,2 3  (sm)

SABCD=MN⋅AD=8,3⋅4,2 3 =34,86 3  (sm2).

9  es debuleba advilad mtkicdeba, Tumca Zalian mniSvnelovania _ xSir-

ad gamoiyeneba amocanebis amoxsnisas.

AMO, BMO da CMO toli marTkuTxa samkuTxedebia, AM=BM=CM= R2+OM2 , R 

aris samkuTxedze Semoxazuli wrewiris radiusi.

10  MB=MC= 122+162 =20 (sm).

    CK=KB=6 sm, 

    AK2=162–62=220, 

    MK= 122+220= 364 =2 91  (sm).

jgufuri muSaobis pirveli amocana iTvaliswinebs 

wrfisa da sibrtyis marTobulobis niSnis gamoyenebas _ 

suraTze am Teoremis gamoyenebiT, vertikaluri Zelis 

aRmarTvis erT-erTi SesaZlebeli gzaa gamosaxuli.

xarixas horizontalurad gavdebT, Tu mas mi-

vamagrebT Zelebis im wertilebSi, romlebic miwis zeda-

piridan Tanabradaa daSorebuli.

K
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2  Sveulisa da Tokis saSualebiT SesaZlebelia 

A da D wertilebis a wrfidan (miwis donidan) daSo-

rebis Sedareba _ maTi tolobis Semowmeba. amasTa-

nave, saWiroa Semowmdes AB da CD-s vertikalurobac 

(Sveuloba). agreTve, AB da CD monakveTebis tolo-

bac. yvela am pirobis Sesruleba sakmarisia eWvis gasaqarwyleblad.

6.7 ori sibrtyis paraleluroba

winare codnis gaaqtiureba iwyeba sivrceSi wrfeebis, wrfisa da sibrtyis 

da ori sibrtyis urTierTganlagebis SemTxvevebis ganxilviT. yuradRebas va-

maxvilebT sibrtyeebis SemTxvevaze da aRvniSnavT, rom, Tu or sibrtyes saerTo 

wertili aqvs, maSin sibrtyeebs saerTo wrfe aqvs. am SemTxvevaSi vambobT, rom 

sibrtyeebi erTmaneTs wrfeze kveTs. Tu or sibrtyes saerTo wertili ar aqvs, 

aseT sibrtyeebs paraleluri sibrtyeebi ewodeba. gakveTilis mizania gavecnoT 

Teoremebs, romlebic ori sibrtyis paralelurobis sakmarisi niSnebia. erT-er-

Ti Teorema damtkicebiTaa moyvanili. damtkiceba moswavleebis monawileobiT 

kiTxva-pasuxis reJimSi SeiZleba ganvaxorcieloT; is mimdinareobs im meTodiT, 

romlis gamoyenebasac yvela moswavle ukve mieCvia _ sawinaaRmdegos daSvebis 

xerxiT.

_ davuSvaT sawinaaRmdego, maSasadame ... am winadadebis sawyis nawils maswav-

lebeli ambobs, moswavleebma unda SeZlon winadadebis dasruleba:

_ maSasadame, sibrtyeebi (ABCD da A1B1C1D1) ikveTeba, saerTo wertili aqvs, 

e. i. isini wrfeze ikveTeba.

es ukve winadadebis sruli formulirebaa. moswavlem unda SeZlos, sibr-

tyeebis urTierTganlagebis SemTxvevebis gaazreba da saerTo wertilis arsebo-

bis SemTxvevaSi saerTo wrfis arsebobis aRniSvnac. amis Semdeg winaaRmdegobamde 

advilad mivdivarT, aRmoCndeba, rom am ori sibrtyis gadakveTis wrfe parale-

luria gadamkveTi AB da BC wrfeebis, rac SeuZlebelia. Teoremis mniSvnelobas 

misi praqtikuli gamoyenebis magaliTis CvenebiT vadasturebT.

suraTis mixedviT, nebismieri sibrtyeebis SemTxvevaSi, moswavleebi ase 

asabuTeben debulebas: Tu sibrtyeebi ikveTeba m wrfeze, maSin es wrfe parale-

luri iqneba gadamkveTi a da b wrfeebis, rac SeuZlebelia.

Teoremebis Sinaarsis gaazrebas xels uwyobs `testebSi~ swori pasuxebis 

moZieba.

A D

B C
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miTiTebebi zogierTi amocanis amosaxsnelad:

5  a) ABCD da A1B1C1D1, radgan AB||A1B1 da BC||B1C1; AA1B1B da DD1C1C; AA1D1D 

da BB1C1C.

b) AA1D1D da A1B1C1D1 ikveTeba A1D1-ze;

ABCD da AA1B1B ikveTeba AB-ze;

DD1C1C da BB1C1C ikveTeba C1C-ze.

6  ABC sibrtye aris α sibrtyis paraleluri. marT-

lac, Tu davuSvebT sawinaaRmdegos _ sibrtyeebi ikve-

Teba d wrfeze, maSin AB da BC gadamkveTi wrfeebi iqneba 

d wrfis paraleluri.

moswavlem SeiZleba ase imsjelos: A, B da C wert-

ilebze SeiZleba gavavloT erTaderTi sibrtye (aqsioma); 

Semdeg gamoviyenoT damtkicebuli Teorema.

7  a) cxadia, paraleluri waxnagebia: AA1D1D da BB1C1C; BB1A1A da CC1D1D; 

ABCD da A1B1C1D1.

b) AB1||DC1, B1C||A1D, amitom AB1C da A1DC1 sibrtyeebi paraleluria.

8  erT-erTi wrfis, magaliTad, a wrfis, wertilze SeiZleba gavavloT meo-

re wrfis, b wrfis, paraleluri c wrfe. a da c gadamkveT wrfeebze gavavlebT α 

sibrtyes. analogiurad, b wrfeze aRebul wertilze gavavlebT a wrfis parale-

lur β sibrtyes. maSin a||β.

9  α sibrtyeze gavavloT urTierTgadamkveTi a da b 

wrfeebi.  A wertilze gavavlebT: a′||a; b′||b.  maSin a′ da b′-ze 

gamavali sibrtye paraleluria α sibrtyis.

10  a) AB=AC+BC=12,3 (sm);

  b) AB=AC–BC=3,4–2,1=1,3 (dm).

7  davuSvaT sawinaaRmdego, vTqvaT, AC da A1C1 paraleluri ar aris. isi-

ni erT sibrtyezea, maSasadame, ikveTeba, es ki SeuZlebelia _ α||β. maSasadame,  

AC||A1C1. analogiurad, davamtkicebT:  AB||A1B1 da BC||B1C1.

maSasadame, AA1B1B; AA1C1C; BB1C1C paralelogramebia, AB=A1B1, AC=A1C1, BC=B1C1 

da ∆ABC=∆A1B1C1, saidanac, ∠BAC=∠B1A1C1.

a′ b′

a

A

b
α

α
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8  a) Tu MK||AC, MN||AB, maSin MNK sibrtye, anu α 

sibr tye, paraleluria ABC sibrtyis.

b) MNK sibrtyis M da N wertilebi ekuTvnis DAB sibr-

tyes, amitom SeuZlebelia es ori sibrtye iyos paraleluri. 

es ori sibrtye emTxveva erTmaneTs, roca K wertili emT-

xveva D wertils;

g) α sibrtye DB wrfis marTobulia, Tu KN⊥DB da MN⊥DB.

6.8 Teorema sami marTobis Sesaxeb

wrfisa da sibrtyis urTierTganlagebis Sesaxeb codnis gameorebisa da sibr-

tyeTa paralelurobis Teoremis gamoyenebaze amocanebis amoxsnebis ganxilvis 

Semdeg gadavdivarT Zalian mniSvnelovan cnebebze: sibrtyisadmi gavlebuli mar-

Tobi, daxrili, daxrilis gegmili. winare codnis gaaqtiureba planimetriidan 

analogiuri cnebebis gameorebasac ukavSirdeba. amjerad, dagvWirdeba wrfisa 

da sibrtyis marTobulobisa da am marTobulobis Sesaxeb Teoremis gameoreba. 

am Teoremis safuZvelze mtkicdeba stereometriis mniSvnelovani Teoremebi, 

Teoremebi sami marTobis Sesaxeb _ ase movixsenieT ori Teorema (pirdapiri da 

Sebrunebuli) sami marTobis Sesaxeb, romlebic Tavs iyris sibrtyeze gavlebuli 

wrfis erT wertilTan (suraTze _ C wertilTan).

jer mtkicdeba I nawili _ sibrtyeze mdebare wrfis marTobulobidan daxri-

lis gegmilis mimarT gamomdinareobs marTobuloba daxrilis mimarT.

damtkiceba ar aris rTuli da moswavleebi SeZleben mis gaazrebas _ viye-

nebT mocemul wertilze mocemuli wrfis paraleluri wrfis gavlebis SesaZle-

blobas. gavlebuli wrfe marTobuli iqneba α sibrtyis. moswavleebma unda daa-

saxelon Sesabamisi Teorema. Sedegad vRebulobT: A′C⊥α.

Semdegi nabijis ganxorcielebaSi SeiZleba davexmaroT moswavlebs (β sibr-

tyis gavleba). ris Semdeg, moswavleebi advilad miiyvanen damtkicebas bolomde. 

amasTanave, Sebrunebuli Teoremis damtkicebac am sibrtyis gavlebas efuZneba. 

sami marTobis Sesaxeb Teoremebi gamoiyeneba geometriuli figurebis nawi-

lebs Soris Tanafardobebis aRmoCenaSi. pirveli gamoyenebebic, romlebic `tes-

tebSia~ warmodgenili, geometriul figurebs ukavSirdeba.
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miTiTebebi zogierTi amocanis amosaxsnelad:

moswavleebs ar gauWirdebaT marTobisa da daxrilis Sesaxeb amocanebis 

amoxsna ( 1 - 10 ), ZiriTadad, piTagoras Teoremas viyenebT.

sami marTobis Teoremis gamoyenebiT ixsneba Semdegi amocanebi:

11  aq, sami marTobis Sesaxeb Teoremis Ta-

naxmad, M′ wertili ABC samkuTxedSi Caxazu-

li wrewiris centria, manZili M′ wertilidan, 

magaliTad, BC gverdamde Caxazuli wris ra-

diusia: M′K=r;
r2=3,052–0,552=(3,05–0,55)(3,05+0,55)=2,5⋅3,6=9; 

r=3.

14  

BB′=2 m, 

B′D=4 m,

AC′=1 m.

am amocanaSi marTobiTa da gegmilebiT 

vpoulobT rombis diagonalebs. rombis 

gverdis povna sxvadasxva xerxiT SeiZleba 

_ gverdis kvadrati diagonalebis naxevre-

bis kvadratebis jamia, gverdis kvadratis gaoTxkecebuli rombis diagonalebis 

kvadratebis jamis tolia _ es winadadebi, faqtobrivad, erTsa da imave tolo-

bas gvaZlevs, magram sxvadasxva Teoremis Sedegebia.

16  am amocanaSi sami marTobis Sesaxeb 

Teoremis gamoyeneba gviwevs.

D wertilidan hipotenuzisadmi gavlebu-

li DK marTobis gegmili aris ABC samkuTxe-

dis C marTi kuTxis wverodan gavlebuli CK 

simaRle.

17  Tu piramidis gverdiTi wiboebi to-

lia, maSin piramidis simaRlis Semcveli wrfe 

gaivlis fuZeze Semoxazuli wrewiris centrze. klasSi mkafiod unda aRvweroT 

da gavarCioT es faqti.

A

B

B′

α

C

C′

D
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18  Tu miviCnevT, rom mocemuli SABC piramid-

is wvero aris C wertili, maSin 

fuZe SAB marTkuTxa samkuTxe-

dia, xolo piramidis simaRle 

iqneba CS, radgan CS⊥AS, CS⊥BS. 

maSasadame, CS⊥(SAB), 

V= 13 ⋅farT.∆SAB⋅CS.

V= 13 ⋅ 
1
2 ⋅AS⋅BS⋅CS= 16 ⋅AS⋅BS⋅CS.

19   fuZis gverdi aRvniSnoT a-Ti, maSin C1C=atgα, C1C=2a.

am SemTxvevaSic, sami marTobis Sesaxeb Teoremas viyenebT:  

∠ADC1=900; 

cxadia, DC1=
a

cosα=a 1+tg2α=a 5 .

∆AC1D-dan,  cos∠AC1D= DC1

AC1
= a 5

 2a2+4a2
= 5

 6
= 30

6
.

20   MB simaRlea; MB=16 sm.

sami marTobis Sesaxeb Teoremis Tanaxmad, AMC sam-

kuTxedis simaRlis (fuZisadmi gavlebuli daxrili) geg-

mili ABC samkuTxedis B wverodan gavlebuli BK si-

maRlea, BK= 502–402 =30 (sm).

∠MBK=900 (MB marTobia), amitom MK= 162+302 =34 (sm)

S
gv.

= 1
2 AB⋅BM⋅2+ 1

2 AC⋅MK.

21  Tu piramidis yvela gverdiTi wibo tolia, piramid-

is simaRle gaivlis fuZeze Semoxazuli wrewiris centrze, 

am SemTxvevaSi, AB hipotenuzis Sua wertilze.

22  saZiebeli sidide A′B′C samkuTxedis medianaa. am samkuTxedis ori gver-

di cnobilia. mesame gverdsac vipoviT piTagoras Teoremis ramdenjerme gamo-

yenebiT. Tumca, SeiZleba sxva xerxiT amovxsnaT: A′B′-is Sua wertilidan AB hi-

potenuzaze davuSvaT simaRle _ marTobi ABC sibrtyisadmi, maSin medianis 

gegmili iqneba ABC marTkuTxa samkuTxedis C wverodan gavlebuli mediana; AB 

hipotenuzas kaTetebiT vipoviT.
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marTkuTxa samkuTxedis kaTetebs 

piTagoras TeoremiT vipoviT: 

AC= 22–1,52 , BC= 32–12 .

klasSi yvela amocanis dawvrilebiTi garCevisa da mniSvnelovani momentebis 

gamoyofis Semdeg, moswavleebs ar unda gauWirdeT saSinao davalebis Sesrule-

ba. mniSvnelovan momentebad SeiZleba CaiTvalos sami marTobis Teoremis gamoy-

enebis SemTxvevebi.

Tu CC′ aris ABC sibrtyisadmi aRmarTuli mar-

Tobi, maSin C′K, romelic AB-s marTobulia, aris 

daxrili, romlis gegmili C wverodan AB-sadmi gav-

lebuli simaRlea.

Tu piramidis yvela wibo tolia, maSin piramidis 

simaRle daeSveba fuZeze Semoxazuli wrewiris cen-

trSi.

Tu samkuTxa piramidis wverodan fuZis gverdebamde manZilebi tolia, maSin 

piramidis simaRle daeSveba fuZeSi Caxazuli wrewiris centrSi.

Tu ABCD marTkuTxedia da AA′ aris 

marTkuTxedis sibrtyisadmi gavlebuli 

marTobi, maSin sami marTobis Teoremis 

Tanaxmad, ∠A′DC=900; ∠A′BC=900.

23  amocanaSi viyenebT im xerxs, romelic gamoviyeneT 18  amocanis amoxsni-

sas.
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6.9 kuTxe wrfesa da sibrtyes Soris. orwaxnaga kuTxe. 
ori sibrtyis marTobuloba

winare codnis gaaqtiureba, marTobis, daxrilisa da misi gegmilis cnebebis 

gansazRvrebebis gaxsenebiT da dafaze Sesabamisi naxazebis, plakatebis an ele-

qtronuli resursebis warmodgeniT iwyeba. praqtikul situaciebze dayrdnobiT, 

an aRniSnuli TvalsaCinoebis mixedviT, avxsniT wrfesa da sibrtyes Soris kuTxis 

cnebas. amasTanave, aRiniSneba, rom es kuTxe SeiZleba iyos 00-isa da 900-is tolic. 

moswavleebi dafaze gamosaxaven TiToeuli SemTxvevis Sesabamis naxazs. Zalian 

sainteresoa praqtikuli magaliTi, romelic ori sibrtyis marTobulobasa da 

am marTobulobis Semowmebas exeba. moswavles ar unda SeeSalos, rom, am SemTx-

vevaSi, piTagoras Teoremis Sebrunebuli gamoiyeneba da ara piTagoras Teorema.

orwaxnaga kuTxis gansazRvrisas, unda gavamaxviloT yuradReba gansazRvre-

bis koreqtulobaze _ xazovani kuTxis sidide ar aris damokidebuli wibos 

wertilis SerCevaze. SeiZleba visaubroT im praqtikul magaliTzec, romelic 

rubrikiT `s~ (sxvadasxva) aris warmodgenili; aq vixsenebT samkuTxedis amoxsnis 

amocanasac.

sakontrolo kiTxvebze pasuxebis gacemiT da `testebSi~ swori pasuxebis 

SerCeviT ganvimtkicebT codnas marTobis, daxrilis, daxrilis gegmilisa da 

daxrilsa da sibrtye Soris kuTxeze; ori sibrtyis marTobulobisa da orwaxna-

ga kuTxis gansazRvrebaze.

miTiTebebi zogierTi amocanis amosaxsnelad:

9  am amocanis amoxsnisas, moswavleebi iyeneben wrfeebs Soris kuTxis gan-

sazRvrebas; magaliTad, A1C1 da DC acdenil wrfeebs Soris kuTxe aris kuTxe 

A1C1-sa da D1C1-s Soris (D1C1||DC).

10  yovel gverdiT waxnagsa da fuZis sibrtyes Soris kuTxe 600 iqneba; 

marTkuTxa samkuTxedidan, romlis kaTeti da hipotenuzaa piramidis simaRle da 

apoTema (gverdiTi waxnagis simaRle), vipoviT apoTemas, Semdeg erT-erTi gver-

diTi waxnagis farTobs da vamravlebT 4-ze.

11  viyenebT wina amocanas _ piramidis simaRle piramidis wverodan fuZis 

centrSi daeSveba.

12    α sibrtyeze AB-s gegmili aris AB′; 

   AB′=ABcos300=1,2 3
2

=0,6 3  (m).
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13   AB=2⋅7,2=14,4 (dm),

  BO=ABcos300=7,2 3  (dm),

  AC=OA⋅ 2 =7,2 2  (dm),

  OC=OA=7,2 (dm).

14  

  AB2=122+122–2⋅122cos1500

  AB2=122(2+ 3 )
  AB=12 2+ 3 = 12 3+2 3 +1

2
=12 ( 3 +1)22

4
=

 =6( 6 + 2 ) sm.

15   A′B′=ABcos600=10⋅ 12 =5 (sm).

16  AO=30 sm, ∠ABC=600, AB=50 sm, AP⊥BC.
sami marTobis Teoremis Tanaxmad, ∠BPO=900, amitom

OP= BO2–BP2 .
BO= 502–302 =40, BP= AB

2 =25, OP=5 39  (sm).

17  xazovani kuTxe iqneba simaRleebs Soris kuTxe, 
∠BOA. vipoviT simaRleebs.

BO= 172–82=15
OD=AO=8.

BA-s vipoviT kosinusebis Teoremis gamoye-

nebiT.

18   a) BC⊥m, AB⊥m, ∠CBA xazovani kuTxea. 

Tu CK⊥α, maSin BK aris BC-s gegmili α sibrteze da radgan m⊥BC, amitom 

m⊥BK; magram, pirobis Tanaxmad, BA⊥m. maSasadame, 

K ekuTvnis BA wrfes da CK⊥BA _ CK aris ABC sam-

kuTxedis simaRle.

b) BC=15, AB=14, AC=13;

ABC samkuTxedis farTobi SeiZleba vipovoT 

hero nis formuliT, Semdeg vipoviT CK simaRles; 

Tumca CK-s povna SeiZleba mxolod piTagoras Teo-

remis gamoyenebiTac.

A′ B′
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19  ∠MAO=300, ∠MOA=900, AO=2,4 dm.

  MO= 12 MA;

Tu MO=x, maSin MA=2x.

  3x2=2,42, x=0,8 3 ; MO=0,8 3  (dm);

  MA=1,6 3  (dm).

20  pirobiT, MAB samkuTxedi marTkuTxaa, ∠AMB=900. amitom 

  MB= 262–242=10 (sm).

21  AB=33 sm,

 AC=56 sm, AK⊥a.

AK daxrilis gegmili α sibrtyeze aris BK, 

β-ze _ KC;

amrigad, BK, AK da CK gadis K wertilze a 

wrfis marTobulad gavlebul sibrtyeze, ABKC 

marTkuTxedia.

AK= 332+562=65 (sm).

14  AB=1,8 dm; sin∠AOB= 23 , AO= 1,8
sin∠AOB

=2,7 (dm)

  BO= 2,72–1,82 =0,9 5  (dm).

15  BC 2=AC 2+AB2=( 8
sin300 )2+( 8

sin450 )2=384
    BC=8 6  (sm).

17  sinα=0,6.

 MO= 15
sinα =25 (sm) 

 BO= 252–72 = 18⋅32 =24,
 BO=24 (sm).

 AO= 252–152= 40⋅10 =20 (sm).

A

O
α

B
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j

1   suraTze AB aris α sibrtyisadmi gavlebuli 

daxrili, AO _ marTobi. pirobiT, ∠ABO=450. SemoviRoT 

aRniSvna, AO=OB=x, maSin AB=x 2. SeiZleba miTiTebac 

dagWirdeT: _ SeecadeT, gamoiyenoT sami marTobis Te-

orema.

es miTiTeba daexmareba moswavleebs moifiqron, rom 

Tu OK⊥a, maSin AK⊥a, KB=OK= x
2

.

cos ∠ABK= x
2

:x 2= 12 ;  ∠ABK=600.

2   SemoviRoT aRniSvna, AO=x, ∠BOC=γ.

OB=OC=xtgα; AC=AB= x
cosα.

pirobiT, ∠BAC=β; unda vipovoT ∠BOC=γ. 

BC 2=2 x2

cos2α – 2 x2

cos2α  ⋅cosβ,

BC 2=2x2tg2α–2x2tg2α⋅cosγ.
marjvena mxareebis gatolebisa da x2-ze Sekvecis 

Semdeg, cosγ gamoisaxeba cosα da cosβ-Ti. dadebiTad Se-

fasdeba amoxsnis gzis povna _ parametris Semotana, samkuTxedebis ganixilva, 

parametri SeiZleba iyos marTobis, an daxrilis sigrZe.

amocanebi TviTSefasebisTvis

amocanebi dakavSirebulia samizne cnebebTan: simravle, WeSmariti da mcdari 

debulebebi; geometriuli obieqtebi, zomebi; moswavlem unda SeZlos geometri-

uli obieqtebis Tvisebebis aRwera, geometriul obieqtebTan dakavSirebuli sx-

vadasxva sididis (sigrZe, farTobi, moculoba) gamosaTvleli formulebis ga-

moyeneba da am sidideebis ricxviTi mniSvnelobebis povna (maT. saS. 4). ricxviT 

simravleebs Soris mimarTebis dadgena. sxvadasxva xerxis gamoyeneba debulebis 

dasasabuTeblad.

miTiTebebi  amocanebis amosaxsnelad:

1   A={2; 3; 5; 7; 11; 13; 17; 19};
  B={1; 2; 3; 4; 5; 6; 7; 8; 9}.
cxadia, B\A={1; 4; 6; 8; 9}
  n(B\A)=5.

Ka
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2  g) M∪R  _ es simravle M∩R  simravlis tolia, im oTxkuTxedebis simravle, 

romlebic arc marTkuTxedia da arc rombi _ oTxkuTxedebi, romlebsac ori 

mainc gansxvavebuli sigrZis gverdi aqvs da erTi kuTxe mainc ar aris marTi.

3  a) p	→ q: `Tu a da b racionaluri ricxvebia, maSin a⋅b namravli racionaluri 

ricxvia~. es debuleba WeSmaritia.

b) q	 → p: `Tu a⋅b namravli racionaluri ricxvia, maSin a da b racionaluri 

ricxvebia~. debuleba mcdaria, magaliTad, Tu a= 2 ; b=2 2 ; maSin ab=4; ab _ 

racionaluri ricxvia; a da b iracionaluri ricxvebia.

4  vTqvaT, A≠	A; maSin arsebobs x elementi, romlisTvisac x∈A, magram  

x∉A; magram, Tu x∈A, maSin x∉A, aqedan gamomdinareobs, rom x∈	A. miviReT 

winaaRmdegoba.

5  a) es amocana daiyvaneba sibrtyeze wrfis raime wertilze am wrfis mar-

Tobuli wrfis gavlebaze; es wrfe erTaderTia.

b) wertilze, romelic mocemul wrfes ar ekuTvnis, SeiZleba am wrfis para-

leluri erTaderTi wrfis gavleba; yoveli sibrtye, romelic am wrfeze gadis, 

mocemuli wrfis paraleluria, anu aseTi sibrtye uamravia.

g) sworia.

6  viyenebT cilindris moculobis formulas: V=πR2H; R radiusia, H _ si-

maRle.

milis moculoba iqneba: V=π(R1
2–R2

2)H=π⋅0,0055⋅H (m3).

H metri sigrZis milis masa,  
Hπ⋅0,0055⋅7500≤	5 000, 

saidanac miaxloebiT H≤38,6 m.

7  BK=m.
 DO:DB=1:3,

 OO1:m= 13
 OO1= m3 .

8    MO=H
	 	 ∠BMO=300,
	 	 ∠CMO=600,

  OC=Htg600=H 3 ,

  BO= H
3 ;

  V= 13 ⋅Q⋅H, Q= 12 ⋅ 
2H

3  ⋅2H 3, V= 23 H3.

m
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9 vTqvaT, MA=MB=MC=AB=AC=BC=a.

   3⋅ a
2 3
4

=S

   a2= 4S
3 3

 = 4S 3
9

   AD= a2– a
2

4 = a 3
2

AO= 23 AD= a 3
3

,

H2=a2–AO2=a2– a
2

3  = 2
3

 a2,

H2= 2
3 ⋅

4S 3
9

H= 2 2 S 34

3 3
 = 2 1084

9 ⋅ S .

10  MM 1=24 sm, ∠M2OM1=1200.

vTqvaT, M1O=x, 

maSin MM1=24=x 3 , x=
24

 3
;

 MO=2x=
48

 3
, MO=16 3  (sm).

 OM2=OM1=8 3  (sm).

11  SemoviRoT aRniSvna: AO=x, maSin AB=AC=3x da 

BO=OC=2 2 x.

∠BAC=900, BAC samkuTxedi tolferda marTku-

Txaa, BC=3x 2 ,

(3x 2 )2=2(2 2 x)2–2(2 2 x)2cosϕ
18=16–16cosϕ;    16cosϕ= –2;   cosϕ= – 18 .

SeafaseT Tqveni Sedegi

1  amocanaSi, Tu sworad aRwerT A da B simravleebs, daimsaxurebT 0,5 qu-

las; dasaxelebuli oTxi davalebidan TiToeulSi simravleebze moqmedebebis 

codniTa da pasuxis warmodgeniT ― kidev 0,5 qulas. amocana 2,5-quliania.

2  amocanaSi simravlis damatebis codna fasdeba 0,5 quliT; dasaxelebuli 

oTxi davalebidan TiToeulSi maxasiaTebeli Tvisebis miTiTebiT daimsaxurebT 

0,5 qulas. amocana 2,5-quliania.

3  amocanis TiToeul davalebaSi miTiTebul debulebaTa kvlevisa da pa-

suxis dasabuTebisTvis daimsaxurebTU 1,5 qulas, amocana 3-quliania.
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4  amocanaSi simravlis damatebis cnebis codniT daimsaxurebT 0,5 qulas;  

sawinaaRmdegos daSvebis meTodis arsis codniT ― kidev 0,5 qulas; simravleTa 

mocemuli tolobis  damtkicebiT ― kidev 1 qulas. amocana 2-quliania.

5  amocanaSi a) da g) davalebebis SesrulebaSi daimsaxurebT 0,5-0,5 qulas, 

b) davalebis SesrulebaSi, saTanado komentarebisa da naxazis (an aRweris) mi-

TiTebiT ― kidev 1 qulas. amocana 2-quliania.

6  amocanaSi milis moculobis gamosaxva milis sigrZis mixedviT moga niWebT 

1 qulas, zomis erTeulebis swori SerCeva ― kidev 1 qulas, milis masis milis 

sigrZeze damokidebulebis warmodgena ― kidev 0,5 qulas, dasmul amocanaze pa-

suxis gacema ― kidev 1 qulas. amocana 3,5-quliania.

7  amocanaSi, Tu SeadgenT saTanado naxazs da gamoavlenT im proporciis 

codnas, romliTac samkuTxedis medianebis gadakveTis wertili yofs medianebs, 

daimsaxurebT 1 qulas, samkuTxedebis msgavsebis gamoyenebiT saZebni manZilis 

dadgeniT ― kidev 1 qulas. amocana 2-quliania.

8  amocanaSi piramidis fuZis TiToeuli diagonalis H-iT gamosaxvisas daim-

saxurebT 1 qulas, fuZis farTobis H-iT gamosaxvisas ― kidev 1 qulas, piramid-

is moculobis H-iT gamosaxvisas ― kidev 1 qulas. amocana 3-quliania.

9  amocanaSi piramidis wibos gamosaxva S-iT moganiWebT 1 qulas, simaRlis 

gamosaxva S-iT ― kidev 2 qulas. amocana 3-quliania.

10  amocanaSi naxazis sworad warmodgeniT daimsaxurebT 1 qulas, MO man-

Zilis povniT ― kidev 0,5 qulas, saZiebeli gegmilis povniT ― kidev 1 qulas. 

amocana 2,5-quliania.

11  amocanaSi erTi ucnobiT daxrilebis gamosaxva moganiWebT 0,5 quls, BC-s 

da daxrilTa gegmilebis gamosaxva imave ucnobiT ― kidev 1 qulas, miTiTebuli 

kuTxis kosinusis dadgena ― kidev 1,5 qulas. amocana 3-quliania.

ramdeni qula miiReT?

25-29  qula ― davaleba Sesrulebulia Zalian kargad (Sefaseba maRalia);

20-24 qula ― davaleba Sesrulebulia kargad (Sefaseba saSualoze maRalia);

14-19  qula ― davaleba Sesrulebulia nawilobriv (Sefaseba saSualoa);

14-ze naklebi qulis SemTxvevaSi gWirdebaT ufro gulmodgine muSaoba (Sefase-

ba dabalia).
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kompleqsuri davaleba saprezentacio Tema exeba maTematikis erT-erT mniS-

vnelovan sakiTxs, masSi unda aisaxos warmodgenebi sivrcis aRqmis, geometriis 

dafuZnebis, sivrcul figuraTa gamosaxvis, maTi zomebis dadgenisa da sidideTa 

zomis erTeulebis Sesaxeb _ unda amoixsnas ramdenime konkretuli stereome-

triuli amocanac.

davalebaSi mkafiodaa Camoyalilebuli is orientirebi, razec unda aigos 

prezentacia, Tumca, SesaZlebelia, moswavleebma sxva, momijnave sakiTxebiT 

gaamdidron Tavisi naSromebi, rac xazgasmulad unda mouwonoT moswavleebs.

prezentacia arasruli iqneba, Tu masSi ar aisaxa istoriuli cnobebi geo-

metriis, rogorc mecnierebis warmoSobisa da ganviTarebis Sesaxeb. Tanamedrove 

moswavles unda SeeZlos termin `aqsiomis~ arsis swori gaazreba, masze Tavda-

pirveli da Tanamedrove warmodgenebis aRwera unda ganasxvavebdes Teoremas aq-

siomisgan, mohyavdes sailustracio magaliTebi.

naSromis xarisxs gansazRvravs saxelmZRvanelos masalis, internetis saZiebo 

sistemebis, an sacnobaro literaturis gamoyenebis donec.

moswavleebma ukve ician da amjeradac unda iTvaliswinebdnen, rom fasde-

ba ara mxolod warmodgenili masalis sisrule da siswore, aramed gadmocemis 

xarisxi, naSromis gaformeba; dasmul SekiTxvebze pasuxebis adekvaturoba, gamar-

Tuloba; drois reglamentis dacva; sxvaTa naSromebis ganxilvaSi monawileoba.

prezentaciebis wardgenas unda axldes Tqveni safuZvliani ganmaviTarebeli 

Sefaseba naSromebisa da dasaxelebuli Temis irgvliv. prezentaciebi karg in-

struments mogcemT aseTi SefasebisTvis, sakiTxis ufro siRrmiseulad aRqmisT-

vis. interaqtiuli formiT warmarTuli Rrma da saintereso ganmaviTarebeli Se-

faseba saukeTesod Seajamebs moswavleTa saprezentacio aqtivobas.

VI Tavis damatebiTi amocanebi

amocanebi SeiZleba sxvadasxva dros da sxvadasxva miznebisTvis gamoviyenoT. 

magaliTad, Tu TviTSefasebis testis mixedviT aRmoCndeba, rom moswavles 

xarvezebi aqvs simravleTa Teoriis amocanebis amoxsnaSi, venis diagramebis 

gamoyenebaSi, maSin met yuradRebas am TemasTan dakavSirebul amocanebs 

davuTmobT.

miTiTebebi amocanebis amosaxsnelad 

1  klasSi SeiZleba iyos moswavle,^romelic arc SavTmiania da arc cis-

ferTvala.

moswavleebis raodenoba, romelic an cisferTvalaa an SavTmiani, sul didi 

_ 14-ia. Tu moswavleebis raodenoba, romlebic cisferTvalaa an SavTmiani, aris 

x, maSin x≤14 da n(A∩B)=9+6–x=15–x; A-SavTmianebi, B _ cisferTvala, n(A)=9, n(B)=6. 

maSasadame, n(A∩B) sul mcire, aris 15–14=1.
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b) venis diagramaze Sesabamisi nawili daStrixulia; 

aq saZiebeli ricxvi ase gamoiTvleba: 9–m, sadac m aris 

im moswavleebis raodenoba, romlebic SavTmianic aris 

da cisferTvalac, maTi maqsimaluri raodenoba aris 

6; 9–6=3.

2  es amocana wina amocanis analogiuria 

 n(A∩B)=n(A)+n(B)–n(A∪B).
 a) A wiTeli feris manqanebis simravlea, B _ turboZravianebis. Tu 

manqanebis raodenoba, romlebic wiTelia an turboZraviani, aris x, (n(A∪B)=x), 
maSin n(A∩B)=11+14–x.

x(maqs)=32, e. i. n(A∩B)-s umciresi mniSvnelobaa 35–32=3.

b) aq m iyos turboZraviani wiTeli manqanebis raodenoba, m(maqs)=11.

 24–11=13.

3  d) N∪Z=Z;    4  d) D={x|5x2–4x+1=0, x∈R} cxadia, D=∅.

     Q∩Z=Z WeSmaritia.

5  A∪B=(–2; 15);    6  A={0; –3; 2}, n(A)=3.

  A∩B=[0; 10).
  A\B=(–2; 0), B\A=[10; 15).

7  magaliTad, racionaluri ricxvi:  
1,2+1,3

2 .

iracionaluri ricxvi: 1,5 , 1,6 ; radgan 1,22=1,44, 1,32=1,69.

8  A _ xelovnebaze, B _ sportze, n(A∩B)=12. n(A)=x, n(B)=x+4,
  24=x+x+4–12, saidanac x=16, x+4=20.

9   ingl. _ 38, germ. _ 32. rus. _ 12.

   z+t+u=16
cxadia, 

  60=38+32+12–(t+x)–(z+x)–(n+x)+x
  60=82–(t+z+u)–2x
  2x=82–16–60
  2x=6, x=3.

10  a) imisTvis, rom  324ab gaiyos 9-ze, aucilebelia da sakmarisi, rom a+b 

iyofodes 9-ze.

b) imisTvis, rom 324ab gaiyos 9-ze, aucilebelia, magram ar aris sakmarisi, 

rom a+b gaiyos 3-ze.
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11  a) `Tu oTxkuTxedis diagonalebi marTobulia, maSin es 

oTxkuTxedi rombia~ _ ar aris WeSmariti. sasurvelia moswavleebs 

vTxovoT warmoadginon rombisgan gansxvavebuli oTxkuTxedi, 

romlis diagonalebi marTobulia.

b) `Tu paralelogramis diagonalebi marTobulia, maSin es 

paralelogrami rombia~ _ WeSmaritia.

12   Tu AE biseqtrisaa, maSin ∠1=∠3; BC||AD, amitom ∠1=∠2;

maSasadame, ∠2=∠3, e. i. AB=BE.

Tu AB=BE, maSin ∠3=∠2. radgan BC||AD, ∠2=∠1; 

e. i. ∠3=∠1; AE biseqtrisaa.

Tu AB=AE≠BE da B kuTxe, magaliTad, 500-ia, 

maSin AE ar aris biseqtrisa. es kontrmagaliTi 

saxelmZRvanelos pasuxebSia moyvanili. amrigad, 

Sebrunebuli debuleba mcdaria.

16  amocana wesier piramidas exeba. moswavlem unda gaiTvaliswi nos, rom wesi-

eri oTxkuTxa piramidis fuZe kvadratia, miTiTebuli kveTac kvadrati iqneba da 

misi farTobi fuZis farTobis meoTxedia. wesier piramidaSi gverdiTi wiboebi 

tolia, simaRle fuZis centrSi eSveba.

17  kveTaSi miiReba samkuTxedi, romlis gverdebi waxnagebis diagonalebis 

naxevrebis tolia.

18  aq sami marTobis Sesaxeb Teoremas viyenebT, imis dasadgenad, rom kveTaSi 

marTkuTxedi miiReba.

19  piTagoras Teoremis gamoyenebiT, amocana advilad ixsneba.

20  am amocanaSic sami marTobis Sesaxeb Teoremas viyenebT: ADB samkuTxedis 

simaRle daxrilia, romlis gegmili fuZis simaRlea da mas advilad vipoviT.

21  gasaTvaliswinebelia wesieri oTxkuTxa piramidis Tvisebebi. fuZe kvda-

ratia, simaRle fuZis centrSi eSveba, yvela gverdiTi wibo tolia: 

a) ∠MBO; b) O-dan gavavlebT DC-sadmi OF marTobs. F aris DC-s Sua wer-

tili; saZiebeli kuTxe OMF kuTxea, radgan DMC sibrtyeze OM-is gegmili MF 

monakveTze Zevs; g) AMB samkuTxedSi gavavlebT ME simaRles, saZiebeli kuTxe 

aris ∠MEO; d) AM-is raime wertilze AM-is marTobulad AMB da AMD sibrtyee-

bze gavlebuli sxivebi qmnian saZiebel xazovan kuTxes. misi toli kuTxe iqneba 

∠DKB. is miiReba, roca AMD samkuTxedSi gavavlebT DK simaRles, BK aris AMB-s 

simaRle. pasuxi: ∠BKD.
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22   vTqvaT, yvela wibo aris a, maSin 

  OC= a
2

;

  cos∠OCM= a
2

:a= 1
2

,

  ∠OCM=450.

23  am piramidis yvela wibo tolia. vTqvaT, TiToeulis sigrZe aris a; or-

waxnaga kuTxe _ α. maSin

cosα= a2 : a 3
2

 (gverdiTi waxnagis simaRlea  a 3
2

), cosα= 1
3

.

24  saZiebeli manZilia MO.

  MO= 12
sin600 ; MO= 24

3
 =8 3  (sm).

25  vTqvaT, am piramidis TiToeuli wibos sigrZe aris 

a, ∠MAO=α, maSin  a
2 3
4

⋅4=144 3 ; a=12.

fuZis AD simaRle (mediana) tolia a 3
2

-is, 

AO= 23  ⋅ a 3
2

= a
3

. 

a) cosα= a
3

:a= 1
3

; 

b) MO=asinα=12⋅ 2
3 =4 6  (sm);

g) V= 1
3 ⋅ 

144 3
4

⋅4 6 =144 2  (sm3).

26  Tu a aris kubis wibo, maSin a3=0,064;  a=0,4 m. 

a) kuTxe AA1-sa da B1C-s Soris tolia AA1-sa da B1C-s 

paralelur A1D-s Soris kuTxis. ∠AA1D=450.

b) AB=0,4 m.

28  Tu simaRlea H, fuZis gverdia a, maSin, pirobiT, 

H=a 2 , (a 2 )2=32;  2a2=32; a=4. 
V=a3 2 =64 2  (sm3).

S
sr

=2a2+4⋅a2 2 =32+64 2  (sm2).
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29   piramidis simaRle eSveba fuZeze Semoxazuli wrewir-

is centrSi; OB Semoxazuli wrewiris radiusia, mas advilad 

vipoviT, magaliTad, formuliT: 

R= abc
4Q = 10⋅10⋅12

4⋅1
2
⋅12⋅8

= 25
4 .

radgan ∠MBO=450, imave ricxvis tolia H simaRle,  

R=H=25
4 ; moculoba ki ase gamoiTvleba: V= 1

3
Q⋅H=100 (sm3).

30    AB=10, AO=6, maSin BO=8.

   OD2=62+82

   OD=OC=10 sm.

Semajamebeli wera #7

Tematuri bloki: mimarTebebi sivrceSi wrfeebs Soris, sibrtyeebs Soris, 

wrfesa da sibrtyes Soris.

samizne cnebebi: geometriuli figurebi, zomebi, sidideebs Soris damok-

idebuleba, ricxviTi gamoTvlebi.

Sefasebis indikatorebi: moswavlem unda SeZlos geometriuli figurebis 

amocnoba, aRwera, gamosaxva, maTi gansazRvrebebisa da Tvisebebis sworad Camoy-

alibeba da damtkiceba, am obieqtTa zomis (sigrZe, farTobi, moculoba) gamoT-

vla (maT.saS.4); amocanebis adekvaturi gaazreba da amoxsnis gzebis dasaxva.

amocanebis nimuSebi

1  PABC samkuTxa piramidis yvela wibo 12 sm-ia. ipoveT im kveTis perimetri 

da farTobi, romelic gadis fuZis AC gverdze da PB wibos M Sua wertilze.

2  ABC samkuTxedis gverdebia 12 sm, 16 sm da 20 sm. masze Semoxazuli wre-

wiris centridan samkuTxedis sibrtyisadmi aRmarTulia OM marTobi. M wertili 

daSorebulia samkuTxedis sibrtyidan 24 sm-iT. ipoveT M wertilidan samkuTxe-

dis wveroebamde manZilebi.
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3  PABC piramidis PA wibos M wertilze gavlebulia ABC waxnagis (fuZis) 

paraleluri kveTa. ipoveT misi farTobi, Tu PM:MA=1:2 da AB=21 sm, BC=23 sm, 

AC=20 sm.

4  MABC piramidis fuZe ABC tolgverda samkuTxedia, 10 sm-is toli gver-

diT; gverdiTi wiboebi tolia da MA wibo fuZis sibrtyesTan adgens 300-ian 

kuTxes. ipoveT am piramidis moculoba.

5  ABC tolferda samkuTxedia, romlis fuZe AC=19,2 dm, farTobi _ 38,4 

dm2. samkuTxedis sibrtyisadmi B wverodan aRmarTuli BM marTobis sigrZe 0,9 

dm-ia. ipoveT manZili M-dan samkuTxedis AC gverdamde.

pasuxebi: 1  P=12( 3 +1) sm, S=36 2  sm2. 2  26 sm. 3   8 66
3

 sm2. 4   250 3
9

 sm3. 

5  4,1 dm.

miTiTebebi: 

1  kveTaSi miRebuli AMC samkuTxedis gverdebia AC=12 sm, AM=MC=6 3  sm, 

AC fuZisadmi gavlebuli simaRle (6 3 )2–62=6 2  sm.

2  samkuTxedi aris marTkuTxa, amitom masze Semoxazuli wrewiris O centri 

hipotenuzis Suawertilia, BO=CO=OA=10 sm. AMO, CMO da BMO toli marTkuTxa 

samkuTxedebia, MA=MB=MC= 102+242 =26 (sm).

3  fuZis farTobi SeiZleba gamovTvaloT heronis formuliT, kveTa fuZis 

msgavsi samkuTxedia msgavsebis koeficientiT 
1
3 , amitom kveTis farTobi fuZis 

farTobis 
1
9 -ia.

4  radgan gverdiTi wiboebi tolia, MO simaRle gadis fuZeze Semoxazuli 

wrewiris centrze, R=abc
4S = 10

3
. MAO marTkuTxa samkuTxedidan vipoviT piramidis 

simaRles.

5  saZiebelia M-dan AC gverdisadmi gavlebu-

li marTobis sigrZe. es marTobi aris samkuTxedis 

sibrtyisadmi gavlebuli daxrili (suraTze ME), 

romlis gegmili ABC samkuTxedis BE simaRlea.
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ganmsazRvreli Sefasebis rubrika

gTavazobT, davalebebidan TiToeuli Sefasdes 2 quliT.

1  kveTis agebisTvis naSroms daeweros 0,5 qula, kveTaSi miRebuli samkuT-

xedis gverdebis povnisTvis _ kidev 0,5 qula; 1 qula _ kveTiT miRebuli sam-

kuTxedis farTobis povnisTvis (heronis formuliT, an samkuTxedis simaRlis 

povnis gziT). 

2  samkuTxedze Semoxazuli wrewiris radiusis povnis warumatebeli mcde-

lobisTvis, an imis SeniSvnisTvis, rom CMO, AMO da BMO toli marTkuTxa sam-

kuTxedebia, daiwereba 0,5 qula. radiusis povnisTvis _ kidev 1 qula. sworad 

amoxsnili amocana Sefasdes 2 quliT.

3  1 qula daeweros naSroms, Tu gamoTvlilia fuZis farTobi; 0,5 qula dae-

matos, Tu SeniSnulia kveTaSi miRebuli da fuZeSi mdebare samkuTxedebis msgav-

seba, kidev 0,5 qula _ msgavsebis koeficientis povnisTvis da kveTis farTobis 

gamoTvlisTvis. zogierTma moswavlem SeiZleba jer kveTaSi miRebuli samkuT-

xedis gverdebi ipovos da Semdeg _ kveTis farTobi. Sefaseba aseve 2-quliani 

iqneba.

4  0,5 daewereba, Tu SeniSnulia, rom piramidis simaRlis fuZe ABC samkuT-

xedze Semoxazuli wrewiris centria, 0,5 qula _ am wrewiris radiusis povnis-

Tvis; kidev 0,5 qula _ piramidis simaRlis povnisTvis da 0,5 qula moculobis 

gamoTvlisTvis.

5  naxazis ageba da saZiebeli monakveTis miniSneba Sefasdes 0,5 quliT. kidev 

0,5 quliT Sefasdes BE simaRlis povna; daemateba kidev 1 qula, Tu SeniSnulia 

rom BME marTkuTxa samkuTxedia da gamoTvlilia ME daxrilis sigrZe.

am Semajamebeli weris Sedegebis ganxilviT SeiZleba mniSvnelovani daskvnebi 

gakeTdes ganxiluli samizne cnebebis: geometriuli obieqtebisa da maTi zome-

bis Sesaxeb moswavleTa codnis donis Sesaxeb. es Tema sayuradReboa moswavleTa 

zogadsaganmanaTleblo kuTxiTac _ moswavlis sivrculi warmodgenebis ganvi-

Tarebisa da obieqtTa gamosaxvis mxriv. es viTareba amaRlebs am ganmsazRvreli 

Sefasebis Semdgom Casatarebeli ganmaviTarebeli Sefasebis mniSvnelobas. inter-

aqtiuli formiT, moswavleTa SemoqmedebiTi CarTulobiT, ganxilvis sxvadasxva 

formis gamoyenebiT SeiZleba arsebiTi winsvla aRmoCenili xarvezebis gamoswo-

rebis, geometriul obieqtTa ukeT aRqmisa da gamosaxvis unarebis ganviTarebis 

mimarTulebiT.

1  amocanis ganxilvisas meti yuradReba miaqcieT amocanis pirobis mixed-

viT naxazis Sedgenis unaris ganviTarebas, klasma imsjelos kveTis cnebaze, mis 

formaze da misi farTobis dadgenis sxvadasxva gzaze, samkuTxedebis msgavse-

baze, saTanado formulebis gamoyenebaze. waaxaliseT moswavleTa iniciativebi.
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2  amocanis ganxilvisas klasma gaixsenos samkuTxedze Semoxazuli wrewiris 

cneba; imsjelos sxvadasxva saxis samkuTxedis SemTxvevaSi Semoxazuli wrewiris 

centris mdebareobaze; gaixsenos piTagoras Teorema da misi Sebrunebuli Teo-

rema. swored am Sebrunebuli Teoremis safuZvelze davaskvniT, rom samkuTxe-

di marTkuTxaa da masze Semoxazuli wrewiris centri hipotenuzis Sua wertils 

warmoadgens. es arsebiTad amartivebs ganxilvas. Tumca, araa gamoricxuli, rom 

zogierTma moswavlem SemogvTavazos amoxsna am gamokvlevis gareSe, formal-

urad: ipovos (saTanado formuliT) Semoxazuli wrewiris radiusi da ase daas-

rulos amoxsna. kargi iqneba, Tu am SemTxvevaSi xazs gavusvamdiT, rom aseTi mid-

goma srulfasovan warmodgenas ar Segviqmnida realur suraTze.

3  amocanis sajaro ganxilvisas moismineT moswavleTa mosazrebebi monakve-

Tis garkveuli proporciiT dayofis, amocanis amoxsnis sxvadasxva gzis, heronis 

formulis gamoyenebis Sesaxeb. izruneT agreTve, rom moswavleebma naxazis Sed-

genis kulturazec gaamaxvilon yuradReba.

4  amocanis ganxilvamde kidev erTxel miubrundiT wrfesa da sibrtyes So-

ris kuTxis, or sibrtyes Soris kuTxisa da orwaxnaga kuTxis cnebaTa gansazRv-

rebebs; moiyvaneT sailustracio naxazebi; imsjeleT am amocanaSi piramidis si-

maRlis fuZis mdebareobis, samkuTxedze Semoxazuli wrewiris radiusis, kerZod, 

tolgverda samkuTxedze Semoxazuli wrewiris radiusis Sesaxeb.

5  amocanis ukeT gaazrebis mizniT, naxazis Sedgenisas imsjeleT piramidis 

gamosaxulebis orientaciis Sesaxeb _ ganixileT sxvadasxva varianti. rogor 

movZebnoT sivrceSi wertilidan wrfemde manZili? ra daxmarebas giwevT Teore-

ma sami marTobis Sesaxeb?

ecadeT, rom Tqven mxolod warmarToT ganxilva, romlis ZiriTadi monawi-

leebi moswavleebi unda iyvnen; ecadeT agreTve, rom maT mier mowodebuli mo-

sazrebebis, versiebis irgvliv polemikasac SeuwyoT xeli. aseTi midgoma sas-

wavlo procesisadmi uTuod waadgeba moswavleTa codnis gaRrmavebas, samizne 

cnebaTa arsis ukeT gaazrebas, gamoyenebiTi aspeqtebis ukeT warmoCenas.

gTavazobT rekomendacias mexuTe Tavis Semajamebeli werisa da ganmaviTa-

rebeli Sefasebis mixedviT moswavleTa akademiuri doneebis dadgenis Sesaxeb 

(solo taqsonomiis doneebis mixedviT). 

1. prestruqturuli done. moswavles aqvs aramkafio sivrculi warmodgene-

bi, verc samizne cnebebis Sesaxeb axerxebs msjelobas. Sesabamisad, ver axerxebs 

naxazis agebas. ver erTveba saTanado sakiTxebis Sesaxeb gamarTul msjelobaSi. 

2. unistruqturuli done. moswavle icnobs zogierTi tipis sivrcul obi-

eqtebs da SeuZlia saTanado naxazis ageba, msjeloba misi elementebis Sesaxeb 

Sesabamisi terminologiis gamoyenebiT. Tavad ver axerxebs amocanis bolomde 

gadaWras, Tumca erTveba xolme klasSi gamarTul msjelobaSi da axdens miTiTe-

baTa realizebas, adgens obieqtTa zomebs.
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3. multistruqturuli done. moswavle damoukideblad ganixilavs ara-

rTul-standartul stereometriul amocanebs, agebs saTanado naxazs, msjelobs 

misi amoxsnis Sesaxeb. zogjer sWirdeba daxmareba amocanebSi figuraTa kveTebis 

gaazrebisas, orwaxnaga kuTxis xazovani kuTxis agebisas. igi kargad aRwers Tavis 

naSroms, gamoyenebul debulebebs, zomaTa povnis procedurebs.

4. mimarTebiTi done. moswavles mkafio warmodgenebi aqvs yvela samizne 

cnebasa da mkvidr warmodgenaze. teqsturi amocanis mixedviT agebs adekvatur 

naxazs. amoxsnis mimdinareobas warmoadgens struqturirebulad, kargad iyenebs 

Teorias, SeuZlia naSromis wardgena mkafio formiT, xazs usvams zogierT ana-

logias, akeTebs miRebuli Sedegebis analizs, aqtiuria da sajaro ganxilvisas 

gamoirCeva konstruqciuli SeTavazebebiT.

5. gafarToebuli abstraqtuli done. moswavles SeuZlia dasmuli amo-

canebis Rrma analizi da amis kvalobaze saukeTeso kuTxiT orientirebuli na-

xazis ageba, misi Sevseba aucilebeli damatebiTi agebebiT; is aRwers Tavis moq-

medebebs mkafiod da damajereblad; mas SeuZlia dasmul amocanaTa ganzogadeba 

da maTi gadaWris gzebis dasaxva, hipoTezebis wamoyeneba; is kritikulad aana-

lizebs sxvaTa mosazrebebs da pasuxobs sakuTari damajerebeli argumentebiT; 

sajaro ganxilvebSi misi wvlili arsebiTia.
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statistika da albaToba

Temebi: monacemebi; Segroveba, klasifikacia, analizi; kombinatorika; xdomilo-

baTa sivrce, albaToba.

saaTebis savaraudo raodenoba: 24 sT.

samizne cnebebi 

da maTTan dakav-

Sirebuli mkvidri 

warmodgenebi

sakiTxebi
sakvanZo  

SekiTxvebi

kompleqsuri  

davaleba

monacemebi, ana li zi; 

xlomiloba, alba-

Toba. monacemebis 

Segroveba, klasi-

fikacia da analizi 

gvexmareba kvlevis 

CatarebaSi; realur 

movlenaze dak-

virvebis Sedegad, 

SeiZleba SevafasoT 

albaToba _ es dag-

vexmareba albaTo-

bis gamoTvlaSi.

monacemebis Segrove-

ba, analizi, wardgena; 

Semajamebeli ricxviTi 

maxasiaTeblebi; kombi-

natorikis elementebi 

da maTi gamoyeneba 

albaTobis gamosaT-

vlelad; operaciebi 

xdomilobebze.

rogor xdeba 

procesebis 

Sedegebis 

prognozireba 

albaTobis gam-

oyenebiT?

albaTobis praq-

tikuli gamoye-

nebebi.

Sefasebis indikatorebi: moswavlem unda SeZlos sakvlevi Temis gansazRvra, kv-

levis dagegmva, monacemebis Segroveba, damuSaveba, warmodgena (maT. saS. 6). cdebi-

sa da eqsperimentis CatarebiT xdomilobis statistikuri da Teoriuli albaTo-

bis Sefaseba (maT. saS. 7).
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7.1. monacemTa Segroveba

monacemTa analizi da statistika, romelic albaTobasTan erTad calke mimar-

Tulebad aris Camoyalibebuli, saSualo skolis yvela safexuris programebSi 

Sedis. maswavleblebs SevaxsenebT, rom Tavdapirvelad termini „statistika“ 

marTvis mecnierebasa da xelovnebas aRniSnavda. saxelmwifos marTva moiTxovda 

mosaxleobis, mrewvelobisa da soflis meurneobis Sesaxeb monacemebis Segrove-

bas. monacemebis Segrovebas ki azri ar aqvs, Tu mas sargebloba ar moaqvs. amitom 

statistikis sagani monacemebis Segrovebis garda maTi dajgufeba da damuSaveba, 

damuSavebis Semdeg ki sasargeblo rekomendaciebis SemuSaveba xdeba. monaceme-

bi ki, ara marto adamianTa sazogadoebas unda exebodes, aramed yvelafers, rac 

dakvirvebis sagani SeiZleba iyos.

monacemebis Segrovebis saSualebebis gacnobas eZRvneba VI Tavis pirveli 

paragrafi. vecnobiT informaciis Segrovebisas monacemTa mopovebis Sesabamisi 

xerxebis SerCevisa da gamoyenebis magaliTebs. vecnobiT statistikuri monace-

mebis Segrovebis xerxebs _ dakvirvebas, aRricxvas, anketirebas, eqsperiments. 

ganvixilavT am xerxebis gamoyenebis konkretul magaliTebs. analogiuri sakiTx-

ebi wina wlebSic Seiswavleboda; Segrovebis zogierT xerxs moswavle ukve ic-

nobs. mecadineobebi, sasurvelia, interaqtiuli formiT, moswavleTa aqtiuri 

monawileobiT warimarTos.

1  mas Semdeg, rac sazRvargareT moTamaSe qarTveli fexburTelebi 

warmatebiT monawileoben evropis cnobil CempionatebSi, CvenSi fexburTisad-

mi interesi kidev ufro gaizarda. mamakacebic da qalebic interesiT adevneben 

Tvals maT gamosvlebs. SeiZleba Segrovdes monacemebi, magaliTad, Cveni fex-

burTelebis sastarto SemadgenlobaSi moxvedraTa raodenobis, karSi burTebis 

mogeriebis, an sagole gadacemebisa da golebis raodenobebis Sesaxeb. am monace-

mebis Segroveba SeiZleba internetis qarTul sportul saitebze.

2  SeiZleba moviZioT informacia naxSirbadis radioaqtiuri izotopis  

(C–14) Sesaxeb (fizikuri meTodi biologiuri narCenebis, sagnebisa, an biologi-

uri masalis warmoSobis TariRis dasadgenad).

3  magaliTad, qanqaris moZraobis gantolebis aRmoCenamde tardeboda cde-

bi da grovdeboda Sesabamisi monacemebi. SeiZleba sxva magaliTebis moyvanac 

fizikidan.

4  moniSneT sibrtyeze ori wertili, mag-

aliTad, A da B. SearCieT iseTi R ricxvi, rom Ses-

ruldes piroba: 2R+2>AB da gavavloT R+2 da R 

radiusiani wrewirebi, romelTa centrebi, Sesabam-

isad, A da B wertilebia. am wrewirebis gadakveTis 

A B

C
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C wertils aqvs Tviseba: AC–BC=2. R-is cvliT, miviRebT sxvadasxva wertils. C 

wertilis analogiurad, am wertilebidan A-mde da B-mde manZilebis sxvaoba 2-is 

tolia. am wertilebis ganlagebaze dakvirveba migviyvans hipoTezamde _ es wer-

tilebi hiperbolas ekuTvnis (hoperbolis forma moswavleebisTvis cnobilia). 

SesaZloa Sedegi arasruli iyos _ moswavlem SeiZleba mxolod erTi Stos ar-

seboba ivaraudos. SesaZloa moswavleebma davalebis Sesrulebisas isargeblon 

kompiuteruli programebiT (Desmos, Geogebra, ...).

5   wina amocanis analogiurad, viRebT or 

wertils, magaliTad, A-sa da B-s, amasTanave, 

vTqvaT, AB<5. SevarCioT raime R ricxvi da Semov-

xazoT ori wrewiri, romelTa radiusebia R da 5–R, 

centrebi _ B da A.

R-is cvliT, miiReba sxvadasxva wertili (C-s 

analogiuri). aseTi Ziebis dros SeiZleba zogi-

erTma SeniSnos, rom R-is cvlilebisas, yovelTvis, C-dan A da B wertilebamde 

manZilebis jami ucvlelia _ 5-is tolia. meti TvalsaCinoebisTvis SeiZleba 

furcelze daamagron garkveuli sigrZis Zafis boloebi. es Zafi gaWimon fanqris 

wveriT da amoZraon fanqari ise, rom Zafi daWimuli darCes. furcelze isini 

miiReben sasurvel wirs _ saxelad elifss.

maswavleblebi icnoben am wiris Seswavlis koordinatul meTods; es sakiTxi 

SeiZleba maRali mzaobis moswavleebTan damatebiTi msjelobis saganic gaxdes. 

savaraudod, moswavleebi aqac gamoiyeneben kompiuterul programebs.

4   da 5   amocanebi klasSi unda amoixsnas; moswavleebs unda SevaxsenoT 

wrewiris gansazRvreba (Cveni kiTxvis pasuxad, moswavleebi ixseneben, rom wre-

wiri aris sibrtyis im wertilTa geometriuli adgili, romlebic toli manZil-

iT aris daSorebuli amave sibrtyis mocemuli wertilidan). orive SemTxveva-

Si, asagebi wertilebi SeiZleba iyos ori wrewiris saerTo wertili. radgan 4   

amocanaSi saubaria, rom mocemuli wertilebidan erT-erT wertilamde manZili 

2 sm-iT metia meore wertilamde manZilze; maSasadame, es wertili im ori wre-

wiris saerTo wertilia, romlebidanac, erT-erTis radiusi 2-iT metia meoris 

radiusze. 5   amocanaSi radiusebis jami unda iyos 5, Tu erT-erTi wrewiris 

radiusia R, meoris unda iyos 5–R.

es amocanebi, miTiTebebis Semdeg, moswavleebma SeiZleba damoukideblad 

amoxsnan. zogierTma maswavlebelma SeiZleba gaiTvaliswinos klasis momzadebis 

maRali done da imave amocanebSi, koordinatTa meTodis gamoyenebiT, sTxovos 

moswavleebs, mxolod erTi _ C wertilis koordinatebis mixedviT, ipo von 

Sesabamisi gantoleba da, gantolebis gamoyenebiT, imsjelon wiris formaze, 

varaudebi ki Seamowmon kompiuteruli programebis saSualebiT. amocanebSi ki 

ganxilulia dakvirvebisa da cdis Catarebis meTodi, romlis saSualebiTac ga-

A B

C
5–R R
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moiTqmeba varaudi da pirveli warmodgenebi (20 an 30 wertilis mixedviT, an ze-

moT aRwerili eqsperimentis mixedviT) wiris formis Sesaxeb.

6   unda SevadaroT Zelakebis masebi _ toli moculobebis SemTxvevaSi, 

vercxlis Zelaki ufro mZimea.

1  SeiZleba magaliTad, Semdegi kiTxvebis gamoyeneba: 

 1) ramdeni wevria Tqvens ojaxSi? 

 2) ramdeni laria ojaxis yovelTviuri Semosavali?

 3) ojaxis ramden wevrs aqvs mudmivi samuSao?

4  SeiZleba aseTi kiTxvaris Sedgena: 

 1) ramdenad axerxebs moswavleTa CarTvas swavlis procesSi (0-5 qula)? 

 2) ramdenad obieqturia moswavleTa Sefasebisas (0-5 qula)?

 3) ramdenad yuradRebiania davalebebis Semowmebisas (0-5)?

 4) ramdenad zomieria saSinao davalebaTa moculoba (0-5)?

5  mizanSewonilia dakvirvebebisa da aRricxvis gamoyeneba.

6  damokidebuleba ar aris wrfivi.

proeqtze muSaoba SeiZleba sxvadasxva formiT Catardes. magaliTad, SeiZle-

ba moswavleTa jgufebad dayofa, jgufebSi samuSaos ganawileba da namuSevris 

prezentaciaSi monawileoba moswavleebma Tavad gadawyviton. SeiZleba Temebis 

calke individualuri damuSavebac. 2  amocanaSi miTiTebuli davalebis Ses-

ruleba SeiZleba gamoadges maswavlebels Semajamebeli weris variantebis Sed-

genisas.

7.2 monacemTa klasifikacia. organizeba. 
dagrovili sixSire da rangi

saSinao davalebis Semowmebisa da monacemTa Segrovebis xerxebis ganxilvis 

Semdeg, bunebrivia, daisvas kiTxvebi: 

_ ra mizniT vagrovebT monacemebs?

_ ra xerxebi gamoviyenoT miRebuli monacemebis dasamuSaveblad?

ganvixilavT ramdenime cxovrebiseul magaliTs, romelSic mniSvnelovania 

monacemebis analizi; es analizi ki am monacemebis TvalsaCinod da aRsaqmelad 

mosaxerxebeli formiT warmodgeniT xerxdeba. vecnobiT monacemTa erToblio-

bisa da calkeul monacemTa ramdenime maxasiaTebels _ dagrovil sixSires, 
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dagrovil fardobiT sixSires, rangs. es axali cnebebi ZiriTadi samizne cnebis 

(monacemebi) mniSvnelovani qvecnebebia da maTi gaazreba praqtikuli maga-

liTebis ganxilviT mimdinareobs. monacemebis dajgufeba _ klasebad dayofa, 

Sesabamisi svetovani diagramebis _ histogramebis ageba aadvilebs Sedegebis 

Sefasebas. mniSvnelovania dagrovili sixSiris cnebis Semotana; am cnebis gan-

xilvac praqtikuli magaliTis ganxilviT mimdinareobs _ aRiricxeba monacemTa 

erTobliobaSi im monacemebis raodenoba (sixSire), romlebic mocemul ricxvs 

(sixSires an fardobiT sixSires) ar aRemateba.

moswavleebi advilad gaiazreben sixSireTa cxrilidan dagrovil sixSireTa 

cxrilze gadasvlas da Sesabamis diagramas. sixSiris, fardobiTi sixSirisa da 

dagrovili sixSiris cnebebis ganxilva praqtikuli amocanis gamoyenebiT, aad-

vilebs maTi Sinaarsis gaazrebas (gaiTvaliswineT, rom zogierTi sacnobaro wya-

ro dagrovil sixSireebs `kumulaciur sixSireebad~ moixseniebs). codnis ganmt-

kiceba amocanebis amoxsnis saSualebiT mimdinareobs.

2  magaliTad, Tu aqciaTa ricxvi aris 2, sixSirea 20; Tu aris 5, maSin six-

Sirea 12. aqcionerebis raodenoba, romelTa aqciebis raodenoba 5-s ar aRemate-

ba, aris 20+12. maSasadame, dagrovili sixSirea 20+12=32, dagrovili fardobiTi 

sixSire _ 32
45  (sixSireTa jamia 45). ase Sevsebuli cxrili saxelmZRvanelos pasu-

xebSia warmodgenili.

4  jer SevadginoT sixSireTa cxrili, romelic SeiZleba ase warmovadginoT:

monacemi [40; 45) [45; 50) [50; 55) [55; 60) [60; 65) [65; 70]

sixSire 2 5 12 11 8 2
Semdeg advilad aigeba Sesabamisi histograma.

2  monacemebi unda davalagoT zrdis mixedviT: 6,5; 6,5; 6,5; 7; 7; 7; 7; 7; 7,5; 

8; 8; 8; 8; 8; 8,5;

7,5-is rangia 9, is me-9 monacemia. 

qarTveli fexburTelis Sefaseba saukeTesoa, misi rangia 15. 7 qula miiRo 

xuTma sportsmenma, unda gamovTvaloT maTi rigiTi nomrebis (`rangebis~) saSu-

alo:  4+5+6+7+8
5 =6.
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7.3 monacemTa warmodgenis xerxebi

paragrafi eZRvneba monacemTa warmodgenis sxvadasxva xerxis Seswavlas. 

monacemTa warmodgenas siiT, sixSireTa cxrilebiT, histogramiT, moswavleebi 

ukve icnoben. aRniSnuli winare codnis safuZvelze, warmodgenilia sixSireTa 

ganawilebis wertilovani diagrama, foTlebiani Reros msgavsi diagrama, poli-

goni da ogiva. yvela es cneba cxovrebiseuli magaliTebis ganxilvis daxmarebiT 

warmoidgineba. ojaxebSi bavSvebis raodenobebis mixedviT ganawilebis sixSireTa 

cxrilis wertilovani diagramiT gamosaxva axali diagramebis pirveli magali-

Tia. mas bunebrivad mosdevs poligonis ageba da Sesabamisi diagramis warmodge-

na. magaliTis ganxilva moswavleTa aqtiuri CarTulobiT unda mimdinareobdes. 

moswavleebi Tavad gamoTqvamen mosazrebas, rom histogramebTan erTad poli-

gonebic xelsayrelia erTobliobebis Sedarebisas. poligoni TvalsaCinod war-

mogvidgens ojaxebis raodenobaTa dinamikas bavSvTa raodenobis cvlilebisas.

dagrovil sixSireTa diagramas moswavleebi icnoben. am diagramis gamoy-

enebiT, Semodis ogiva _ dagrovil sixSireTa ganawilebis wiri. sixSireTa ganaw-

ilebis grafikuli gamosaxvis kargi saSualebaa e. w. foTlebiani Reros msgavsi 

diagrama. am diagramis ageba TvalsaCino magaliTis ganxilviT mimdinareobs. mos-

wavleebs moeTxovebaT ricxvebis Caweris wesis gamoyeneba, Tanrigebis miTiTeba 

da gamoyofa.

amocanebSic praqtikuli magaliTebia ganxiluli. maTi amoxsniT moswavleebi 

ganimtkiceben codnas monacemTa warmodgenis axali xerxebis Sesaxeb.

miTiTebebi zogierTi amocanis amosaxsnelad:

2  mdgradi ganviTarebis principebis Sesabamisad, mniSvnelovania mwvane nar-

gavebis mniSvnelobaze saubari; yvela saxls unda hqondes nargavebis garkveuli 

raodenoba. amocanis a) pirobis Tanaxmad, nargavebis raodenobebi aRricxulia 31 

saxlTan: 1+0+3+6+8+7+5+0+1=31; 

b) 9 nargavia 7 saxlTan;

g) nargavebis raodenobas ase davTvliT:

 1⋅4+3⋅6+6⋅7+8⋅8+7⋅9+5⋅10+1⋅12=253. 

4 nargavi mainc (nargavebis raodenoba 3-ze metia) aris 31 saxlis win, 6-ze 

naklebi nargavi _ 1 saxlis win. sixSireTa cxrilis Sedgena ar aris Zneli.

3  a) diagramis mixedviT 8 studentma imecadina mxolod 4 dRis ganmav-

lobaSi.

b)  am kiTxvaze pasuxis gasacemad, vipoviT jams:̂

 11+9+3+1=24.

g)  aRricxulia 52 studentis mecadineobebis dReebi.
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6  diagramis mixedviT, warmodgenilia 12 monacemi; umciresia 43; udidesi _ 

89. 65-ze meti aris xuTi monacemi: 71, 78, 82, 86 da 89.

3  sixSireTa cxrili ase Caiwereba:

xelfasi kompaniaTa raodenoba

250 1

260 7

270 4

280 3

290 2

300 3

310 3

320 2

yvelaze didi sixSiriT warmodgenilia 260-lariani xelfasi.

4  a) aq, magaliTad, 6|0 niSnavs: 6,0-s, 7|5 _ 7,5-s.

Rero foTlebi

5

6

7

8

5

0 0 5 5

0 0 5 5 5

0

b)  7 an 7-ze meti qula miiRo 6-ma moTamaSem.

g)  SeiZleba gamoviyenoT ariTmetikuli saSualo:

 (5,5+6⋅2+6,5⋅2+7⋅2+7,5⋅3+8):11=75:11 ≈ 6,8.

5  pirveli intervalis Sua wertils ase vipoviT 
3,45+3,55

2  =3,5; analogi-

urad, SevZlebT sxva Sua wertilebis povnas. moswavleebi icnoben dagrovili 

sixSireebis povnis wess. cxrili da diagramebi warmodgenilia saxelmZRvanelos 

pasuxebSi.
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7.4 Semajamebeli ricxviTi maxasiaTeblebi

winare codnis gaaqtiureba magaliTebis ganxilviT mimdinareobs. moswavlee-

bi ixseneben ricxviT monacemTa maxasiaTeblebs _ saSualos, modas, diapazons. 

isini axasiaTeben monacemTa ganlagebasa da gafantulobas, rac aadvilebs mo-

nacemTa ori erTobliobis Sedarebas. 

winare codnidan gadavdivarT axali codnis agebaze _ Semogvaqvs mona cemTa 

saSualodan gadaxris sazomi sidide _ standartuli gadaxra. es cnebac, mniS-

vnelovani qvecneba (ZiriTadi samizne cnebaa `monacemebi~), praqtikuli magali-

Tis ganxilviT Semodis; es aadvilebs misi Sinaarsis gaazrebas. am sididis gamoT-

vlisas yvela monacems viyenebT; mas saSualodan saSualo kvadratuli gadaxrac 

ewodeba. warmodgenilia misi gamoTvlis algoriTmi; am algoriTmis gaTvalis-

winebiT vpoulobT monacemTa ori sxvadasxva erTobliobis standartul gadax-

rebs, romeli monacemebi ufro `mWidrodaa~ ganlagebuli saSualos mimarT? 

romeli monacemebi ufro metad (naklebad) aris gadaxrili saSualodan? stand-

artuli gadaxra zomavs `gafantulobas~ saSualos mimarT.

miTiTebebi zogierTi amocanis amosaxsnelad:

4  am amocanaSi moiTxoveba standartuli gadaxris povnac.

moswavleebs ar gauWirdebaT Sesabamisi cxrilis Sedgena, ariTmetikuli sa-

Sualos (aRvniSnavT m-iT) da standartuli gadaxris gamoTvla;

  m= 25
10

 =2,5.
saSualo kvadratuli gadaxra ase gamoiTvleba:

 (1–2,5)2+(3–2,5)2+(–4–2,5)2+(2–2,5)2⋅2+(9–2,5)2+(0–2,5)2+(4–2,5)2+(–2–2,5)2+(10–2,5)2

10 =

=  172,25
10 ≈	4,15.

7  diagramis mixedviT, moda aris 35, is orjer dasaxelda.

zrdis mixedviT dalagebis Semdeg, aRmovaCenT, rom TerTmet monacemSi me-

eqvsea 35 _ es ricxvi medianaa; saSualo, miaxloebiT, 32,8-ia, diapazoni aris:  

48–14=34.

5  yvelaze xSirad, 26-jer, gvxvdeba 2, es ricxvi modaa.

sul 100 monacemia. zrdis mixedviT dalagebisas, 50-e iqneba 3, 51-e _ 3. ami-

tom mediana aris 3.

6  a) saSualo _ 227
5  =45,4;

standartuli gadaxra _  11,42+0,62+5,42+11,62+4,62

5 =  315,2
5  = 63,04  ≈	 7,9.

meore erTobliobis saSualoa 75,4; standartuli gadaxra, miaxloebiT, 62,7-

ia. erTi ricxvis cvlilebam ufro metad standartul gadaxraze imoqmeda (me-

diana ucvleli darCa).
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7.5 kombinatorika. kombinatorikis ori ZiriTadi wesi

am paragrafSi warmodgenili masaliT moswavleebi kidev erTxel gaiazreben 

Teoriul-simravluri koncefciis gamoyenebis mniSvnelobas, samizne cnebis _ 

`simravlis~ _ mniSvnelobas maTematikuri msjelobebis Catarebisa da daskvnebis 

gamotanisas. Sesabamisi Sefasebis indikatorebi saSualo skolis maTematikis 

standartSi asea Camoyalibebuli: `simravleTa Teoriis gamoyenebiT, logikuri 

msjelobiTa da dasabuTebiT, amocanis formulireba an/da problemis gadawyve-

ta (maT. saS. 8). maTematikis mniSvnelovani nawilis ganxilva, romlis saxelia 

kombinatorika, simravleTa Teoriis gamoyenebiT mimdinareobs. kombinatorikis 

pirveli wesic sasruli aragadamkveTi simravleebis gaerTianebaSi elementebis 

raodenobis gansazRvras ukavSirdeba. winare codnis gaaqtiurebac simravle-

Ta Teoriis elementebis Sesaxeb codnis gameorebaa. simravleebze moqmedebe-

bi, venis diagramebis gamoyeneba am moqmedebaTa aRsawerad, sasrul simravleTa 

gaerTianebaSi elementebis raodenobis formulis gaxseneba win uZRvis kombina-

torikis ZiriTadi wesebis Camoyalibebas.

kombinatorika SeiZleba ganvixiloT, rogorc simravleTa Teoriis nawili _ 

yoveli kombinatoruli amocana SeiZleba gadmovceT simravleebisa da maTi asax-

vebis enaze.

jamis wesis Seswavla SeiZleba daviwyoT martivi magaliTebis ganxilviT. 

magaliTad, vTqvaT, A simravle Seicavs m elements, B simravle _ n elements. 

ramdeni elementia A∪B simravleSi? am amocanas, im SemTxvevaSi, roca A∩B=∅, 

advilad vupasuxebT. am SemTxvevaSi, A∪B simravleSi m+n elementia. vTxovoT 

moswavleebs, moifiqron magaliTebi.

Tu A∩B=∅, A Seicavs m elements, B Seicavs n elements, maSin A∪B Seicavs 

m+n elements _ am debulebas kombinatorikaSi ewodeba jamis wesi. sasurvelia, 

es wesi sxva sityvebiTac CamovayaliboT: Tu α SeiZleba SeirCes m wesiT, β _ n 

wesiT, amasTanave, α-s SerCevis yoveli wesi gansxvavebulia β-s yoveli SerCevis-

gan, maSin `an α-s an β-s~ SerCeva SeiZleba (m+n) wesiT.

aqve SeiZleba moswavleebs martivi magaliTi SevTavazoT: TefSze 7 vaSli da 

6 msxalia. am TefSidan erTi cali nayofis SerCevis 7+6=13 SesaZlo varianti ar-

sebobs.

aqve ufro rTul SemTxvevasac ganvixilavT _ A∩B ar aris carieli simrav-

le; am SemTxvevasac icnoben moswavleebi. aqac SeiZleba martivi magaliTis moy-

vana _ vTqvaT gvaqvs 1-dan 10-mde kenti ricxvebis A simravle, A={1; 3; 5; 7; 9} da 

martivi ricxvebis B simravle, B={2; 3; 5; 7}. maSin A∪B={1; 2; 3; 5; 7; 9} Sedgeba 

ara 5+4=9 elementisgan, aramed 6 elementisgan. mivmarTavT moswavleebs:

_ axseniT es faqti.

_ es aixsneba imiT, rom 3, 5 da 7 ekuTvnis A simravlesac da B simravlesac, 

xolo A∪B simravleSi isini TiTojeraa warmodgenili. amitom (5+4) jams unda 

gamovakloT saerTo elementTa raodenoba _ 3.
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nebismieri A da B simravleebisTvis

n(A∪B)=n(A)+n(B)–n(A∩B). 
nebismieri sasruli A-sTvis, n(A) aRniSnavs A-s elementebis raodenobas. SeiZ-

leba es ricxvi asec aRvniSnoT: |A|, maSin 

|A∪B|=|A|+|B|–|A∩B|.
im skolebSi, romlebSic maTematikisTvis meti droa gamoyofili da maTe-

matika gaZlierebuli programiT iswavleba, SeiZleba visaubroT im SemTxvevaze, 

roca simravleebis raodenoba 2-ze metia; am SemTxvevaSi, 

n(A1∪A2∪A3∪ ... ∪An)=n(A1)+n(A2)+ ... +n(An)
formula WeSmaritia mxolod im SemTxvevaSi, roca dasaxelebuli simravlee-

bidan yoveli ori simravle araTanamkveTia. formula maTematikuri induqciis 

meTodiT advilad mtkicdeba.

sazogadod, gvaqvs:

n(A1∪A2∪...∪An)=n(A1)+n(A2)+...+n(An)–n(A1∩A2)–n(A1∩A3)– ... –n(An–1∩An)+
+n(A1∩A2∩A3)+n(A1∩A2∩A4)+...+n(An–2∩An–1∩An)+...+(–1)n–1n(A1∩A2∩A3...∩An).

miTiTebebi zogierTi amocanis amosaxsnelad:

4  Sesvlis SesaZlebloba 4-ia, gamosvlisac 4. amitom Sesvla-gamosvlis Ser-

Cevis 16 SesaZlebloba arsebobs.

5  SevniSnoT,  rom erT-erT langarze dadebuli vaSlebis raodenobiT 

savsebiT ganisazRvreba meore langarze moTavsebuli vaSlebis raodenoba. gan-

vixiloT erT langarze vaSlebis moTavsebis SesaZleblobebi.

arc erTi vaSli _ 1 SesaZlebloba;

1 vaSli _ 3 SesaZlebloba;

2 vaSli _ 3;

3 vaSli _ 1.

sul _ 8 SesaZlebloba.

SeiZleba daviTvaloT asec: yovel vaSls aqvs langrebze ganTavsebis 2 SesaZ-

lebloba, 3 vaSlis SemTxvevaSi, gamravlebis wesiT, miviRebT, rom sul 2⋅2⋅2=8 

SesaZlebloba arsebobs.

6  mniSvneloba eqneba akrefili cifrebis Tanamimdevrobasac (ganvixilavT 

dalagebul wyvilebs), magaliTad, 12 da 21 wyvili sxvadasxvaa, pirveli cifrisT-

vis gvaqvs 10 SesaZlebloba, meoresTvisac _ 10, sul _ 10⋅10=100. amrigad, kodu-

ri zarebis raodenoba sakmarisia.

7  3⋅5⋅2=30.
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8  es amocana asec Camoyalibdeba: 9 vagonidan SevarCioT 4 (viTvaliswinebT 

Tanamimdevrobasac); SesaZlo raodenobaa: 9⋅8⋅7⋅6=3024, marTlac, I mgzavrs aqvs 

vagonis arCevis 9 SesaZlebloba, mas Semdeg meores rCeba arCevis 8 SesaZlebloba, 

mesames _ 7, meoTxes ki mxolod 6 SesaZlebloba. aq gamravlebis wess viyenebT.

9  virCevT 1 centrs 2-dan _ 2 SesaZleblobaa. virCevT 2 mcvels 4-dan. erTi 

mcvelis SerCevaTa ricxvi aris 4; meore mcvelis SerCevaTa ricxvi iqneba 3, sul 

4⋅3 wyvili gveqneba, magram maTi naxevari iqneba sxvadasxva wyvili. e. i. 4⋅3
2  =6. 

marTlac, mcvelTa (a, b) da (b, a) wyvilebi xom erT wyvils warmoadgens. aq, faq-

tobrivad, gvaqvs C4
2 wyvili. am ricxvsac gaimeoreben moswavleebi. 

SeiZleba asec vimsjeloT: 4 mcvelidan TiToeulis mewyvile SeiZleba iyos 

3 mcveli, danarCeni 3-dan TiToeulis mewyvile _ 2 mcveli, danarCeni 2-dan Ti-

Toeulis _ 1. sul: 3+2+1=6.

5 Tavdamsxmelidan 2-is SerCevaTa raodenobaa 5⋅4
2  =10.

amrigad, gundis _ xuTeulis SerCevis 2⋅6⋅10=120 SesaZlebloba arsebobs.

10  TiToeul nergs virCevT, an ar virCevT, TiToeuli nergisTvis gvaqvs ori 

SesaZlebloba, sul 28 SesaZlebloba. magram aq CaTvlilia is SemTxvevac, roca 

arcerTi nergi ar aris SerCeuli. amrigad, pasuxia 28–1=255.

11  ori droSis SerCevisTvis gvaqvs 12 SesaZlebloba (4⋅3=12), samisTvis _ 24 
(4⋅3⋅2=24), oTxisTvis _ 24 (4⋅3⋅2⋅1=24); axla viyenebT Sekrebis wess: 12+24+24=60.

12 - 13  amocanebSi viyenebT gamravlebis wess. 9-elementiani simravlis yove-

li qvesimravle SeiZleba Caiweros, magaliTad, ase:

(0; 1; 0; 0; 1; 1; 1; 1; 0).

anu, am qvesimravleSi ar Sedis pirveli elementi, Sedis meore elementi, ar 

Sedis me-3 da me-4 elementebi, da a. S. imdeni qvesimravle gveqneba, ramdeni ase-

Ti Canaweric SeiZleba Sedges. aq, gamravlebis wesis Tanaxmad, aseTi Canawerebis 

raodenobaa 29 (yovel adgilze cifris Caweris 2 SesaZleblobaa, sul adgilebis 

raodenobaa 9).

analogiuri msjelobiT miviRebT: n-elementiani simravlis qvesimravleTa 

raodenoba aris 2n.

14  x-is SerCevaTa raodenobaa 5, y-is _ 3; sul gvaqvs 5⋅3=15 SesaZlebloba.

7   viyenebT gamravlebis wess: 

  5⋅6⋅3⋅2=180.

8  SeiZleba Sedges 6⋅6⋅6⋅6⋅6=65=7776 xuTniSna ricxvi _ gamoviyenoT gamrav-

lebis wesi. gansxvavebuli cifrebiT Cawerili iqneba: 6⋅5⋅4⋅3⋅2=720 ricxvi.

Sedgenil ricxvebSi iqneba 6⋅6⋅6⋅6⋅4=5184 luwi ricxvi; CamoTvlili cifre-

bidan `luwi cifrebis~ raodenoba aris 4 _ bolo cifri SeiZleba iyos 2, 4, 6 

an 8.
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9  eqvsi misamarTidan virCevT sams (viTvaliswinebT Tanamimdevrobasac). 

SesaZleblobebis raodenobaa 6⋅5⋅4=120.

10  28 merxidan unda SeirCevs 8 merxi. SesaZleblobaTa raodenoba aris: 

28⋅27⋅26⋅25⋅24⋅23⋅22⋅21.

11  dawyobis SesaZleblobaTa raodenoba aris: 8⋅7⋅6⋅5⋅4⋅3⋅2⋅1=40 320.

maTgan, erT SemTxvevaSi wignebi nomrebis zrdis mixedviT dalagdeba, meore 

SemTxvevaSi _ klebis mixedviT. darCa 40318 SemTxveva.

12  a) xuTniSna ricxvebSi pirveli cifri airCeva 9 cifridan, yoveli Sem-

degi cifri 10 cifridan. sul gveqneba 9⋅10⋅10⋅10⋅10=90000 xuTniSna ricxvi. 

b) raodenobas ase gamoviTvliT: 1⋅10⋅10⋅10⋅1=1000.
g) aq pirveli cifris SerCevaTa raodenoba aris 8, yoveli Semdegi cifris 

_ 9.

d) mimdevrobiT aRebul yovel xuT naturalur ricxvs Soris erTi iyofa 

5-ze. amitom unda vipovoT saerTo raodenobis mexuTedi. SeiZleba asec vims-

jeloT (gamravlebis wesiT): bolo cifri unda iyos 0 an 5 (2 SesaZlebloba) sul 

_ 9⋅10⋅10⋅10⋅2=18 000.

13  8 morbenlidan virCevT (Tanamimdevrobis gaTvaliswinebiT) wyvilebs; 

SerCevaTa ricxvi, gamravlebis wesis Tanaxmad, aris: 8⋅7=56.

7.6 kombinatorikis ZiriTadi formulebi

 

winare codnis gaaqtiureba kombinatorikis ZiriTadi wesebis CamoyalibebiTa 

da Sesabamisi amocanebis amoxsniT mimdinareobs. vemzadebiT samizne cnebis _ 

xdomilobis albaTobis gamoTvlasTan dakavSirebuli amocanebis amosaxsnelad. 

albaTobis is nawili, romelic skolaSi ganixileba kombinatorul albaTobas 

da sasruli raodenobis Sedegebis daTvlas ukavSirdeba. es procesi ki kombi-

natorikis formulebis gamoyenebiT mimdinareobs. moswavlem, kombinatorikis 

wesebisa da formulebis gamoyenebiT, unda SeZlos xdomilobis albaTobis Se-

faseba da am gziT procesebis Sedegebis prognozireba (mas. saS. 7.); simravleTa 

Teoriis gamoyenebiT, dalagebuli simravlis intuiciur gaazrebaze dayrdno-

biT, SeZlos gadanacvlebisa da wyobis cnebebis gaazreba. simravleTa Teoriis 

enazea axsnili jufTebis cnebac. magaliTebis ganxilvis safuZvelze, moswavlee-

bi gaiazreben gadanacvlebaTa ricxvis, wyobaTa ricxvisa da jufTebaTa ricxvis 

formulebis miRebas.
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konkretul magaliTzea axsnili wyobebsa da jufTebebs Soris, maTi raode-

nobis gamosaTvlel formulebs Soris kavSiri.

amocanebis amoxsniT, moswavleebi ganimtkiceben codnas kombinatorikis Ziri-

Tadi formulebis Sesaxeb; gamoimuSaveben am formulebis gamoyenebis Cvevebs. 

formulebis codna maT daexmareba `testebSi~ pasuxebis dadgena-SerCevaSi.

miTiTebebi zogierTi amocanis amosaxsnelad:

klasSi ganvixilavT faqtorialebis Semcveli gamosaxulebebis gamartivebis 

magaliTebs _ moswavleebma unda gaiazron, rom n! aris 1-dan n-mde (CaTvliT) 

naturaluri ricxvebis namravli da, magaliTad, 
n!

(n–2)!  wiladSi mricxveli da 

mniSvneli SeiZleba SevkvecoT yvela naturaluri ricxvis namravlze 1-dan  

(n–2)-is CaTvliT. mricxvelSi dagvrCeba ori ricxvis namravli: (n–1)n. (davaleba 

8  a)).

10  es amocana sxvadasxvanairad SeiZleba amoixsnas; Tu nebismier amozneqil 

n-kuTxeds ganvixilavT, yoveli wvero ukavSirdeba sami wveros garda yvela da-

narCens, amasTanave, yoveli diagonali 2-jer iqneba daTvlili; amis gaTvalis-

winebiT gveqneba 
n(n–3)

2 . 

Tu wveroebis yvela wyvils ganvixilavT (anu wveroebis SemaerTebel mon-

akveTebs), maSin gverdebic iqneba gaTvaliswinebuli. maSasadame, diagonalebis 

ricxvi iqneba:

Cn
2–n= n(n–1)

2  –n= n(n–3)
2 .

11  aq gadanacvlebaTa ricxvis formula unda gamoviyenoT.

12  am amocanis amoxsnisas, gaviTvaliswinoT, rom 5! gadanacvlebaSi im gada-

nacvlebebis raodenoba, romlebSic A aris B-s win, tolia im gadanacvlebebis 

raodenobis, romlebSic B aris A-s win. maSasadame, gamomsvlelTa siebis SesaZlo 

raodenoba iqneba: 
5!
2  =60.

13  aq SeiZleba warmovidginoT, rom `AB~ erTi gamomsvlelia. amrigad, gveqne-

ba siis Sedgenis 4! SesaZlebloba.

14  aq, cxadia, wyobaTa ricxvis formula unda gamoviyenoT: A5
3=3⋅4⋅5=60.

15  mwvane fers aqvs 3 SesaZlebloba (horizontaluri zolebidan), danarCeni 

2 feri SeirCeva 4 sxvadasxva feridan; gamravlebis wesis Tanaxmad, sul gveqneba 

SerCevaTa raodenoba: 3⋅A4
2.

16  SvidniSna nomrebis saerTo raodenobaa: 9⋅106=9 000 000. gansxvavebuli ci-

frebiT Cawerili nomrebis raodenobaa:  9⋅9⋅8⋅7⋅6⋅5⋅4.

saZiebeli Sefardebaa:  9⋅9⋅8⋅7⋅6⋅5⋅4
9 000 000  =0,06048.
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17  aq, cxadia, jufTebaTa ricxvis formula unda gamoviyenoT. 12-dan 10 

kiTxvis SerCevaTa raodenoba ase gamoiTvleba: 

C12
10=C12

2= 12⋅11
2 =66. 

aq gamoTvlebis gasamartiveblad gamoviyeneT jufTebaTa ricxvis formula:  

Cn
m=Cn

n–m.

18  2310-s aqvs mxolod xuTi martivi gamyofi 2310=2⋅3⋅5⋅7⋅11; am xuTidan ori 

unda SeirCes; SerCevaTa raodenoba aris: C5
2= 5⋅4

1⋅2  =10.

19  3570-s aqvs 5 martivi gamyofi: 3570=2⋅3⋅5⋅7⋅17;  C5
3=C5

2= 5⋅4
2  =10.

20  imis gaTvaliswinebiT, rom yovel sam wertilze erTaderTi sibrtye ga-

dis, virCevT sameulebs. sameulebis SerCevaTa ricxvi aris: C10
3= 

10⋅9⋅8
1⋅2⋅3 =120. Ses-

aZlebelia 120 sibrtyis gavleba.

21  aq SeiZleba gamoviyenoT 5-elementiani simravlis qvesimravleTa ric-

xvis formula: 25=32; erT jibeSi monetebis SerCeva gansazRvravs meore jibeSic 

monetebis raodenobas; erT jibeSi SeiZleba SeirCes 5-dan 1 moneta, an 2, an 3, 

an 4, an 5, an arcerTi ar SeirCes. SeiZleba asec vimsjeloT: yoveli monetisT-

vis jibis SerCevis 2 SesaZlebloba arsebobs. amrigad, gamravlebis wesis gamoy-

enebiT, miiReba saZiebeli raodenoba _ 25=32.

22  sityva `anagrama~ 8 asosgan Sedgeba; gansxvavebulia 5 aso. P8=8! iqneba  

8 gansxvavebuli asosgan Sedgenili sxvadasxva wyobis raodenoba; magram  

`a~ asoTa gadaadgileba wyobebs ar cvlis. amrigad, gansxvavebul wyobaTa raode-

noba P4=4!-jer naklebi iqneba 8-asoian gadanacvlebaTa saerTo raodenobaze. mii -

Reba: 
8!
4! .

23  sityva `TavTavi~ Svidi asosgan Sedgeba, gansxvavebulia _ oTxi; sami aso 

meordeba. 7-asoiani gansxvavebuli wyobebis raodenoba iqneba:  
7!

2!⋅2!⋅2!=630.

24  vmsjelobT, wina amocanebis analogiurad.

25  aq unda gamoviyenoT gamravlebis wesi da simravlis qvesimravleTa ricx-

vis formula: 8-dan 3 studentis SerCevaTa ricxvi aris C8
3; 5-dan 2 magistrantis 

SerCevaTa ricxvi aris C5
2. TviTmmarTvelobis komitetis SerCevaTa ricxvi iqneba: 

C8
3⋅C5

2= 
8⋅7⋅6
1⋅2⋅3  ⋅ 

5⋅4
1⋅2 =8⋅7⋅5⋅2=560.
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10  gaTamaSdeba  
n(n–1)

2  partia. Tu  
n(n–1)

2 =210, maSin n(n–1)=420. n-s zepi-

radac ki vipoviT: n=21.

11  aq gadanacvlebaTa ricxvis formula unda gamoviyenoT: 3!=6.

12 - 13  am amocanebSic, cxadia, gadanacvlebaTa ricxvis formula unda 

gamoviyenoT.

14  unda SeirCes 3-elementiani dalagebuli qvesimravleebi 9-elementiani 

simravlidan: A9
3= 

9!
6!  =7⋅8⋅9=504.

15  am amocanaSic dalagebuli qvesimravleebi unda SeirCes 26-elementiani 

simravlidan. samkuTxedis SemTxvevaSi SerCevaTa ricxvi iqneba: A26
3.

16  unda SeirCes 9-dan 4-elementiani dalagebuli qvesimravleebi. maTi ra-

odenoba aris: A9
4= 9!

5!  =3024.

17  aq 20-elementiani simravlidan 4-elementiani qvesimravleebi unda 

SeirCes; maTi raodenoba aris: C20
4=4845.

18  da 19  amocanebi 17 -is analogiurad ixsneba.

20  am amocanis amoxsnisas viyenebT jufTebaTa ricxvis formulas. sakmari-

sia 16 moswavlidan erT jgufSi SeirCes 5 moswavle. miiReba C16
5.

21  TaigulSi unda Sediodes 2, 3, 4 an 5 yvavili. e. i. unda Seikribos: C6
2, 

C6
3, C6

4 da C6
5.  am ricxvebis jami SeiZleba asec gamovTvaloT: 26–C6

0–C6
1=64–1–6=57.

22  da 23  amocanebis analogiuri amocanebi klasSi amoixsna. sityva `rees-

tri~ Sedgeba 7 asosgan; maTgan Sedgenili gansxvavebuli 7-asoiani wyobebis rao-

denobaa:^ 
7!

2!⋅2!=1260 (radgan `r~ da `e~ asoebi or-orjer gvxvdeba).
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7.7 xdomilobaTa sivrce. xdomilobis albaToba

me-6 Tavis samizne cnebis (`xdomilobis albaToba~) Seswavlis winapirobaa 

simravlis, qvesimravlis, eqsperimentisa da kombinatorikis formulebis codna. 

saSinao davalebis Semowmeba kombinatorikis formulebis gamoyenebebis Sesaxeb 

codnis ganmtkicebas emsaxureba. yvela zemoCamoTvlili qvecnebisa da kombina-

torikis formulebis gamoyenebebis gameorebis Semdeg, gadavdivarT xdomilo-

baTa sivrcis ganxilvaze. viyenebT simravleTa Teoriis elementebs; vcdilobT, 

moswavleebma kargad gaiazron xdomilobaTa sivrcis agebis Taviseburebebi. mTa-

varia, ra gvainteresebs. amis mixedviT aigeba sxvadasxva sivrce, romlis ele-

mentebi elementaruli xdomilobebia; maTgan gamovyofT simravles, romelic 

met informacias gvaZlevs eqsperimentis Sesaxeb; warmodgenilia xdomilobaTa 

sivrcis agebis magaliTebi; gamovyofT im SemTxvevas, roca elementaruli xdomi-

lobebi tolSesaZlebeli Sedegebia; TiToeuls SevusabamebT ricxvs, albaTobas, 

romelic 
1
n -is tolia (n aris elementaruli xdomilobebis raodenoba). yoveli 

A xdomiloba ki xdomilobaTa sivrcis qvesimravlea. simravlis enaze saubari 

aadvilebs samizne cnebis gaazrebas. Tu es qvesimravle Seicavs m elementarul 

xdomilobas, maSin misi albaToba 
m
n  ricxviT gamoisaxeba; `tolSesaZlebloba~ 

erT-erTi, mniSvnelovani qvecnebaa da misi gaazreba intuiciurad xdeba; didi 

xnis ganmavlobaSi, albaTobis Teoriis Camoyalibebis Semdeg, xdomilobis alba-

Toba ase iyo gacnobierebuli.  saSualo skolaSi, cxadia, formaluri gansazRv-

rebebis SemoReba (aqsiomuri meTodiT) da albaTobis zusti gansazRvreba SeuZ-

lebelia. magaliTebiT aRwerilia albaTobis gamoTvlis SemTxvevebi, roca m da 

n ricxvebis dasaTvlelad viyenebT kombinatorikis formulebs. am magalTebis 

dawvrilebiTi ganxilva daexmareba moswavleebs albaTobis gamoTvlaze amocane-

bis amoxsnaSi. `testebi~, ZiriTadad, xdomilobaTa sivrcis gaazrebasa da kombi-

natorikis formulebis swor gamoyenebas ukavSirdeba.

miTiTebebi zogierTi amocanis amosaxsnelad:

7 - 9  amocanebi xdomilobaTa sivrcisa da elementaruli xdomilobebis 

tolSesaZleblobis garkvevas emsaxureba.

7  vTqvaT, gvainteresebs ramdeni gerbi da ramdeni safasuri gamoCndeba mo-

netebze. maSin xdomilobaTa sivrcea: 

{(3; 0), (2; 1), (1; 2), (0; 3)} _ es xdomilobebi ar aris tolSesaZlebeli.

Tu gvainteresebs monetebi erTi mxriT gamoCndeba, Tu sxvadasxva, maSin xdo-

milobaTa sivrcea: {0; 1}, aq 0 gansxvavebul zedapirebs niSnavs, 1 _ erTnairs. 

arc es xdomilobebia tolSesaZlebeli.



215

DON'T C
OPY

savaraudod, moswavleebi, pirvel rigSi daasaxeleben xdomilobaTa sivrces 

zedapirze mosuli simboloebiT: {sss, ssg, sgs, gss, sgg, gsg, ggs, ggg}.

8  a) Tu matCis Sedegi gvainteresebs, gveqneba sivrce: {moigo pirvelma, moi-

go meorem, fre, TamaSi ar Sedga}.

b) Tu, magaliTad, gvainteresebs 5 agdebisas, ramdenjer `movida~ gerbi, maSin 

gveqneba sivrce: {0; 1; 2; 3; 4; 5}.

g) Tu gvainteresebs srolis Sedegi, gveqneba sivrce {0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 

10}; 0 _ avacileT samiznes, 1 _ pirvel rgolSi movaxvedreT, 2 _ meore rgolSi 

movaxvedreT da a. S.

9  cxadia, elementaruli xdomilobebi  tolSesaZlebeli ar aris.

P(A2)=P(A4)=0,2; A2 da A4 tolSesaZlebeli xdomilobebia.

metad albaTuria A3, naklebad albaTuri _ A1.

10  30 wignidan 3-is SerCevaTa ricxvi aris C30
3. xdomiloba _ SerCeuli 3 wigni 

aris wakiTxuli wignebidan aRebuli _ Sedgeba C10
3 raodenobis elementaruli 

xdomilobisgan. maSasadame, saZiebeli albaToba aris: 
C10

3

C30
3 .

11  sastarto xuTeulis SerCevaTa raodenoba aris C12
5. sami legioneris Ser-

CevaTa ricxvi _ C7
3. ori moTamaSis aralegionerebidan SerCevis C5

2 SesaZleblo-

ba arsebobs, xolo miTiTebuli saxis xuTeulis SerCevis _ C7
3⋅C5

2 SesaZleblobaa.

erT-erTi aseTi xuTeulis SerCevis albaTobaa:  
C7

3⋅C5
2

C12
5 .

12  60 sakiTxidan 2-is SerCevis C60
2 SesaZlebloba arsebobs; 45-dan 2-is Ser-

Cevisa _ C45
2. 

a) P=
C45

2

C60
2 = 33

59 .

b) darCenili (Seuswavleli) 15 sakiTxidan 2-is SerCevis SesaZleblobaTa 

ricxvi aris C15
2  . Sesabamisi albaToba:

P= 
C15

2

C60
2 = 7

118.

g)  P (samive sakiTxi icis)= 
Cn

3

Cm
3,

 P (arc erTi sakiTxi ar icis) = 
Cm

3
– n

Cm
3 , Tu m–n≥3

      0, Tu m–n<3.

13  klubs italiuri an inglisuri fexburTis 80 gulSematkvari hyavs; aq vi-

yenebT formulas: 

n(A∩B)=n(A)+n(B)–n(A∪B).
orives gulSematkivarTa ricxvi aris: 50+50–80=20.

b)  3 _ inglisurs; 2 _ italiurs, an arcerTs am oridan: P= 
C50

3 ⋅	C50
2  

C1
5
0  0

;
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g)  4 italiurs, 1 _ inglisurs an arcerTs am oridan:  P= 
C50

4 ⋅	C50
1  

C1
5
0  0

;

d) 3 orives, 2 _ mxolod erT-erTs an arcerTs am oridan:  P= 
C20

3 ⋅	C80
2  

C1
5
0  0

.

14  yvela SesaZlo SerCevaTa ricxvi, cxadia, iqneba 2010 (10 mgzavridan yoveli 

irCevs 20-dan romelimes); xelSemwyob SemTxvevaTa ricxvi ki iqneba 

A20
10=20⋅19⋅18⋅17⋅16⋅15⋅14⋅13⋅12⋅11.

15  m ricxvis jeradebis raodenoba 1-dan n-mde ricxvebSi aris [ n
m ] (analo-

giuri amocana amoxsnilia, [ n
m ] aris 

n
m -is mTeli nawili). amitom saZiebeli alba-

Toba ase gamoiTvleba: P= 1
n [ n

m ].

11  a) ori kamaTlis gagorebisas SesaZlo Sedegebis raodenoba aris 36. 

xelSemwyobi  elementaruli xdomilobebia: (1; 3); (2; 2); (3; 1);

maSasadame, P= 3
36= 1

12 .

b) aq yvela elementaruli xdomiloba, garda samisa, xelSemwyobi xdomilobaa. 

maSasadame, P= 33
36=11

12 .

g) es xdomiloba SeuZlebelia, albaToba 0-is tolia.

d) luka igebs Semdeg SemTxvevebSi: (1; 1); (1; 2); (2; 1); (2; 2); (1; 3); (3; 1); (5; 5); 

(4; 6); (6; 4); (6; 5); (5; 6); (6; 6) lukas mogebis `Sansi~ aris:  12
36  = 13 .

giorgis mogebis 2-jer meti Sansi aqvs _ pirobebi samarTliani ar aris.

pirobebi  samarTaliani iqneba, magaliTad, Semdeg SemTxvevaSi: luka igebs, 

Tu jamia 2, 3, 4, 7, 10, 11 an 12, giorgi _ 5, 6, 8, 9.

12  xelSemwyobia erTaderTi gadanacvleba 4! raodenobis gadanacvle-

bebidan: P= 1
4! = 1

24.

13  simravleSi 3-is jeradebis raodenoba 6-ia. saZiebeli albaToba aris: 

 6
20= 3

10. ufro rTuli amocana klasSi iyo amoxsnili. 3-is jeradebis raodenoba 

1-dan 20-mde ricxvebSi aris: [ 20
3 ]=6.
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7.8 moqmedebebi xdomilobebze. 
xdomilobaTa jamis albaToba

winare codnis gaaqtiureba simravleTa Teoriasa da xdomilobaTa sivrcis 

agebas ukavSirdeba.

xdomilobaTa jami, faqtobrivad, Sesabamis simravleTa gaerTianebaa; xdomi-

loba xom xdomilobaTa sivrcis qvesimravlea; Sesabamisad, A da B xdomilobebis 

jami da namravli SeiZleba A∪B da A∩B saxiTac CavweroT. moswavleebs unda ga-

vacnoT es aRniSvnebic. magaliTebis ganxilviT isini kargad gaiazreben xdomi-

lobaTa jamisa da namravlis cnebebs: xdomilobaTa jamis albaTobis formula 

im SemTxvevaSia miRebuli, roca xdomilobebi araTavsebadia, TanakveTa carie-

li simravlea. am SemTxvevaSi, P(A+B)=P(A)+P(B), iseve rogorc araTanamkveT sim-

ravleTa gaerTianebis elementebis raodenobis gamosaxva am simravleebis el-

ementebis raodenobebiT. Cven gaviTvaliswineT XI klasis gadatvirTuloba da 

sakiTxebis nawili XII klasSi gadavitaneT (magaliTad, geometriuli albaToba da 

jamis albaTobis zogadi SemTxveva).

miTiTebebi zogierTi amocanis amosaxsnelad:

7  karti erTdroulad ar SeiZleba iyos rvianic da eqvsianic; Sesabamisad, 

viyenebT jamis albaTobis formulas: P(A+B)=P(A)+P(B)= 4
52+ 4

52= 2
13 (SeiZleba asec 

vimsjeloT: kartis dastaSi 4 rviani da 4 eqvsiania, Sesabamisad, xelSemwyobia 8 

xdomiloba 52-dan _ saZiebeli albaTobaa 8
52= 2

13).

9  aq sami xelSemwyobi xdomiloba gvaqvs: A1 _ mogeba 20 laria, A2 _ mogeba 

100 laria, A3 _ mogeba 500 laria. 

maSasadame, P(A)= 50
1000+ 10

1000+ 1
1000= 61

1000; radgan A1, A2 da A3 xdomilobebi wyvil-

wyvilad araTavsebadi xdomilobebia, simravleTa Teoriis enaze _ A1∩A2=∅, 
A1∩A3=∅, A2∩A3=∅ da amitom 

n(A1∪A2∪A3)=n(A1)+n(A2)+n(A3).
zogierTi moswavle asec amoxsnis: xelSemwyobia 61 xdomiloba 1000-dan. Ses-

abamisi albaTobaa 61
1000.

10  12-idan ori detalis SerCevaTa raodenobaa C12
2 (C12

2= 12⋅11
2 =66).  am 

wyvilebidan yvela wyvilSi, garda erTisa, aris wundebuli. is erTaderTi wyvili 

Sedgeba 2 arawundebuli (vargisi) detalisgan. maSasadame,  P= 
C1

2
2  
 –1 

C1
2
2  

= 65
66 .

11  aq jamis albaTobis formulis gamoyeneba SeiZleba: P(A)=0,122.
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12  mogeba SeiZleba fulis, an nivTis _ araTavsebadi xdomilobebia. raimes 

mogebis albaTobaa: 
200

10 000 = 
1
50  .

13  im turistebis maqsimaluri raodenoba, romlebic ar arian `axalbeda~, 

aris 8 (radgan 13–5=8). yovel 9 turists Soris erTi mainc axalbedaa _ P=1.

14  arsebobs erTaderTi `arasasurveli~ sameuli. sameulebis raodenoba aris 

C20
3=1140. maSasadame, P=1– 1

1140
 = 1139

1140
.

8  vTqvaT, A aris xdomiloba: SemTxveviT SerCeuli nawarmi an wundebulia 

(2%), an umaRlesi xarisxisaa (98⋅0,2=19,6), maSin 

P(A)= 2
100

+ 19,6
100

= 21,6
100

=0,216.

10  A=A1+A2+A3;

    P(A)=0,15+0,23+0,17=0,55;
    P(A)=0,45.

11  SerCeuli eqvsi suraTidan erTi mainc portretia _ aucilebeli xdomi-

lobaa; P=1.

12  A  _ SerCeuli ricxvis yoveli ori cifri gansxvavebulia.

gansxvavebulcifrebiani samniSna ricxvebis raodenoba, gamravlebis we-

sis Tanaxmad, aris 9⋅9⋅8=648, samniSna ricxvebis raodenobaa 9⋅10⋅10=900; cxadia,  

P(A)= 648
900  =0,72;  P(A)=1–P(A)=0,28.

13  qarTulis _ 120; P(SerCeuli qarTulisaa) =  120
400 .

amocanebi TviTSefasebisTvis

amocanebi dakavSirebulia samizne cnebebTan `monacemebi~, `xdomilobis al-

baToba~ da emsaxureba am cnebebis gaazrebas; moswavlem unda SeZlos monacemebis 

Segrovebis, analizisa da warmodgenis Sesaxeb amocanebis amoxsna; cdebis (eqs-

perimentebis) ganxilvis safuZvelze albaTobis gamoTvla, Sefaseba da am gziT 

procesebis Sedegebis prognozireba.

TviTSefasebis `testis~ gamoyenebiT, moswavle afasebs sakuTar codnas yve-

la im sakiTxisa da qvecnebis Sesaxeb, romlebic samizne cnebebs ukavSirdeba.
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miTiTebebi amocanebis amosaxsnelad:

5  qarTulSi 28 Tanxmovani asoa; 28-idan dalagebuli xuTeulebis (`sityve-

bis~) SedgenaTa ricxvi aris A28
5.

6  aq gasaTvaliswinebelia Tanamimdevroba; amasTanave, vagonebis raodenoba 

SeiZleba iyos: 0, 1, 2, 3, 4, 5 an 6. aq Sekrebis wesis Tanaxmad, `matareblebis~ Se-

saZlo raodenoba iqneba

    A6
0+A6

1+A6
2+A6

3+A6
4+A6

5+A6
6.

7  1785=3⋅5⋅7⋅17.
1785-is yoveli gamyofi 3, 5, 7 da 17 ricxvebidan TiToeuls an Seicavs, an ar 

Seicavs. amrigad, gamyofebis raodenoba iqneba. 2⋅2⋅2⋅2=16.

8  pirvel as naturalur ricxvs Soris 9 erTniSna ricxvia, 1 _ samniSna. 

 P= 
10
100 =0,1.

9  sawinaaRmdego xdomilobaa: yvela cifri luwia; misi albaTobaa: 

 P(A)= 
C5

2
  
  

C1
2
0  

; P(A)=1– 
C5

2
  
  

C1
2
0  

.

10  wina amocanis analogiurad ganvixilavT: `mosuli ricxvebidan erTi mainc 

luwia~: P(erTi mainc luwia) = 1–P(orive kentia) = 1– 3⋅336 = 3
4 .

SeafaseT Tqveni Sedegi

1   amocanaSi  sixSireTa cxrilis arsis codniT an aRweriT daimsaxurebT 

0,5 qulas; a) davalebaSi miTiTebuli histogramis agebiT — kidev 1 qulas, poli-

gonis agebiT — kidev 0,5 qulas; b) davalebis SesrulebiT — kidev 1 qulas. amo-

cana 3-quliania.

2   amocanaSi a) da b) davalebebis SesrulebiT daimsaxurebT 0,5-0,5 qulas, 

g) da d) davalebis SesrulebiT — kidev TiTo qulas, amocana 3-quliania.

3   amocanaSi standartuli gadaxris povniT daimsaxurebT 1 qulas, sxva 

davalebebidan TiToeulis gadaWriT — kidev 0,5 qulas. amocana 3-quliania.

4   amocanis amoxsnis Ziebisas miTiTebuli romelime  erTi maxasiaTeblis 

mqone erTobliobebis povniT daimsaxurebTY 0,5 qulas, ori maxasiaTeblis mqone 

erTobliobebis povniT — 1 qulas, samive maxasiaTeblis mqone erTi erToblio-

bis povniT ki — 2 qulas. amocana 2-quliania.

5   amocanaSi wyobaTa ricxvis daTvliT daimsaxurebTY 1,5 qulas.
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6   amocanis Sinaarsis swori gaazrebis demonstrirebiT daimsaxurebT 0,5 

qulas; amoxsnis cdebi SeiZleba Sefasdes 0,5 an 1 quliT; amocanis srulfasovani 

amoxsna ki — 3 quliT. amocana 3-quliania.

7   amocanaSi mocemuli ricxvis martiv mamravlebad daSliT daimsaxurebT 

0,5 qulas; gamyofTa arasruli simravlis moZiebiT da maTi raodenobis  dafiq-

sirebiT — kidev 0,5 qulas; amocanis srulfasovani amoxsniT ki — 1,5 qulas. 

amocana 1,5-quliania.

8   amocanaSi pirvel 100 naturalur ricxvs Soris erTniSna da samniSnas 

ricxvebis dadgeniT daimsaxurebT 0,5 qulas; saZiebeli albaTobis dadgeniT — 

kidev 1 qulas. amocana 1,5-quliania.

9   amocanaSi miTiTebuli ricxvTa wyvilebis aRwera Sefasdeba 1,5 quliT, 

albaTobis dadgena — kidev 1 quliT. amocana 2,5-quliania.

10   amocanaSi miTiTebuli wyvilebis raime gziT aRwera Sefasdeba 1 quliT, 

albaTobis  dadgena — kidev 1 quliT. amocana 2-quliania.

ramdeni qula miiReT?

21-23 qula ― davaleba Sesrulebulia Zalian kargad (Sefaseba maRalia);

17-20 qula ― davaleba Sesrulebulia kargad (Sefaseba saSualoze maRalia);

12-16 qula ― davaleba Sesrulebulia nawilobriv (Sefaseba saSualoa);

12-ze naklebi qulis SemTxvevaSi gWirdebaT ufro gulmodgine muSaoba (Sefase-

ba dabalia).

kompleqsuri davaleba moiazreba Temis farglebSi gansaxilveli sakiT-

xebis dasamuSaveblad da axali codnis asagebad. me-6 TavSi warmodgenili masa-

lis Seswavlas. moswavlem unda SeZlos dasmul amocanaSi xdomilobis albaTobis 

sapovneli formulis miReba, albaTobis gamoTvla da am gziT procesebis Sede-

gebis prognozireba.

moswavlem unda SeZlos kombinatorikis wesebisa (jamis, namravlis wesebi) da 

kombinatorikis formulebis gamoyeneba; jamis albaTobis formulis gamoyeneba. 

pirveli moswavlisTvis xelSemwyobi SemTxvevebis ricxvi aris 10, yvela SemTx-

vevis raodenoba _ 30; maSasadame, albaToba imisa, rom mariami sasurvel bileTs 

aiRebs, aris 10
30 = 1

3 . meore moswavlis SemTxvevaSi, SemoviRoT aRniSvnebi:

A xdomiloba _ mariamma aiRo sasurveli bileTi da kotemac aiRo sasurveli 

bileTi. A xdomilobis albaToba ase SeiZleba gamovTvaloT: P(A)= 
A1

2
0  
 

A3
2
0  

 = 10⋅9
30⋅29 .

B xdomiloba _ mariamma ver aiRo sasurveli bileTi da kotem aiRo sasur-

veli bileTi. aseTi SesaZleblobebis raodenobaa 20⋅10 (A30
2-dan). amrigad, 

P(B)= 20⋅10
A3

2
0  

= 20⋅10
30⋅29

.
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pirobis Tanaxmad, saWiroa vipovoT A+B xdomilobis (anu A∪B xdomilobis) 

albaToba; A da B araTavsebadi xdomilobebia; jamis albaTobis formulis gaT-

valiswinebiT, gvaqvs:

P(A+B)=P(A)+P(B)= 10⋅9
30⋅29

+ 20⋅10
30⋅29

= 10(9+20)
30⋅29

= 1
3

;

maSasadame, moswavleebma araswori prognozi gaakeTes _ ara aqvs mniSvnelo-

ba, pirvelad romeli moswavle aiRebs bileTs, sasurveli bileTis aRebis alba-

Tobebi tolia.

prezentaciisas, moswavlem kargad unda axsnas kombinatorikis gamravlebis 

wesi, albaTobisa da xdomilobaTa jamis albaTobis formulebi. moiyvanos 

sailustracio magaliTebi da gaakeTos saWiro komentarebi.

VII Tavis damatebiTi amocanebi

miTiTebebi zogierTi amocanis amosaxsnelad:

1 - 9  amocanebis amoxsnebis gaazreba SeiZleba Sesabamisi cnebebis gansaz-

Rvrebebisa da pasuxebSi warmodgenili diagramebis mixedviT.

10  aq unda gamoviyenoT gamravlebis wesi: pirveli cifri SeiZleba iyos 1, 

3, 5, 7 an 9; analogiurad, meore, mesame da meoTxe cifrebi. sul _ 5⋅5⋅5⋅5=54=625.

11  pirveli cifris SerCevaTa raodenoba aris 9, meoris _ 10, mesamis _ 10; 

meoTxe da mexuTe cifrebi unda daemTxves, Sesabamisad, meore da pirvel cifrebs 

_ pirveli da meore cifris yovel wyvils meoTxe da mexuTe cifrebis TiTo 

wyvili Seesabameba. amrigad, aseTi xuTniSna ricxvebis raodenobaa 9⋅10⋅10⋅1⋅1=900.

14  saWesTan dajdomis 2 SesaZlebloba arsebobs, TiToeul SemTxvevaSi da-

narCeni 5 SeiZleba sxvadasxvanairad ganlagdes; maTi ganlagebaTa raodenobaa 5!, 

sul _ 2⋅5!.

15  or nawilad gayofis C3
1
6
8 SemTxveva gvaqvs _ or nawilad gayofa igivea, 

rac 36-dan 18-is amorCeva; 2 aTiani SeirCeva 4-dan, danarCeni 16 SeirCeva 32-dan. 

albaToba aris:  
C4

2
  
 ⋅	C3

1
2
6
  

C3
1
6
8
  

.

16  yvela SemTxvevaTa raodenoba oTxive davalebaSi aris 36⋅35 (A36
2 _ dalage-

bis gaTvaliswinebiT). 

a) davalebaSi gvawyobs 4-dan 2 karti _ A4
2=4⋅3, P= 4⋅3

36⋅35
; 
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b) davalebaSi gvawyobs 2 karti 9-idan _ A9
2=9⋅8, P= 9⋅8

36⋅35
; pirveli aratuzi 

(tuzisgan gansxvavebuli) iqneba erT-erTi 32-dan (36-Si), meore _ erT-erTi  

31-idan (35-Si). albaToba aris:  32
36

⋅ 31
35

. 

g) 2 karti aratuzi SeirCeva 32-idan, P= 32⋅31
36⋅35

; anu d) aris g)-s sawinaaRmdego 

xdomiloba, amitom P=1– 32⋅31
36⋅35

.

am amocanis amoxsnisas SeiZleba jufTebaTa ricxvis formuliTac visarge-

bloT. miviRebT: a) P= 
C4

2
  
 
  

C3
2
6

= 4⋅3
36⋅35

; b) P= 
C9

2
  
 
  

C3
2
6

; g) P= 
C3

2
2  
 
  

C3
2
6

.

17  a) 100-dan nebismieri 5-is SerCevaTa ricxvi aris C1
5
0 0; 100-dan arawundebu-

lis SerCevaTa ricxvi _ C96
5; P= 

C9
5
6  
 
  

C1
5
0 0 

;

b) es xdomiloba, cxadia, SeuZlebeli xdomilobaa, P=0;

g) wundebulebs Soris 2-is SerCevaTa raodenoba aris C4
2; arawundebulebs 

Soris unda SeirCes danarCeni 3, amis SesaZleblobaTa raodenobaa C9
3
6  ; albaToba: 

P= 
C4

2
  
  ⋅	C9

3
6  
 

C1
5
0 0 

.

19  ori moswavle _ lizi da barbare warmovidginoT `erT moswavled~; 

gveqneba 7! raodenobis dalageba; magram lizis da barbares gadanacvlebiT miRe-

bul dalagebebsac Tu gaviTvaliswinebT, sul gveqneba 2⋅7! ganlageba: albaToba 

= 2⋅7!
8! = 1

4 .

20  1-dan 100-mde ricxvebidan, yoveli 3-is arajeradi ricxvis kvadratis 3-ze 

gayofisas miRebuli naSTi aris 1 (es Tviseba nebismier 3-is arajerad ricxvsac 

aqvs). 

3-is jeradebis raodenoba (orniSna ricxvebSi) aris 30, danarCeni 60 ricxvi 

aris 3-is arajeradi; maSasadame, albaToba aris:  60
90 = 2

3 .

21  da 22  moswavle advilad Seamowmebs, rom miTiTebuli xdomilobebi 

aucilebeli xdomilobebia.
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Semajamebeli wera #8

Tematuri bloki: statistikuri modelebis gamoyeneba, monacemTa damuSave-

ba; xdomiloba da misi albaToba, kombinatorika da misi gamoyeneba albaTobaSi.

samizne cnebebi:  monacemebi, monacemTa analizi, xdomilobis albaToba 

Sefasebis indikatorebi: moswavlem unda SeZlos monacemebis damuSaveba 

da warmodgena sxvadasxva xerxiT. monacemTa erTobliobis ricxviTi maxasiaTe-

blebis dadgena da analizi (maT. saS. 6); kombinatorikis formulebis gamoyeneba 

xdomilobis albaTobis gamoTvlisas (maT. saS. 7).

amocanebis nimuSebi: 

1  mocemulia erT-erTi organizaciis TanamSromlebis xelfasebis sixSire-

Ta cxrili: 

xelfasi 450 720 1060 2210
TanamSromlebis 

raodenoba
4 6 8 2

a) ipoveT am monacemTa erTobliobis moda, mediana, gabnevis diapazoni, mo-

nacemTa saSualo;

b) ipoveT am monacemTa erTobliobis saSualo kvadratuli gadaxra (stan-

dartuli gadaxra);

g) ipoveT am monacemebis fardobiTi sixSireebi, gamosaxeT procentebSi da 

aageT farTobiT sixSireTa svetovani diagrama.

2  maqsimaluri 20 quliT Sefasebul testSi moswavleTa Sedegebi (inter-

valebad dajgufebuli) warmodgenilia sixSireTa cxriliT:

intervali [0; 4) [4; 8) [8; 12) [12; 16) [16; 20]
sixSire 5 0 7 19 9

SeadgineT dagrovil sixSireTa cxrili da aageT dagrovil sixSireTa dia-

grama.

3  mocemulia sawarmos direqtorobis 10 kandidatis testirebis Sedegebi, 

gamosaxuli qulebiT:

qula 3 8 12 14 15

sixSire 1 3 1 4 1

ipoveT im kandidatis rangi, romelmac miiRo 

a) 12 qula, b) 14 qula. 
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4  skolis istoriis Sesaxeb monacemebis Sesagroveblad maswavlebeli klasis 

24 moswavles Soris SemTxveviT irCevs 5 moswavles. ipoveT albaToba imisa, rom 

moswavleTa am xuTeulSi moxvdeba am 24 moswavles Soris yvelaze warCinebuli.

5  wiTlad SeRebili xis kubi daxerxes erTnairi zomis 125 patara kubad. ga-

moTvaleT albaToba imisa, rom SemTxveviT SerCeul erT patara kubs an SeRebili 

eqneba sami waxnagi, an arcerTi waxnagi ar eqneba SeRebili.

pasuxebi: 

1  a) moda _ 1060, mediana _ 890, gabnevis diapazoni 1760, monacemTa saSualo 

_ 951; b) ≈479; g) fardobiT sixSireTa cxrili:

xelfasi 450 720 1060 2210
fardobiTi 

sixSire
20% 30% 40% 10%

2  dagrovil sixSireTa cxrili:

intervali [0; 4) [0; 8) [0; 12) [0; 16) [0; 20]

dagrovili 

sixSire
5 5 12 31 40

3  a) 5, b) 7,5.    4   
C2

4
3
  
  
 

C2
5
4
  
.  5  0,28.

miTiTebebi: 

1  mediana me-10 da me-11 monacemis saSualoa, (720+1060):2; gabnevis diapazoni 

_ udidesisa da umciresis sxvaoba. saSualo kvdaratuli gadaxris gamosaTvle-

lad SevadginoT cxrili:

xelfasi x 450 720 1060 2210
TanamSromlebis raodenoba 4 6 8 2
x–x

saS –501 –231 109 1259
251001 53361 11881 1585081

saSualo kvadratuli gadaxra:

251001⋅4+53361⋅6+11881⋅8+1585081⋅2
20

= 229469 ≈479.

3  Tu monacemebs zrdis mixedviT davalagebT, 14 qulis mflobelebis nom-

rebi iqneba 6, 7, 8 da 9. am ricxvebis ariTmetikuli saSualoa 14-quliani kandi-

datebidan TiToeulis rangi.
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4  xelSemwyobia SemTxvevebi, sadac erTi yvelaze warCinebulia, danarCeni 4 

ki airCeva 23 moswavles Soris, maTi raodenobaa C23
4.

5  3 waxnagi SeRebili aqvs 8 patara kubs, romlebic Tavdapirveli kubis 

wveroebSi iyo. 27 patara kubi SeuRebavi waxnagebiTaa (did kubs Tu SemovacliT 

gare fenebs, darCeba 3⋅3⋅3=27 patara kubi). saZiebeli xdomilobebi araTavsebadia, 

amitom P= 8
125+ 27

125.

ganmsazRvreli Sefasebis rubrika

1  a) modis, medianisa da gabnevis diapazonis povna Sefasdes erTi quliT, 

monacemTa saSualos povna _ kidev 1 quliT; 

b) davalebis Sesruleba Sefasdes 1 quliT; 

g) davalebis Sesruleba _ 2 quliT (1 qula fardobiTi sixSireebis gamoT-

vlisTvis, 1 qula _ diagramis agebisTvis). 

sul _ 5 qula.

2  1 quliT Sefasdes dagrovil sixSireTa cxrilis warmodgena; kidev erTi 

quliT _ diagramis ageba. sul _ 2 qula.

3  a) da b) punqtebidan TiToeulis Sesruleba Sefasdes TiTo quliT. sul 

_ 2 qula.

4  am 2-quliani amocanis amoxsna SevafasoT 1 quliT, Tu is mcire xarvezi-

Taa Sesrulebuli.

5  amoxsna Sefasdes 2 quliT (saZiebeli araTavsebadi xdomilobebidan Ti-

Toeulis gamoTvla TiTo quliT).

sul 13 qulaa, 10-quliani SefasebisTvis moswavlis Sedegi gavamravloT  

10
13-ze da Sedegi davamrgvaloT.

statistikis, kombinatorikisa da albaTobis sakiTxebi, maTi aqtualurobis 

gamo, saSualo safexurze ganaTlebis mniSvnelovan komponents warmoadgens da 

misi swavleba mTel aRniSnul periods gasdevs.

me-6 Tavis Semajamebeli wera am etapze moswavleTa codnis ganmsazRvrel 

Sefasebas warmogvidgens. codnisa da saTanado unarebis gaRrmavebis mizniT es 

Sefaseba ganmaviTarebeli Sefasebis instrumentad unda gamoiyenoT. am aqtivo-

biT uTuod SeniSnavT progress aRniSnul sakiTxebSi moswavleTa mzaobis mxriv. 

Sedegebi miT ufro maRali iqneba, rac ufro metad gazrdiT moswavleTa Semoq-

medebiT CarTulobas ganmaviTarebel SefasebaSi.
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gTavazobT zogierT rekomendacias ganmaviTarebeli Sefasebis momzadebisa 

da Catarebis organizebisTvis. 

1  amocanis a) davalebaSi mniSvnelovania monacemis sixSiris arsis xazgasma 

_ mocemulia ara 4 monacemi, aramed _ 20. es arsebiTia, roca monacemTa sa-

Sualosa da medianas vpoulobT. arsebiTia xazgasma: medianis povnisas monacem-

Ta zrdis (an klebis) mixedviT ganlageba, monacemTa raodenobis luw-kentovne-

bis gaTvaliswineba. aqve SeiZleba moviyvanoT monacemTa sxva erTobliobebi da 

maTTvis aRniSnuli ricxviTi maxasiaTeblebis dadgena. yoveli sakiTxi moswavle-

Ta aqtiuri CarTulobiT unda iyos ganxiluli.

b) davalebis ganxilvisas Tavdapirvelad moswavleebma unda gaiazron ras 

vpoulobT standartuli gadaxriT, ramdenad mniSvnelovania es maxasiaTebeli 

gafantulobis zomis dasadgenad da riT gansxvavdeba is gabnevis diapazonisgan. 

klasma unda aiTvisos (sajaro ganxilvis kvalobaze) standartuli gadaxris pov-

nis algoriTmi da misi realizaciis etapebi. sasurvelia monacemTa sixSireebis 

gamoyenebiT standartuli gadaxris formulis kompaqturi formiT Cawera da 

gamoTvla.

g) davalebis ganxilvisas Tavdapirvelad kidev erTxel miubrundiT sixSirisa 

da fardobiTi sixSireebis cnebebs. rogor SevamowmoT, rom gamoTvlebi sworadaa 

Sesrulebuli, risi tolia fardobiT sixSireTa jami (wiladebSi an procentebSi 

warmodgenisas)? am davalebaSi svetovani diagramis agebisas gamarTlebulia Tu 

ara histogramis gamoyeneba?

2  amocanaSi dajgufebul monacemTa kvleva mimdinareobs. Cveni rekomenda-

ciiT sjobs winaswar ganixiloT raime monacemTa sixSireebis cxrili da Semdeg 

warmoadginoT es monacemebi dajgufebul monacemebad. amis Semdeg ufro iolad 

aagebT dajgufebul monacemTa sixSireebis diagramas da dagrovil sixSireTa 

uwyveti ganawilebis diagramas. SeiZleba imsjeloT ogivas agebazec, monacemTa 

dajgufebaze, magaliTad, 8-bijiani diagramiT: [0; 8), [8, 16) da [16, 24] intervale-

bad.

3  amocanis ganxilvamde winaswar erToblivad ganixileT monacemis rangis 

dadgenis wesi (romelSic arsebiTia ganlageba zrdis mixedviT da Semdeg, toli 

monacemebis arsebobisas, maTi rangis dadgenis wesi). ganixileT sailustracio 

amocanebi da moismineT moswavleTa mosazrebebi am SemTxvevaSi.

4  amocanis ganxilvamde klasma unda warmoadginos xdomilobis albaTobis 

formula. amocanis ganxilvisas ki unda gamoikveTos sami etapi: 

• ramdeni SesaZlebloba arsebobs 24 moswavleSi 5 moswavlis SerCevis?

• ra Semadgenlobis unda iyos aRniSnuli xuTeuli? masSi erTi aucilebeli 

wevria da oTxi SesaZlo wevri, ramdeni aseTi oTxeuli SeiZleba moiZebnos?

• ra saxiT warmogvidgeba saZiebeli albaTobis formula?
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5  amocanis ganxilvisas sjobs moswavleebma warmoadginon didi SeRebili 

daxerxili kubis suraTi da dasabuTdes, ra SemTxvevaSi miiReba 125 patara kubi. 

moswavleebi xalisiT CaerTvebian am aRweraSi da erTmaneTs daexmarebian realu-

ri suraTis warmodgenaSi _ romel kubebs eqneba 1 feradi waxnagi, romels _ 2, 

romels _ 3 da romeli iqneba SeuRebavi waxnagebiT. am ukanasknelTa mdebareo-

bas mivagnebT, Tu didi kubis zedapirs Semoecleba patara kubebis erTi Sre. 

Sedegad miiReba kubi, romlis TiToeuli wibos gaswvriv 3 patara kubi ganTavs-

deba. amrigad, aseTi 27 patara kubi iarsebebs, xolo saZiebeli kubebis saerTo 

raodenobaa 8+27=35.

ganmaviTarebeli Sefasebis Semdgom CainiSneT detalurad is informacia, rac 

miiReT am Sefasebisas da gaiTvaliswineT Tqvens samomavlo saswavlo gegmebSi. 

gTavazobT meeqvse Tavis Semajamebeli werisa da ganmaviTarebeli Sefasebis 

mixedviT moswavleTa akademiuri doneebis dadgenis sarekomendacio versias, 

romelic solo taqsonomiis doneebis mixedviT aris Sedgenili. 

1. prestruqturuli done. ganxiluli sakiTxebis mkafio sailustracio 

SesaZleblobebis arsebobis miuxedavad, moswavles ar aqvs ramdenadme misaRebi 

warmodgena samizne cnebebze, ver axerxebs monawileobas sakiTxebis ganxilvaSi, 

uWirs teqsturi amocanebis arsis gadmocema.

2. unistruqturuli done. moswavle icnobs monacemTa erTobliobis ricx-

viTi maxasiaTeblebidan zogierTs, SeuZlia maTi povna, Tumca maTi siRrmiseuli 

codnisgan Sorsaa da, Sesabamisad, uSvebs xolme Secdomebs; uWirs kombinator-

uli amocanebis ganxilva, variantebis raodenobis daTvla, Tumca icis kombina-

torikisa da albaTobis formulebi.

3. multistruqturuli done. moswavles SeuZlia martivi statistikuri da 

albaTuri amocanebis amoxsna, albaTobis `standartul~ amocanebSi, saWiroebis 

SemTxvevaSi, iyenebs kombinatorikis formulebs. mkafiod ver ayalibebs stand-

artuli gadaxris arss. ver pasuxobs kiTxvas: Seicvleba Tu ara standartuli 

gadaxra erTi romelime minacemis cvlilebisas?

4. mimarTebiTi done. moswavles mkafio warmodgena aqvs dasaxelebul sam-

izne cnebebze da maT kvlevaze, kargad agebs saTanado diagramebs. yvela ganxi-

luli amocana sworad amoxsna. misi msjeloba aris mkafio da damajerebeli.

5. gafarToebuli abstraqtuli done. moswavlis pasuxebSi igrZnoba Semo-

qmedebiTi damokidebuleba gansaxilveli sakiTxebisadmi. dasmul amocanebze 

pasuxs axlavs xolme SesaZlo ganzogadebebi da maTi amoxsnis gzebi. naSromSi 

da ganxilvisas faqtobrivad warmodgenilia kvleva ara mxolod dasmuli amo-

canebis. sajaro ganxilvebSi misi CarTuloba gamoirCeva azris siRrmiTa da sim-

wyobriT.
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